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This paper introduces a new class of Lie systems that are Hamiltonian relative to a k-
contact manifold. We show that a recent distributional approach to k-contact manifolds

along with a related k-contact Hamiltonian vector field notion allows us to understand

relevant Lie systems as Hamiltonian relative to a k-contact manifold. Our procedure is
more general than previously known methods with this aim. As a result, we find that a

plethora of Lie systems related to control and physical problems can be considered in a

natural manner as k-contact Lie systems. We study their t-dependent and t-independent
constants of motion, master symmetries of higher order, and other properties of inter-

est. Finally, we use our new techniques and findings to study PDE Lie systems with

a compatible k-contact manifold, some of which become Hamilton–De Donder–Weyl
equations.
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1. Introduction

Toward the end of the 19th century, there was much interest in determining t-

dependent systems of first-order ordinary differential equations whose solutions

could be described as a t-independent function of a generic family of particular

solutions and some constants: the Lie systems [9, 13, 24, 47]. In particular, Lie

proved that Lie systems are related to a certain curve in a finite-dimensional Lie

algebra of vector fields: a Vessiot–Guldberg Lie algebra.

Lie systems have been studied along with different compatible geometric struc-

tures as this allowed one to study more easily their properties (see [24] for a sur-

vey on the topic). In particular, Lie–Hamilton systems are Lie systems admitting

a Vessiot–Guldberg Lie algebra of Hamiltonian vector fields relative to a Pois-

son bivector [10, 13]. Lie–Hamilton systems were the first class of Lie systems

admitting a Vessiot–Guldberg Lie algebra of Hamiltonian vector fields relative to

a geometric structure that was studied. In this case, the Poisson bivector enabled

the derivation of their superposition rules and constants of motion in a simpler

manner than previous methods via, for instance, the Poisson coalgebra method

[2, 10, 13, 24]. Nevertheless, Lie–Hamilton systems were insufficient for studying

many types of Lie systems [24]. Several types of Hamiltonian Lie systems relative

to different geometric structures have been posteriorly analyzed. They not only

aided in comprehending the characteristics of various Lie systems but also facil-

itated the development of innovative results and techniques in differential geom-

etry. For instance, k-symplectic Lie systems introduced Poisson brackets of cer-

tain families of functions in k-symplectic geometry to obtain superposition rules

[25], or, quite relevantly, Gràcia, de Lucas, Román-Roy, Muñoz-Lecanda, Rivas

and Vilariño introduced multisymplectic Lie systems, which were used to study

different types of multisymplectic reduction and tensor invariants for Lie systems

[20, 33].

Contact Lie systems [7, 8, 22] were recently introduced to study Lie systems

of physical relevance which, in some cases, cannot be studied via Lie–Hamilton

systems. These works were also motivated by the interest of contact geometry

in the study of dynamical systems, specially in those with a dissipative behavior

[16, 18]. Contact Lie systems appeared for the first time in [22]. Recently, con-

tact Lie systems have also appeared in the study of the reduction of Lie–Hamilton

systems related to thermodynamic systems [7], while the characterization of con-

tact Lie systems on low-dimensional manifolds was also related to the geometric
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analysis of hydrodynamic equations via quasi-rectifiable families of vector fields in

[36].

Recently k-contact geometry appeared as a generalization of contact geome-

try to study field theories [58]. In particular, k-contact geometry allows for the

description of the Hamilton–De Donder–Weyl equations for field theories. The ini-

tial idea behind k-contact geometry was to analyze the properties of a general-

ization of contact forms to a certain type of Rk-valued differential one-forms: the

k-contact forms. Moreover, many other mathematical and physical related features

of k-contact forms appeared over the years [23, 32, 34, 59, 62]. This work intro-

duces k-contact Lie systems, namely Lie systems admitting a Vessiot–Guldberg Lie

algebra of η-Hamiltonian vector fields relative to a k-contact form, which retrieves

contact Lie systems as a particular case for k = 1 [7, 22]. Then, we use k-contact

geometry to investigate k-contact Lie systems.

k-contact geometry was, at first, mainly aimed at studying systems of partial

differential equations. Then, the authors of [23] used k-contact forms to define η-

