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1. Introduction

Time-dependent structures often appear in differential geometry. The simplest
example of this is motivated by the study of non-autonomous differential equa-
tions on manifolds. A time-dependent vector field on a manifold M is a smooth
one-parameter family (X;) of vector fields on it, with ¢ € R. This family is more
conveniently wrapped as a (smooth) map® X : Rx M — TM such that X; = X(¢,-)
for each ¢t € R. In other words, X (¢,x) € T, M for each (¢,z). Thus, X is a vector
field along the projection map py: R x M — M. Such X defines a non-autonomous
differential equation on M given by +/(¢t) = X (¢,7(t)). The study of this differen-
tial equation can be performed by means of the suspension [5] (or autonomization)
of X, which is the vector field X defined on R x M as X = % + X. In this expres-
sion, we identify, as usual, the tangent space of a product with the direct sum of
the tangent spaces — see for more details and notation. With the sus-
pension at hand, it is easy to deduce properties of the time-dependent flow of X,

since it can be expressed in terms of the (time-independent) flow of the vector field
X. Some details are given in

The main purpose of this paper is to study the notions of time-dependent metric
and time-dependent connection on a manifold. Riemannian metrics depending on
a parameter have been widely used, as for instance in the study of the Ricci flow
(see for instance [8] for a short overview) that lead to the proof of the Poincaré
conjecture. Nevertheless, in this paper, we regard this parameter from a dynamical
perspective, by considering it to be the time parameter of the differential equations
associated with a metric or, more generally, a connection. From this perspective,
time-dependent metrics can arise in at least two ways.

e There is a “fixed” space where effectively there is a kind of metric depending on
time.

For instance, we can study the optical path of a light ray in a medium with
time-dependent refractive index; the travel time of a car along a traffic network
with variable traffic density; the motion of a point particle with variable mass,
etc.

e There is a “fixed manifold” along with a one-parameter family of embeddings
into a Riemannian manifold; the pullback of the Riemannian metric by these
embeddings is a time-varying Riemannian metric on the manifold.

For instance, this could be the case of a constraint manifold moving in an
ambient space.

Both cases are well known in analytical mechanics. For instance, in Newtonian
mechanics, one can deal with time-dependent forces, and in Lagrangian mechanics,
one can deal with time-dependent Lagrangian functions.

#We assume such a domain to simplify notation. The domain of X could be more generally any
non-empty open subset of R x M.
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Nevertheless, there are some aspects that deserve a further study, either from
the mechanical viewpoint (see the discussion on virtual displacements in [6], just
to mention one example) or from the geometrical viewpoint. It is well known that
a pseudo-Riemannian metric induces a canonical connection on a manifold, the
Levi-Civita connection, which allows to define the notions of parallel transport and
geodesic (see for instance [4], among the many textbooks on Riemannian geometry).
Trying to understand these constructions in the time-dependent setting will be
one of our goals. As we will see, a time-dependent metric g on M does not define
just some time-dependent Christoffel symbols, but it also gives rise to a (time-
dependent) endomorphism of the tangent bundle; this endomorphism is directly
related to the time-dependent tensor field g.

Thus, if we seek a notion of time-dependent covariant derivative, we need to
study this in a broader perspective. So, we will study connections on the prod-
uct manifold R x M, and will try to extract what is the relevant information by
comparing this with what one obtains in the Riemannian case. So, we will define
a time-dependent covariant derivation operator D, which is not merely given by a
one-parameter family of connections *V on M, but needs some additional struc-
tures (two time-dependent endomorphisms A and B of the tangent bundle TM, and
a time-dependent vector field C on M). For this new notion we will study parallel
transport and geodesics, and investigate what corresponds to the torsion. In these
calculations a kind of time-dependent Lie bracket will arise; we will also take a look
on this notion. As a noteworthy fact, we will also show that the time derivative of
a time-dependent connection is a (time-dependent) tensor field on the manifold.

This paper is organized as follows. In Sec. [2, we give the definitions for the
time-dependent versions of Lie derivative of functions and vector fields. In Sec.
we introduce the notion of time-dependent (Riemannian) metric and the associ-
ated notion of length. In Sec. [d] we perform a variational analysis of the length.
In Sec. [5] we study the Levi-Civita connection of the suspension of a metric. This
leads us to Secs. where we study the more general case of a connection on the
product R x M, the notions of parallel transport and geodesics and the torsion oper-
ator. In Sec. 0] we use the double pendulum with time-dependent masses to illus-
trate the theory. Finally, there are a couple of appendices mainly to fix notations
and recall some particular results about product manifolds and time-dependent
flows.

Throughout the paper, all manifolds are assumed to be smooth and paracom-
pact, and all maps are assumed to be smooth. Einstein’s summation convention
over crossed repeated indices is understood.

2. Time-Dependent Lie Bracket

In this section, we study the notions of time-dependent Lie derivative and time-
dependent Lie bracket. This will not be used until Sec. [§] but we prefer to introduce
it right now, since no metric or connection are needed.



94 X. Gracia, X. Rivas € D. Torres

Let X be a time-dependent vector field on M. We denote by s — Fx(s,t,p)
the integral curve of X with initial condition (¢,p); Fx is the (time-dependent)
flow of X. As it is explained in we can compute the variation of a
function f: R x M — R along the flow of X. This leads us to the definition of the
time-dependent Lie derivative of f with respect to X as

Ft-‘re,t .
Ly f(t.p) = lim £ (t+e FY E<p>) ft.p)

where we made use of the (local) diffeomorphisms F%' = Fx(s,t,-) defined by the
flow. It is easily checked that

Lef =P vy (1)

In a similar way, the tangent map TFg’(S of the flow can be used to define the

time-dependent Lie derivative of a time-dependent vector field Y with respect
to X as

LxY(t,p) = lim Try(tte,tp) F’;{t+6 Y(t+ e, Fx(t+e, t,p)) — Y(t,p)

e—0 3

Another computation shows that
LxY =Y + ZxY, (2)

where Y denotes the time derivative of the time-dependent vector field Y (see
. A similar construction allows to differentiate any time-dependent
tensor field on M.

The Lie bracket of vector fields can be defined in several ways: algebraic (as
a commutator of derivations), dynamical (as a Lie derivative), geometric (as a
“commutator” of flows; see |2, Theorem 3.16] or [7, Chap. 5, Theorem 16|, for
instance) and even as a coordinate expression. However, trying these procedures
with time-dependent vector fields may lead to different or poor results. We will
choose the geometric definition.

Proposition 2.1. Let X, Y be two time-dependent vector fields on M, and (t,p) €
R x M. Consider

c1(6) = Fx(t +&,1,p),
ea(e) = Fy (t+ 2.t + ¢, c1(€)),
cs(e) = Fx(t +e,t+ 2, ca(e)),
ca(e) = Fy (t,t + &, c5(e)).
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Then, ¢4(0) = p, ¢4(0) =0 and

1 . .
5 CZ(O) = [Xa Y](t,p) + Y(t,p) - X(tap) (3)
Proof. It uses the properties of the time-dependent flow (Appendix B)). It is a

delicate but not especially difficult calculation. Alternatively one can compute the
Taylor expansions in coordinates, up to order 2. O

A comment on this expression is in order. The tangent vector ¢/(0) of a path
in M is, of course, a vector tangent to M, but this is not the case of ¢’(0), which
is tangent to TM. Nevertheless, when ¢/(0) = 0 then ¢”’(0) can be thought of as a
tangent vector on M. This can be explained from the identification of a vector space
with its tangent space, from its interpretation as a point derivation on functions,
or more simply from its transformation under coordinate changes. See also the
references mentioned above.

In view of the preceding result, we propose the following geometric definition:

Definition 2.2. The time-dependent Lie bracket of two time-dependent vector
fields X, Y is the time-dependent vector field

[X,Y]=[X,Y]+Y — X. (4)

This definition is related to the suspensions X and Y and to the usual Lie
bracket in R x M in a natural way. A trivial computation shows the following.

Proposition 2.3. Let X,Y be two time-dependent vector fields on M, and )Z',T/
their suspensions to R x M. Then

[X,Y] =[X,Y]. (5)

Another technical comment is in order. As it is explained in we
have a decomposition X(R x M) = X(p1) ® X(p2), that is, a vector field X on the
product is the sum of a vector field along p;: R x M — R (which we could call its
“horizontal part” with respect to the trivial fibration p;), and a vector field along
p2: Rx M — M (a time-dependent vector field, the “vertical part”). The formula
in the proposition says that the Lie bracket of two suspensions is purely “vertical”.

Finally, notice that
[X,Y] =LxY - X, (6)

therefore the time-dependent Lie bracket and Lie derivative are different. As well
as the ordinary Lie bracket, the anticommutative property is still conserved, in
contrast with the time-dependent Lie derivative.
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3. Time-Dependent Riemannian Metrics

Definition 3.1. A time-dependent Riemannian metric on a manifold M is a
smooth family of Riemannian metrics (g;) on M, namely a smooth map g: Rx M —
T*M ® T*M such that g; = g(t,-) is a Riemannian metric for every ¢ € R. In other
words, the map g is a positive-definite symmetric 2-covariant tensor field along the
projection pa: R x M — M.

Associated with the metrics g; there are a number of canonical constructions, as
for instance the curvature tensors R;; these constitute the time-dependent curvature
tensor, which we can understand as a tensor field along the projection ps.

We restrict ourselves to the Riemannian case, but of course many of the follow-
ing considerations apply to the pseudo-Riemannian case, sometimes with certain
restrictions.

It seems natural to define the length of a smooth path v: I — M as the integral

Lengthlo] = [ V(7@ 7 D). (7)

Metric induced by a one-parameter family of embeddings

A special case of interest of time-dependent metrics is provided by the following
setting. Consider a Riemannian manifold (M ,g) and a smooth one-parameter family
of embeddings j; = j(t,:): M — M. Then we obtain a time-dependent metric on M
by defining

g9t = Jz (9)-

Given a path v: I — M, composing it with these embeddings we obtain a path
~: I — M given by 3(t) = ji(v(t)). So v has an embedded length

Length,,,y, [’Y] = Length’gm = /I \% E(ﬁl(t)’ :?/(t)) dt.