Hamiltonian vector fields relative to a k-contact form η, which were used to analyze

ordinary differential equations (see Sec. 4 for a review on the results in [23] on

this matter). This allows for our definition of k-contact Lie systems. Relevantly,

the authors of [23] introduced k-contact distributions, namely distributions given

locally as the kernel of a k-contact form, which allowed for a deeper insight into

k-contact geometry. In particular, a k-contact distribution is a generalization of

contact distributions, which are recovered for k = 1. This work shows that this

k-contact distributional approach is very practical for determining k-contact Lie

systems with practical applications. The idea is that obtaining a k-contact form

η when turning a Lie system into an η-Hamiltonian system is difficult, but it

is simpler by using k-contact distributions. In fact, we show that many control

systems, e.g. appearing in [55], can be studied via k-contact Lie systems by using

a quite powerful method developed in Sec. 8. In particular, our ideas can also be

used to understand Lie systems as contact Lie systems in a simple manner. We also

consider the relation of k-contact Lie systems with other Lie systems admitting a

compatible Vessiot–Guldberg Lie algebra of Hamiltonian vector fields relative to a

k-symplectic or presymplectic form.

It is remarkable that the use of k-contact geometry techniques for the study of

k-contact Lie systems shows new uses of features appearing in k-contact geometry.

In particular, η-Hamiltonian k-functions play a role in the study of quantities that

are constants of the motion, generators of constants of motion of order m, or master

symmetries for k-contact Lie systems. It is worth noting that it is the first time that

generators of constants of motion and associated master symmetries are analyzed

for Lie systems (see [11, 27] for works on such notions on symplectic and Poisson

geometry). As a byproduct, we obtain an extension of contact dissipated quantities

to the k-contact realm [48].
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As an application, we show several Lie systems that admit compatible k-contact

manifolds turning them into k-contact Lie systems. These examples include exten-

sions of classical equations like the Riccati equation, and novel systems such as

the complex Schwarz equation, higher-order generalizations of Brockett systems, a

front-wheel driven kinematic car, and so on. Theoretical results on k-contact Lie

systems are used to analyze their generators of order m of constants of motion,

constants of motion, and our results that are applied to the examined exam-

ples. It is worth noting that the study of master symmetries and generalized con-

stants of motion of order m are introduced for the first time in the realm of Lie

systems.

We prove that the diagonal prolongation of a k-contact Lie system on N to

Ns is a ks-contact Lie system. This solves a problem appearing in the Poisson

coalgebra method for contact manifolds, where it was observed that the diagonal

prolongations of contact Lie systems are not, in general, contact Lie systems as

they may be defined on even-dimensional manifolds. The fact that the diagonal

prolongation of a contact Lie system may not be a contact Lie system posed a

problem to develop a contact Poisson coalgebra method to derive superposition rules

and constants of motion for contact Lie systems, which was partially solved using

Jacobi geometry. In the case of k-contact Lie systems, the use of Jacobi manifolds

is neither needed nor available as k-contact manifolds are not in general related to

Jacobi manifolds.

In the last part of the work, we briefly recall the theory of PDE Lie systems

[9] and show that a Lie algebra of η-Hamiltonian vector fields relative to a co-

oriented k-contact manifold (M,η) allows us to construct PDE Lie systems with a

compatible k-contact manifold, the so-called k-contact PDE Lie systems. Some of

these PDE Lie systems can be understood as Hamilton–De Donder–Weyl equations

in the k-contact realm, which is illustrated by examples considered in Sec. 11 and

Theorem 11.9. It is worth recalling that there are not many applications of PDE

Lie systems in the literature [35, 36, 55] and our new applications are specially

interesting due to this fact. These new applications are concerned with Floquet

theory, g-structures, and Lax pairs, while PDE Lie systems on Lie groups and

Wess–Zumin–Witten–Novikov system were previously studied [12, 35]. We briefly

describe the potential extensions of our techniques for k-contact Lie systems to k-

contact PDE Lie systems.

The structure of this work is as follows. Section 2 presents the basics on Lie

systems and related notions. k-vector fields and their integral submanifolds are

presented in Sec. 3, while k-contact geometry is briefly presented in Sec. 4. Then, a

theory of k-contact Lie systems is derived in Sec. 5, while a theory on t-dependent

constants of motion for k-contact Lie systems and other related notions is developed

in Sec. 6. The relation of k-contact Lie systems and other geometric structures is

given in Sec. 7. Methods to construct k-contact Lie systems from Lie systems are

introduced in Sec. 8. In Sec. 9, we show that the diagonal prolongation to Ns of a
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k-contact Lie system on N is a ks-contact Lie system. Afterward, applications of

k-contact Lie systems appear in Sec. 10. The theory of PDE Lie systems, some new

and known examples, as well as PDE Lie systems admitting a Vessiot–Guldberg Lie

algebra of Hamiltonian vector fields relative to a k-contact form are introduced in

Sec. 11. Examples of these k-contact PDE Lie systems with potential applications

are presented. Finally, the conclusions and outlook of our work are presented in

Sec. 12.

2. Basics on Lie Systems

Let us establish some basic definitions about Lie systems and other related concepts

to be used in this work [9]. Natural numbers start at one. Hereafter, manifolds

are assumed to be smooth, Hausdorff, connected, and finite-dimensional, unless

otherwise stated. In particular, M is an m-dimensional manifold a U is always an

open subset of a manifold. Our further considerations are mainly local at generic

points, and the problem of establishing whether structures are globally defined will

be generally skipped. We will also focus on smooth functions. Moreover, {e1, . . . , ek}
is a basis for Rk. From now on, π : TM → M stands for the canonical tangent

bundle projection and we set π2 : R ×M 3 (t, x) 7→ x ∈ M . Given two subsets

A1, A2 of a Lie algebra g, we represent by [A1, A2] the vector space spanned by the

Lie brackets between the elements of A1 and A2, respectively. We say that vector

fields X1, . . . , Xr are linearly independent at a generic point if
∑r
α=1 fαXα = 0 on

some U only for functions f1 = · · · = fr = 0 on U .

It is essential in the theory of Lie systems to describe t-dependent systems

of first-order ordinary differential equations in normal form as t-dependent vector

fields.

A t-dependent vector field is a map X : R ×M 3 (t, x) 7→ X(t, x) ∈ TM such

that π ◦X = π2. The latter amounts to the fact that each t-dependent vector field

X on a manifold M is equivalent to a family {Xt}t∈R of vector fields on M .

We call smallest Lie algebra of a t-dependent vector field X the smallest Lie

algebra (in the sense of inclusion) containing all the vector fields {Xt}t∈R. We

denote the smallest Lie algebra of X by V X . Every t-dependent vector field X on

M gives rise to a generalized distribution DXx = {Yx | Y ∈ V X}, for every x ∈ M .

For simplicity, we call generalized distributions. Given a vector field Z on M , we

write [Z,D] for the distribution spanned by the Lie brackets of Z with vector fields

taking values in D. Although this notation conveys a little abuse of notation, its

meaning is clear and simplifies the presentation.

Given a t-dependent vector field X on M , its associated system is the system of

first-order ordinary differential equations

dx

dt
= X(t, x), (2.1)



June 22, 2026 10:20 WSPC/2972-4589 354-GM 2640002

118 J. de Lucas, X. Rivas & T. Sobczak

whose solution x : R → M with x(0) = x0 is the integral curve of X with initial

condition x0 at t = 0. Every t-dependent vector field has an associated t-dependent

system of differential equations in normal form (2.1) and vice versa. It is convenient

then to use X to refer both to a t-dependent vector field and the t-dependent system

of ordinary differential equations determining its integral curves.

In order to introduce Lie systems, consider

dx

dt
= b1(t) + b2(t)x+ b3(t)x2, (2.2)

where x ∈ R, t ∈ R and b1(t), b2(t), b3(t) are arbitrary t-dependent functions. Dif-

ferential equations of this type are called Riccati equations.a The general solution

of (2.2) can be written as

x(t) =
x(1)(t)(x(3)(t)− x(2)(t))− kx(2)(t)(x(3)(t)− x(1)(t))

x(3)(t)− x(2)(t)− k(x(3)(t)− x(1)(t))
, (2.3)

where x(1)(t), x(2)(t), x(3)(t) are three different particular solutions of (2.2) and

k ∈ R.

More generally, a t-dependent system of first-order ordinary differential equa-

tions onM of the form (2.1) for a t-dependent vector fieldX onM is called a Lie sys-

tem, if it admits a superposition rule, namely a t-independent map Φ : M `×M →M

of the form x = Φ(x(1), . . . , x(`); k), such that every generic solution of (2.1) can be

written as

x(t) = Φ(x(1)(t), . . . , x(`)(t); k), (2.4)

where x(1)(t), . . . , x(`)(t) is any generic family of particular solutions of system (2.1)

and k ∈M .