This “length” is quite different from the previously defined length, since for instance
a constant path v in M may not be constant when embedded in M, and conversely.
Let us show all of this in a simple example.

Example 3.2. Consider the unit circle M = S! endowed with the usual angu-
lar coordinate 6, and M = R? with its usual Riemannian metric which reads, in
Cartesian coordinates, ¢ = dr ® dzr + dy ® dy.

e Take the family of embeddings (j;) given by j;: S! — R? given by j;(p) = tp.
In the aforementioned coordinates they read 6 +— (tcos@,tsin@). Then g, =
t2df @ dé.
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Consider the path v(t) = (cos2nt,sin2nt) for t € I = [0,1]. One easily
computes ||’y’(t)||gt = 27t and therefore Length[y] = fol 2rtdt = m, whereas
F(t) = (tcos2nt, tsin 27t) yields Length,,,[v] = fol(l + 4m2t2)1/2 dt ~ 3.383044,
slightly bigger.

Instead, if we take the constant path 6(¢t) = (1,0) for ¢ € [0,1], obviously
Length[d] = 0, whereas Length, . [0] = 1.

e Now consider the embeddings i,: S' — R? given by the clockwise rotation of
angle ¢t. The induced metrics are g; = df ® df. If we take the same path v as
before, Length[y] = 27, whereas Length,[y] = 0, since the embedded path is now
constant.

The suspension of a metric

Let (g¢) be a time-dependent metric on M. On the product manifold R x M, we
consider the suspension

/g\|(t,;v) =dt® dt|(t,m) + p;(gt)|(t,w)a

where dt ® dt is the pullback of the canonical Riemannian metric of R with respect
to the projection p;: R x M — R.

Note that g; = j;(g), where j;(z) = (t,x). Thus, any time-dependent metric
can be obtained as the pullback of a metric § through a one-parameter family of
embeddings, as in the preceding examples. However, not always this g will have
geometric interest.

4. Variational Analysis

In Riemannian geometry, geodesics arise as critical paths of the energy functional,
and their reparametrizations are the critical paths of the length functional. So, let
us study these same functionals for the time-dependent case:

Energy[y] = /a

Length[y] = /

a

b

b
767/ ) dt = [ G0, @) (%)

b b b
L(t,+/ (1)) dt = / VAT dt = / IORION ARG

The critical paths for these functionals are the solutions of their corresponding
FEuler-Lagrange equations. Let us compute them first for the energy functional. We
consider coordinates (z°) on M, we denote by (z*,u’) the corresponding natural
coordinates of the tangent bundle, and write g = g¢;;(t,z)dz’ ® da’. Thus, the
Euler-Lagrange equations in coordinates read

dt <8u5) T ouT + <8xj T o " axt )77 =0

Y 2
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Since the metric is non-degenerate we can multiply this expression by the inverse
matrix g¥¢ of the metric, thus obtaining

T + g“%*ﬁ =0, (10)
where Ffj are the (time-dependent) Christoffel symbols of the Levi-Civita connec-
tion 'V of each metric g;.

The first two terms seem to correspond to the equation of geodesics, that is, the
covariant derivative V;'(¢) of the vector field 4" along +, but where the coefficients
are now time-dependent since they are the Christoffel symbols of a one-parameter
family of connections V.

There is an additional time-dependent term. To identify it, we make use of the
musical isomorphisms

Gi: TM - T*M, v~ gi(v,-)

associated with g;, and their inverses G;': T*M — TM. Also we will use the
dot notation for the time-derivative, and will mostly omit the ¢ parameter in the
equations. Note, however, that Gy: TM — T*M may no longer be an isomorphism.
With these conventions, we have the following.

Proposition 4.1. Let v: I — M be a path. Then v is a critical path of the energy
functional if and only if

VoY +GH-G o =0. (11)

Definition 4.2. A geodesic of the time-dependent metric g is a path v sat-
isfying Eq. .

Analogously, we have the following result for the length functional.

Proposition 4.3. Let v: I — M be a path. Then v is a critical path of the length
functional if and only if

/ 1. oA T

where the kinetic energy T is evaluated along 7.
We omit the proof of this formula, which is similar to that of the time-

independent case.
Another point to consider is the conservation of the kinetic energy.
Proposition 4.4. Let v: I — M be a path. Then
d L. A A / -1 - 1o 1. A
21 =359007) +9(Vey' . 7)) = g(Vey + G- G-y 7) = 5a(v ),

where the kinetic energy is evaluated along 7.
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As a consequence, for a critical path of the energy functional, the kinetic energy
is conserved if and only if 4/ is an isotropic vector of the (possibly degenerate)
symmetric 2-covariant tensor field g.

In the time-independent case, the kinetic energy along an arbitrary path is
conserved if and only if 7/ is orthogonal to V;~'.

5. The Levi-Civita Connection Associated with the Suspension
of a Metric

We consider again the suspension § = dt ® dt + p3(g:) of a time-dependent met-
ric. We will also denote by z° = t the natural coordinate of R, and represent by
(z1) = (2% 2%) coordinates in the product manifold M = R x M. If g, has matrix
representation Gy (z) = (g;;(¢,z)) at a point z, the matrix representation of g is
(Yoitn):

The g¢;, as well as the suspension g, have associated Levi-Civita connectionb
with Christoffel’s symbols T'}; (we omit the ¢ for the sake of clarity) and e
respectively. An easy computation yields

pvo

_:1 ke 0Gie
=27 o

~ 1 69 ~ ~
Bk k 0 k k
1" _1“2]7 ]_"Z.j = 2 at] FiO :1"0
while the others are zero: f? = fgi = fgo =0.
We can use these Christoffel’s symbols to compute covariant derivatives, as for
instance

o, 2 9 1090 & 0 094 0 S

1
s 0xd  Yozk 2 ot ot “wow 27 ot oxk V&

0
5_0'

Also we can compute the covariant derivative @S@ of a vector field @ along a path 5
in M (here we use s for the parameter, since for the time being we don’t suppose it
to coincide with the ¢ coordinate). In particular, one can compute the “acceleration”
V.9 of a path 3(s) = (v°(s);7%(s)), whose components are

keagw 0z

"0 gl]

3 at’M and 5+ T4 +g

We are especially interested in the case where 4 is indeed a section of Rx M — R,
namely (t) = (t;4*(t)). Then the preceding components become

1 agw
2 Ot

dgiv ..
k¢ il .
=244 and F* + T4 +g rr !
SO we can write

~ 1 P L,
VA = =590/ ) g + (v”/ +G7-G 7/)' (13)
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In the last equation, we recognize the equation of the geodesics of a time-dependent
metric, Eq. . So, we arrive to the following geometric interpretation.

Lemma 5.1. 7 is a geodesic of v if and only if v is isotropic with respect to §
and v is a geodesic of the time-dependent metric g.

6. Connections on R X M. Time-Dependent Connections

Inspired by the results of the preceding section, let us consider a connection V
on the manifold M = R x M, with Christoffel’s symbols Fuw

compute covariant derivatives v )?Y of vector fields on M. Here we use notations

similar as those of the preceding section, e.g. 20 = t, (z#) = (z%; 2%).

Consider two vector ﬁelds on Rx M

with which we can

Oa

00 0
0 7 _ 0 Y _ _
X = f +f —fat+X, Y = gat+gaz gat+Y

and let us also separate the time and space indices in the covariant derivative:
o~ ) - . ~ N
VY = (fogo + Zxg” + 100" + T g + 10, /%97 + F?jf’gj) 5

. N D ~ P, :
+ (fogk +Zxg" + F?jfzgj) Dk + (Flgofogo + 15 "+ Flgjfogj) 9k
In this expression, there is a number of terms that seemingly have geometric
interpretations. One may notice, by means of a change of coordinates in M, that

they actually are geometric objects along the projection to M, but indeed a geo-
metric proof can be provided. This is the contents of the next theorem.

Theorem 6.1. For two vector fields X = fo +X andY = q° 6t 4+Y on R x M,
the covariant derivative can be expressed as

o S 0
ViV = (18" + Zxg” + M09 + a(X)g" + B )0 +e(X.Y)) o

+ (fOY +VxY +Cf° + A(X)g* + B(Y)fo), (14)
where

e )\ is a time-dependent function,

e « and B are time-dependent 1-forms,

e ¢ is a time-dependent 2-covariant tensor field,

o C is a time-dependent vector field,

e A B are time-dependent endomorphisms of TM, and
e V =1!V is a time-dependent connection on M.
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Proof. The proof follows from writing the covariant derivative for four particular
values of the pair (X,Y), given by either by %, or “vertical” vector fields X,Y.
Then one sees that these objects are defined geometrically as follows:

A= <dt,T(p1) o %aat> ,

~ 0
C:T(pg)OV%&,
A(X) =T(p2) oV 9
== P2 X8t7

VxY =T(ps) o VxY.

From this, it is clear that A is a function and C' is a vector field, and that « is
a differential 1-form and A is an endomorphism (all of them time-dependent). An
easy calculation shows that 3, B and € are also well defined, and finally that VxY
is a covariant derivative on M depending upon the ¢ parameter. a

So, a connection Vs equivalently described by the data (\, o, 8,e,C, A, B, V).
Then one can characterize properties of V in terms of these elements. For instance,
let us compute the covariant derivative with respect to the suspensions X Y of
time-dependent vector fields X, Y

~ = 0

VY = (A +a(X)+8(Y)+e(X,Y)) 5
From this, it is clear that the covariant derivation of suspension vector fields is
another suspension iff A =1 and «, 8 and € are zero.

Nevertheless, if we start from time-dependent vector fields, it seems natural to
project this covariant derivative to TM to extract its “vertical” part:

T(pa)oVgY =Y + VxV +C + A(X) + B(Y),

+ (Y+VXY+C+A(X) +B(Y)).

which is another time-dependent vector field on M. This motivates the following
definition.
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Definition 6.2. A time-dependent covariant derivation operator D on M is
a map that sends two time-dependent vector fields X, Y to another one, (X,Y) —
DxY, of the following form:

DxY =Y +VxY +C+ AX) + B(Y), (15)

where V is a time-dependent connection on M, C is a time-dependent vector field,
and A and B are time-dependent endomorphisms of TM. Sometimes we will write
D= (V,C,A,B).