There are some subtle problems related to the above definition and the meaning

of being a “generic solution” or a “generic family”. They are mostly technical (see

[5, 9]), therefore we will omit discussing them in detail. We will simply say that

the domain of Φ is, in reality, some open subset of M ` ×M , and, for every generic

family of particular solutions, one can recover locally almost every solution [9, 24].

The necessary and sufficient conditions to characterize Lie systems were pro-

vided by Sophus Lie in the Lie Theorem [45–47].

Theorem 2.1 (Lie Theorem). A t-dependent system X on a manifold M admits

a superposition rule (2.4) if and only if X can be written as

X(t, x) =

r∑
α=1

bα(t)Xα(x), t ∈ R, x ∈M, (2.5)

where X1, . . . , Xr is a family of vector fields on M spanning an r-dimensional real

Lie algebra of vector fields V, the so-called Vessiot–Guldberg Lie algebra of X on

M, and b1(t), . . . , br(t) are arbitrary t-dependent functions.

aIt is sometimes assumed that b1(t)b3(t) 6= 0, but this condition is frequently ignored in Lie
systems theory [9, 24].
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Lie proved that the existence of a superposition rule depending on ` particular

solutions implies the existence of a Vessiot–Guldberg Lie algebra V with a basis

X1, . . . , Xr such that r ≤ dimM · `, and, conversely, given a decomposition (2.5),

there exists a superposition rule depending on ` particular solutions with r ≤
dimM · `. The inequality r ≤ ` · dimM is referred to as Lie’s condition [9].

A Riccati equation describes the integral curves of a t-dependent vector field on

R of the form

X(t, x) = (b1(t) + b2(t)x+ b3(t)x2)
∂

∂x
. (2.6)

One can present X as a linear combination of three vector fields on R given by

X1 =
∂

∂x
, X2 = x

∂

∂x
, X3 = x2

∂

∂x
, (2.7)

which satisfy the commutation relations

[X1, X2] = X1, [X1, X3] = 2X2, [X2, X3] = X3. (2.8)

By the Lie Theorem, it follows that Riccati equations admit a superposition rule.

Conversely, one can also say that the existence of a superposition rule (2.3) implies

that (2.6) is such that {Xt}t∈R are included in some Lie algebra of dimension three

or less. In view of (2.8), the vector fields (2.7) span a Lie algebra isomorphic to

sl(2,R), which is three-dimensional [15]. Since the superposition rule (2.3) depends

on three particular solutions, Riccati equations satisfy Lie’s condition.

Let us recall the analysis of Lie systems via contact geometry, which gives rise

to contact Lie systems [22].

Definition 2.2. A contact Lie system is a triple (M,η,X), where η is a contact

form on M and X is a Lie system on M admitting a Vessiot–Guldberg Lie algebra

of contact Hamiltonian vector fields relative to η. A contact Lie system is called

conservative or of Liouville type if the Reeb vector field of (M,η) is a Lie symmetry

of X.

The term “conservative” or of “Liouville type” is coined because such contact

Lie systems preserve a volume form like in the Liouville theorem in symplectic

geometry [22].

The contact Hamiltonian function of a contact Hamiltonian vector field is a first

integral of the Reeb vector field if and only if the contact Hamiltonian vector field

commutes with the Reeb vector field. Hence, a contact Lie system of Liouville type

amounts to a Lie system X on M admitting a smallest Lie algebra V X of contact

Hamiltonian vector fields relative to a contact form on M that commute with the

Reeb vector field, R, of the contact form, namely R is a Lie symmetry of V X .

In view of Lie Theorem, a Lie system X can be considered as a curve in V X

parametrized by t. Every contact form on a manifold M gives rise to an isomorphism

mapping each contact Hamiltonian vector field on M to a contact Hamiltonian

function on M and vice versa (see Corollary 4.11 for k = 1). Therefore, the Lie
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algebra of contact Hamiltonian vector fields V X gives rise to an isomorphic Lie

algebra of functions W relative to the bracket on C∞(M) induced by η. Hence,

X also defines a curve in W parametrized by t. This suggests us the following

definition.