However, this map lacks the usual properties of a covariant derivation of the
time-independent case. For instance, let us define the time-dependent covariant
derivative of a time-dependent function f: Rx M — Ras Dx f = % + Zx f. Then

Dx(fY) = fDxY + (Dx )Y + (1-f)(C + A(X)),

from which we see that the operators Dy satisfy the Leibniz rule on products fY
if, and only if, C =0 and A = 0.

Similarly, one sees that DxY is not €°°(Rx M)-linear in X. Indeed, Dy is never
the zero operator. This seemingly strange behavior was not unexpected: while the
time-dependent vector fields form a vector space, their suspensions are rather an
affine space.

The time-derivative of a time-dependent connection

It is well known that the Christoffel symbols Ffj of a connection V are not the
components of a tensor field. This can be seen in several ways, for instance by
looking at the change of coordinates, or by realizing that connections on a manifold
form an infinite-dimensional affine space, but not a vector space.

What is remarkable, though, is that, if instead of a connection V indeed we
have a one-parameter family of connections, say *V, then its “time-derivative” is a
tensor field.

Proposition 6.3. Let 'V, t € R, be a one-parameter family of connections on a
manifold M. Then the equation

. t+e _t
I'(X,Y) = lim Vx¥ = Vx¥ (16)

e—0 e

where X,Y are arbitrary vector fields on M, defines a time-dependent (2, 1)-tensor
field on M.
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Proof. The proof is simply a computation that shows that the components of I
are indeed the time-derivatives Fﬁ?j of the Christoffel symbols. In other words,

R . ) . 0
Tk % J
I'=17dz" @da’ ® Dk
Note that the tensor character of I' is ensured by the fact that the numerator of
the fraction is the difference of two connections, which is a tensor field. O

Definition 6.4. We call the time-dependent tensor field I' the time-derivative
of the time-dependent connection.

7. Parallel Transport and Geodesics

As in the preceding section, we start with the time-extended manifold M=RxM
provided with a connection V, and shortly after we will use a time-dependent
covariant derivation operator D.

Covariant derivative along a path

If we have a path 5 = (7%,7): [ — M, the pullback of ¥ by 7 yields a connection
on the pullback vector bundle 4* (T]\/Z ), whose sections are the vector fields along 7.
With the pullback connection one can compute the covariant derivative @S@ of
@ € X(7) with respect to the canonical vector field < of I C R. Then, using the
notations of the preceding section, and expressing @ as w(s) = w°(s) %|v°(s) +
w(s) € Tyo()R @ Ty 5y M, we can organize the result as

Vo = (00" + M w® + a(y)w’ + B(w)i° + e(v,w)) 5. 07

SIS

+Viw + 5w’ C + w’A(y') +4°B(w). (17)

In this expression Vsw is the covariant derivation of w € X(y) with respect to the
time-parametrized family of connections V, which means that, in coordinates,

Va9 = (8416) + T (5760 76 w0 0) |
~(s

Nevertheless, for our purposes, the path should be a section of the projection
R x M — R, that is, 7°(s) = s. In equivalent terms, we consider a path y: I — M,
and then we extend it to ¥(t) = (¢, v(t)).

In the same way, we consider w € X(7), a vector field along -, and its associated
suspension w(t) = (1,w(t)), which is a vector field along 5. Then the preceding
covariant derivative becomes

Tt = (A+a(y) + Bw) + (v, w)) & 0F + (Vow + C + AY) + B(w)).

As in the preceding section, we retain its vertical part, and use it as a definition.



104 X. Gracia, X. Rivas € D. Torres

Definition 7.1. Given a time-dependent covariant derivative operator D =
(V,C, A, B) on M, the time-dependent covariant derivative of a vector field
along a path is the operator D; defined as

Dyw = Vyw + C + A(Y') + B(w) (18)

for any w € X(7).

Parallel transport

For the usual time-independent connections, a vector field w € X(7) is said to be
parallel (along ) when V,@ = 0. This is a time-dependent linear homogeneous dif-
ferential equation for (w°
(W’ (to), w(to))-

Following our preceding discussions, we will extend this notion to the time-

,w) and has a unique solution for a given initial condition

dependent setting in a similar way.

Definition 7.2. A vector field w along a path v is parallel with respect to a
time-dependent covariant derivative operator when D;w = 0.

This means that w satisfies the non-homogeneous linear differential equation
Viw +C + A(Y') + B(w) = 0. (19)
In coordinates, this reads

W + Ty w! + CF + A%y + Biw' = 0.

Geodesics

Definition 7.3. A path v is a geodesic of a time-dependent covariant derivation
operator if Dy’ = 0.

That is,
Viv' +C+ (A+B)(v') =0. (20)
In coordinates, this reads
¥+ D54 + CF + (A% + BY)A4 = 0.