Definition 2.3. A contact Lie–Hamiltonian system is a triple (M,η, h : R×M →
R), where (M,η) is a co-oriented contact manifold and h gives rise to a t-dependent

family of functions ht : x ∈ M 7→ h(t, x) ∈ R, with t ∈ R, contained in a

finite-dimensional Lie algebra of functions relative to the Lie bracket in C∞η (M,R)

induced by (M,η): a contact Lie–Hamilton algebra. The function h is called a con-

tact Lie–Hamiltonian relative to η.

It is worth noting that every contact Lie system related to η gives rise to a

unique contact Lie–Hamiltonian system related to the same η and vice versa.

3. k-Vector Fields and Its Integral Sections

k-vector fields are of great use in the geometric study of systems of partial differen-

tial equations [19, 57]. Consider the Whitney sum
⊕k

MTM := TM ⊕M

(k)
· · ·⊕M TM ,

with the natural projectionsb τα :
⊕k

TM → TM , τkM :
⊕k

TM → M , α =

1 , . . . , k , where τα denotes the projection onto the αth component of the Whitney

sum
⊕k

MTM , and τkM is the projection onto the base manifold M .

A k-vector field on M is a section X : M →
⊕k

TM of the projection τkM .

The space of k-vector fields on M is denoted by Xk(M). Taking into account the

diagram aside, a k-vector field X ∈ Xk(M) amounts to a family of vector fields

X1, . . . , Xk ∈ X(M) given by Xα = τα ◦X with⊕k
TM

M TM

τα
X

Xα

α = 1, . . . , k. With this in mind, one can denote X = (X1, . . . , Xk). A k-vector

field X induces a decomposable contravariant totally skew-symmetric tensor field,

X1 ∧ · · · ∧ Xk, which is a decomposable section of the bundle
⊔
x∈M ΛkTxM =

ΛkTM →M , where
⊔
x∈M is the disjoint sum over x ∈M .

Given a mapping φ : U ⊂ Rk →M , its first prolongation to
⊕k

TM is the map

φ′ : U ⊂ Rk →
⊕k

TM defined as follows:

φ′(t) =

(
φ(t); Ttφ

(
∂

∂t1

∣∣∣∣
t

)
, . . . ,Ttφ

(
∂

∂tk

∣∣∣∣
t

))
:= (φ(t);φ′1(t), . . . , φ′k(t)), t ∈ Rk,

where t = (t1, . . . , tk), and {t1, . . . , tk} are the canonical coordinates on Rk.

bFrom now on, the subindex in ⊕M in the Whitney sum will be skipped.
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As for integral curves of vector fields, one can define integral sections of a k-

vector field as follows. Let X = (X1, . . . , Xk) ∈ Xk(M) be a k-vector field. An

integral section of X is a map φ : U ⊂ Rk → M such that φ′ = X ◦ φ , namely

Tφ
(
∂
∂tα

)
= Xα ◦ φ for α = 1, . . . , k. A k-vector field X ∈ Xk(M) is said to be

integrable if every point of M lies in the image of an integral section of X.

Let X = (X1, . . . , Xk) be a k-vector field on M with local expression Xα =∑m
i=1X

i
α

∂
∂xi for α = 1, . . . , k. Then, φ : U ⊂ Rk → M , with local expression

φ(t) = (φi(t)), is an integral section of X if and only if its components satisfy the

following system of PDEs:

∂φi

∂tα
= Xi

α ◦ φ, i = 1, . . . ,m, α = 1, . . . , k. (3.1)

Then, X is integrable if and only if [Xα, Xβ ] = 0 for α, β = 1, . . . , k. These are

necessary and sufficient conditions for the integrability of the system of PDEs (3.1)

(see [43, 53] for details).

Every k-vector field X = (X1, . . . , Xk) on M defines a distribution DX ⊂ TM

given by DX
x = DX ∩ TxM = 〈X1 (x ), . . . ,Xk (x )〉. However, the notion of an inte-

gral submanifold of the k-vector field X is stronger than the notion of an integral

section of the distribution DX. The distribution DX is integrable if and only if

[Xα, Xβ ] =
∑k
γ=1 f

γ
αβXγ , with α, β = 1, . . . , k for certain functions fγαβ ∈ C∞(M)

with α, β, γ = 1, . . . , k, and DX is invariant relative to the one-parameter group of

diffeomorphisms of any vector field taking values in DX [42, 60, 61]. On the other

hand, the k-vector field X is integrable if and only if X1, . . . , Xk commute with

each other, which is a stronger condition.

4. k-Contact Geometry

This section summarizes previous known results about k-contact manifolds [58] and

a new approach, via distributions, devised in the preprint [23]. We have included

just some proofs of our previous results in [23] for completeness.

Let us start by the classical definition of a k-contact form on an open subset

[58], whose motivation was to generalize the concept of a contact form.

Definition 4.1. A k-contact form on an open subset U ⊂M is a differential one-

form on U taking values in Rk, let us say η ∈ Ω1(U,Rk), such that

(1) kerη ⊂ TU is a regular non-zero distribution of corank k,

(2) ker dη ⊂ TU is a regular distribution of rank k,

(3) kerη ∩ ker dη = 0.

If the k-contact form η is defined on M , the pair (M,η) is called a co-oriented

k-contact manifold and ker dη is called the Reeb distribution of (M,η).

Nowadays, the only approach to k-contact Hamiltonian dynamics is constructed

exclusively for co-oriented k-contact manifolds [23, 58]. Reeb vector fields for k-

contact forms are the natural analogue of Reeb vector fields for contact forms,
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which play a relevant role in contact geometry and the study of periodic orbits of

Hamiltonian systems [17, 54].

Theorem 4.2 (Reeb vector fields [31]). Let (M,η =
∑k
α=1 η

α ⊗ eα) be

a co-oriented k-contact manifold. There exists a unique family of vector fields

R1, . . . , Rk ∈ X(M) such that

ιRαη
β = δβα, ιRαdηβ = 0,

for α, β = 1, . . . , k. The vector fields R1, . . . , Rk commute between themselves, i.e.

[Rα, Rβ ] = 0 for α, β = 1, . . . , k, and ker dη = 〈R1, . . . , Rk〉.

As shown later, it is generally difficult to find k-contact forms that transform

the vector fields of a Vessiot–Guldberg Lie algebra for a Lie system into k-contact

Hamiltonian vector fields, thereby enabling the application of various methods to

study these vector fields (cf. [23, 58]). Instead, we will devise new methods to obtain

such k-contact forms via k-contact distributions to be defined next (see [23] for

details). It is worth noting that k-contact distribution plays the role of contact

distributions in contact geometry, and they are easy to employ, practically and

theoretically, to study k-contact manifolds [23]. In particular, we will show in this

paper how k-contact distributions are simpler to use to study dynamical systems

via k-contact geometry.

Definition 4.3. A k-contact distribution on M is a distribution D ⊂ TM such

that, for each point x ∈ M , there is an open neighborhood U 3 x and a k-contact

form η on U such that D|U = kerη. We say that (M,D) is a k-contact manifold.

Note that k-contact distributions are regular because the kernel of k-contact

forms is regular too. Let us now develop the notions of η-Hamiltonian vector fields

and η-Hamiltonian k-functions, which will be very useful in the description of Lie

systems in Sec. 10.

The contraction of a vector field X with a differential one-form taking values in

Rk, e.g. η =
∑k
α=1 η

α⊗eα, is defined component-wise, namely ιXη =
∑k
α=1 ιXη

α⊗
eα. The Lie bracket or contraction of X with a differential s-form taking values in

Rk is defined similarly. In order to characterize k-distributions without determining

a k-contact form, which can be challenging, we use Lie symmetries of distributions

to be defined below. Moreover, the concept gives a natural manner to generalize to

k-contact geometry the theory of contact Hamiltonian vector fields.

Definition 4.4. A Lie symmetry of a distribution D on M is a vector field X on

M such that [X,D] ⊂ D, where [X,D] stands for the distribution generated by the

Lie brackets of X with vector fields taking values in D. A k-contact vector field

relative to a k-contact manifold (M,D) is a Lie symmetry X of D. If additionally

D = kerη for a k-contact form η, then X is called an η-Hamiltonian vector field

and −ιXη is its η-Hamiltonian k-function.
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Denote by XD(M) the space of k-contact vector fields on M relative to (M,D)

and we write Xη(M) for the space of η-Hamiltonian vector fields relative to a co-

oriented k-contact manifold (M,η), respectively. Meanwhile, C∞η (M,Rk) stands for

the space of η-Hamiltonian k-functions relative to a k-contact form η.