(Remember always that the I', A, B, C are evaluated along (¢,7(t)).)
In the metric case, that is when V is the Levi-Civita connection of the suspension
g, we have C = 0 and A = B, with A = %G_l -@G. In this case, we recover Eq. .
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8. The Torsion Operator

The torsion tensor of a connection on a manifold is defined as TV (X,Y) = VxY —
Vy X —[X,Y]. When providing a time-dependent version for the torsion, we cannot
expect it to preserve some properties like, for instance, to be actually a tensor field.
So, in the same way, we did for the Lie bracket in Sec. |2 in order to preserve the
original concept of the torsion, we will rely on its geometric interpretation.

Such interpretation is as follows: given a point py and two tangent vectors
vg, wo € Tpy M, we perform the following four-step procedure:

e First, we parallel transport vy and wg along the geodesic passing by pg with
direction vy during € time units. Let us call the resulting point and tangent
vectors p; and vy, w; € T, M.

e Second, we parallel transport these vectors along the geodesic defined by p; and
wy during € time units.

e Then, the same for the geodesic defined by ps and ve during —e time units.

e Finally, for the geodesic defined by ps and ws for —e time units.

The resulting point, ¢(¢) = p4, as a function of €, describes a smooth path. Its
tangent vector at € = 0 is zero, therefore half of its second derivative is identified
with a tangent vector. This vector corresponds (up to a sign) to the torsion tensor of
the connection applied to the vectors v, w. This interpretation can be found in [1].

So, we take this construction and transpose it to the time-dependent setting by
using the definitions of the preceding section.

Theorem 8.1. Let D = (V,C, A, B) be a time-dependent covariant derivation
operator, (t,po) € R x M, vo,wy € Tp,M and €. Consider,

e ~v1(s) the geodesic of D defined by the initial conditions v1(t) = po and v1(t) = vp.
Let p1 =11 (t +¢) and vi,w1 € Tp, M the parallel transports of vo and wg along
vy to the point p;.

e Y2(s) the time-dependent geodesic such that yo(t + ) = p1 and Y4(t +¢€) = w.
Let py = v2(t+2¢) and va,ws € Tp, M the parallel transports of vi and wy to ps.

o 73(s) the time-dependent geodesic such that ys(t + 2e) = p2 and v5(t + 2¢) = va.
Let ps = y3(t + ¢€) and ws € T, M the parallel transport of wa to ps.

o v4(s) the time-dependent geodesic such that v4(t + ¢) = ps and v,(t + €) = ws.
Let py = ya(1).

Then, defining c(e) = py for small €, ¢ is a smooth path that satisfies:

e ¢(0) = po,
e d(0) =0,
e in coordinates 3¢ (0) has components —(T'}; — Th)viw! — (AF — BF)(v' — w').



106 X. Gracia, X. Rivas € D. Torres

Proof. Taylor expansions of the coordinate expressions for the geodesics are the
following:

1

5 (T8 b g + AP vy + Bl v+ CF) (s = )2 +o(s = 1)%),

W(s)=p6+vg - (s—1) =

7§(s)zp’f+wlf~(57t75)f%(Ffjwiw{JrAfwiJrBfwiJer) (s—t—¢)?
+ o((s = 1)%),

vg(s):pg—i—vlg-(s—t—%)—%(Ffjvévg—&-Afvé—&-BfU%—l—Ck) (s —t —2¢)?

+ol(s = t)%),
1

Vi(s) =pf +ws(s—t—e)—

(I‘Zwéw%—i—Ai‘wé + BF wi +Ck) (s —t—¢)?
+o((s —t)?).
On the other hand, expressions for the parallel transported vectors are
of = = (Th v g + A of + Bl +C*) <+ ofe),
wh = wf — (Ffj vh wh + AF vl + BF wl + C’k) e+ o(e),
o = ok~ (rfj wi vl + AR wi 4 BFoi ck) e+ o(e),
wh = wh — (rfj wiwl + A¥wi + BF wi + ck) e+ o(e),
wh = whk + (Ffj viw) + AR vl + BFwl + Ck) e+o(e).
With these equations, it is a straightforward calculation to show that
i =p5 — (T = Tj) o' w! + (Af = BF)(v' — w')) € + o(e?),

from which the stated results follow. O

From the coordinate expression we notice that, in the time-independent case,
we obtain the torsion tensor, with opposite sign. It is also clear how to write the
second derivative in a coordinate-independent way. So we introduce the following
definition.

Definition 8.2. The time-dependent torsion operator of a time-dependent
covariant derivative operator D = (V, C, A, B) is defined as

TP(X,Y)=TY(X,Y)+(A—B) (X —-Y), (21)
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where TV is the torsion tensor of the connection V and X,Y are arbitrary time-
dependent vector fields on M.

Remarkably, this result can be seen as the vertical part of the torsion in the
time-extended manifold.

Proposition 8.3. Consider a time-dependent covariant derivation operator D =
(V,C,A,B) on M, and X,Y two time-dependent vector fields. Let v be any con-
nection on R x M that extends D, and TV its torsion tensor. Let )N(,l? be the
suspensions of X,Y . Then

TP(X,Y) = T(ps) o TV (X, V).

Proof. This result follows from the following calculation, that uses Theorem

TV(X,V)=VeV - ViV - [X,Y]
)

=((a—B)(X -Y)+e(X,Y) —e(¥, X)) 5t TV (X,Y)

+(A-B)(X-Y). |

Finally, we will give a third construction of the torsion operator.

Proposition 8.4. Given time-dependent vector fields X,Y, the time-dependent tor-
ston operator on them can be expressed as

TP(X,Y)=DxY - DyX — [X,Y]. (22)

Proof. It is immediate from the expressions of each of its terms: , and .
|

In other words, the expression for time-dependent torsion operator is the same as
for the usual torsion tensor, but replacing each term for its time-dependent version.
The properties of this operator are somewhat different from the usual torsion
tensor. For instance, 7P is a tensor field if and only if A = B (moreover, in this
case TP (X,Y) matches the value of TV (X,Y)). In addition, we have the following.

Proposition 8.5. TP = 0 if and only if, the time-dependent connection V is
torsionless and A = B.

Proof. We take TP (X,Y) = TV(X,Y) + (A-B)(X-Y). It is clear that TP =0
if TV = 0 and A = B. For the direct implication, putting ¥ = 0 in the right-hand
side of the equation yields A — B = 0. Then TV (X,Y) = 0 for every X,Y. a
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As a final remark, notice that the time-dependent covariant derivation associ-
ated with a time-dependent Riemannian metric satisfies A = B, therefore TP is
tensorial and coincides with TV = 0.

9. Example: Double Pendulum with Variable Masses

Consider a double pendulum in a vertical plane, with two time-varying masses my
and mo. The first mass is connected to a fixed point in the origin of coordinates
through a massless rod with length ¢;, and the second mass is connected to the
first one through a massless rod with length /5. Let ¢1 and ¢o be the angle of both
rods with respect to an upwards vertical vector. Then (¢, ¢2) are coordinates of
the system.

The kinetic energy of the system T' = % g(q'ﬁ, (b) is given by the metric with matrix

G_ 02 (my+ma)  l1lamsg cos(pr-¢2)
L1€oms cos(d1-p2) Zmy
From this, we find the inverse and the time-derivative of the metric to be

1 ( (3 ms —Ll1lamy COS(¢1-¢2)>

G'=
33 ms (my + masin®(¢1-¢2)) \ —L1Lyms cos(d1-¢) 02 (m1+ms)

and

G:@G+£%—m1mg—m1ﬁ12 ! 0.
ma my 0 O

Their product is

. . . 1 0
iy mo mimsg — MmMimsz
G 'G=—"Id+ : 4
Mo my (my + ma sin®(¢1-¢2)) —K—l cos(¢1-¢2) O
2

With respect to the Christoffel symbols, the non-zero ones are

Mg cos(p1-¢2) sin(¢p1-p2) rLo_ Lamy sin(p1-¢2)
my + magsin®(¢1-¢2) 270 (ma + masin®(¢r1-¢))

2 — 0y (my+msa) sin(¢1-¢2) 2. — ~ma cos(¢1-d2) sin(d1—p2)
1= 22 = ) .
my + ma sin”(p1-¢2)

1 _
Fll_

by (m1 + masin®(¢1-¢2))

In case there exists a conservative force given by a potential function V' acting
on the system, the equations of motion are

Oe +T5did; + g™ i = —g" [V1s,



Time-dependent metrics and connections 109

where [V] is the Euler-Lagrange operator applied to V. When V is zero, we obtain
the geodesics as defined by Eq. :

G ma sin(¢1-¢2) i ” .
¢1 = 6 (m1 + mosin®(¢1-¢2)) (61 cos(p1-¢2)p7 + qubQ)

Mo mims — My :
- < + >¢1a

My my (my + masin®(¢1-¢2))

- sin(¢1-¢2) . _ g
P2 = Uy (m1 + Mo Sin2(¢1_¢2)) (51(m1 + my)¢T + Lamy COS(¢1—¢2)¢§) _ m72¢2

Lastly, we compute the time-derivative of the Levi-Civita connection, which
turns out to be non-zero. Denoting by W = myrs — mhyms, we have,

W sin(¢1-¢2)

= 2
Ol (my + ma sin®(¢1-¢2))

X <£132 cos(p1-¢2) (3(351 ®d¢r ®@der — % ® dgs ® d¢2>

—£3 cos®(d1-¢2) 8%2 ® dé1 ® dey + 03 8%1 ® dgy ® d¢2> :

10. Conclusions and Further Research

The main goal of this paper was to develop a suitable framework for the geomet-
ric description of geodesics associated with a time-dependent Riemannian metric.
To this end, we introduced the notions of time-dependent Riemannian metrics
and time-dependent connections. We derived the equations for geodesics through
two different approaches: by extremizing the energy functional associated with a
time-dependent Riemannian metric, and by projecting the geodesic equations of a
suitable connection defined on the product manifold Rx M. Along the way, we intro-
duced the concept of time-dependent covariant derivation operators, their action
on vector fields, the notion of parallel transport and the torsion operator associated
with such connections.

There are several directions for further research. A natural next step is to
develop the notions of curvature for the time-dependent covariant derivation oper-
ator. Another interesting subject is the study of the second variation of the energy
functional, which could yield information about the stability of geodesics in this
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time-dependent setting. Finally, it would be valuable to analyze more examples of
physical interest, such as time-dependent metrics arising in general relativity or
analytical mechanics.

Appendix A. Products and Pullbacks

In this appendix, we gather some elementary results as a reminder for the reader
and also to fix notation.

Let m: E — M be a vector bundle, and f: N — M a map. The pullback
of m by f is the vector bundle f*(F) — N whose total space is the fibre product
N xy E={(y,v) € Nx E| f(x) = n(v)} and whose fibres are f*(E), = Ef(,). A
section of f*(E) is identified with a map o: N — E such that moo = f, that is, a
section of E along f.

This is of particular interest when the vector bundle is the tangent bundle
Tv: TM — M of M, whose (smooth) sections are the €°°(M)-module of the
tangent vector fields on M, X(M) = Sec(TM). So, a vector field along f: N — M
is just a map V: N — TM such that, for every y € N, V,, € Ty, M. The set of
such maps will be denoted as X(f), and is a ¥°°(N)-module. Prominent examples
of vector fields along maps are the velocity +' of a path v: I — M, the Frenet frame
in Riemannian geometry, or variation fields in variational calculus.

A connection on a manifold is a linear connection on its tangent bundle. We
assume that these concepts are well-known to the reader. Nevertheless, let us remark
that if one has a map f: N — M and there is a linear connection on a vector bundle
E — M, this induces a linear connection on the pullback bundle f*(E) — N. The
most important case is that of a connection on a manifold M and a map (path)
~v: R — M; then the covariant derivative of w € X(y) = Sec(y*(TM)) with respect
to the unit vector field of R, V aw, will be simply denoted as Viw; this is the well-
known notion of covariant derivation along a path.

Now we consider a product manifold and its projections, py: My x My — M;
and analogously ps. Given any z = (z1,x2) € My X My we have an isomorphism

(Twpr, Tupa): Ta(My x My) = Ty, My x Tpy My = Ty My & T, Mo;

we can write the elements of this tangent space as ordered pairs or as sums of vectors
of each subspace. When we carry this to sections, a vector field X on M; x My (for
instance) can be uniquely written as X = X; + X5, where X; € X(p;) —indeed
X; = Tp; o X. Therefore,

X(My x M) = X(p1) @ X(p2)-

In particular, any vector field on M; yields in a trivial way a vector field on the
product.
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We are especially interested in the case Rx M. The unit vector field % of R yields
a vector field in the product that we will denote simply as %. A time-dependent
vector field on M is a vector field X along ps: Rx M — M, and therefore it defines
a vector field on the product. Then we can construct the suspension of X as the

vector field

s 0
X = 7 + X.

Along the paper we make use of a number of sections of vector bundles £ — M
depending on a parameter t € R, o, that is, sections ¢ along po: R x M — M,
with oy = o(¢,-). So each vector space F, we have a path o(-,x): t — E,. This
path has a derivative (in the sense of basic calculus) that we will denote by & (¢, z);
thus ¢ is also a section along ps. It is clear that, in vector bundle coordinates, the
components of & are computed simply as the partial derivatives with respect to t.
The simplest example is the partial time derivative f = % of a function. Then, if
X is a time-dependent vector field on M,

Zef=f+Zxf

As another example, one can easily check the Lie bracket [%, X] = X. The right-
hand side of this equality belongs to X(p2), while the left-hand side is computed in
X(R x M).

Appendix B. Flow of a Time-Dependent Vector Field

In this section, we recall some properties of time-dependent flows. We omit most
details — see for instance [3} |5].

If X is a time-dependent vector field on M, we denote by Fx (¢,to,p) its time-
dependent flow, that is, the integral curve of X with initial condition (¢, p). This
time-dependent flow is closely related to the ordinary flow F 5 of the suspension X
of X. Indeed, f‘i(t —to;to,p) = (£, Fx(t,t0,p)).

Its main properties are

al FX(t>tO7p) :X(t7FX(t7t07p))7 (B]‘)

where 01 Fx(t,t,,p) denotes the tangent vector with respect to the first variable,
and the group law

Fif =Tdy, Fiyt oFy! =F4 ", (B.2)

where F"* = F(t, s, ).
Similar to 0; Fx we are interested in the tangent vector 0; F x with respect to
the second scalar variable. It can be expressed as

9 Fx(t,to,p) = ~TFY(p) - X (to,p).
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Consider a time-dependent function f: R x M — R. Analogously to the Lie
derivative, we can evaluate its rate of change along integral curves of X; the result is

d t,t t1,t0\* a
Slre e e) = @y (6{

t=t1

+Zx [ | (t1,p),
t=t1
where Zx f is the ordinary Lie derivative but with frozen time. A similar expression
can be given for the derivative of a time-dependent tensor field.
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