The following proposition explains why −ιXη plays the role of an η-Hamiltonian

k-function for an η-Hamiltonian vector field X.

Proposition 4.5. A vector field X on M is an η-Hamiltonian vector field relative

to (M,D = kerη) if and only if

ιXη
α = −hα, ιXdηα = dhα −

k∑
β=1

(Rβh
α)ηβ , α = 1, . . . , k, (4.1)

for some k-function h =
∑k
α=1 h

αeα ∈ C∞(M,Rk).

Similarly, k-contact Hamiltonian k-vector fields can be defined as follows. It is

worth noting that
∑k
β=1(Rβh

α)ηβ , for every α, is a linear combination of the one-

forms η1, . . . , ηk with coefficients given by the functions Rβh
α.

Definition 4.6. Given h ∈ C∞(M) on a co-oriented k-contact manifold (M,η),

called a η-Hamiltonian function, a k-vector field Xc
h = (Xα) ∈ Xk(M) satisfying

the equations

k∑
α=1

ιXαdηα = dh−
k∑

α=1

(Rαh)ηα,

k∑
α=1

ιXαη
α = −h, (4.2)

is called an η-Hamiltonian k-vector field. Equations (4.2) can be rewritten as

k∑
α=1

LXαη
α = −

k∑
α=1

(Rαh)ηα,

k∑
α=1

ιXαη
α = −h.

We call (M,η, h) a k-contact Hamiltonian system.

Not every element in C∞(M,Rk) is related to an η-Hamiltonian vector field,

e.g. η = (dz − pdx) ⊗ e1 + dw ⊗ e2 on R4 is not a η-Hamiltonian two-function

of the form pe1 + pe2. But every function h ∈ C∞(M) gives rise to a one-form

dh −
∑k
α=1(Rαh)ηα belonging to the annihilator of the Reeb distribution. If the

codistribution 〈dη1, . . . ,dηk〉 is not equal to the annihilator of the Reeb distribution,

then ker dη ∩ kerη 6= 0, which is a contradiction. Hence, there exists a series of

vector fields X1, . . . , Xk such that
∑r
α=1 ιXαdηα = dh −

∑k
α=1(Rαh)ηα. If g =∑k

α=1 ιXαη
α, then, (X1− (h+g)R1, X2, . . . , Xk) is an η-Hamiltonian k-vector field

related to h.

Let us now provide some notation [23].

Definition 4.7. Given a co-oriented k-contact manifold (M,η), every k-contact

Hamiltonian k-function h ∈ C∞η (M,Rk) is related to its Reeb derivation, namely
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the vector field on M of the form

Rh =

k∑
α=1

hαRα.

Moreover, let us define the so-called Reeb tensor field Rη : T∗M → T∗M satisfying

Rηθ =

k∑
α=1

ηαιRαθ, ∀θ ∈ T∗M.

The advantages of the previous notation are illustrated by the conciseness of

the expressions in following propositions. In particular, the following proposition

will be useful to demonstrate some properties of k-contact Lie systems (we refer to

[23] for details).

Proposition 4.8. Let Xf be the η-Hamiltonian vector field of f ∈ C∞η (M,Rk).

Then,

(i) LXf
η = −

∑k
α,β=1(Rβf

α)ηβ ⊗ eα = −Rηdf ,

(ii) Xff = −
∑k
α,β=1 f

β(Rβf
α)eα = −Rff ,

(iii) [Rβ , Xf ] = XRβf ,

where Rβf =
∑k
α=1Rβf

αeα and β = 1, . . . , k.

The following proposition follows from expression (4.1) and the fact that

an η-Hamiltonian vector field is a vector field that leaves invariant a k-contact

distribution.

Proposition 4.9. The space of η-Hamiltonian vector fields Xη(M) relative to a k-

contact form η is a Lie algebra and, for h, g ∈ C∞η (M,Rk), one has that [Xh, Xg] is

the η-Hamiltonian vector field related to the η-Hamiltonian k-function −ι[Xh,Xg ]η.

In a view of Proposition 4.9, one can define a following Lie bracket on

C∞η (M,Rk).

Definition 4.10. Given a co-oriented k-contact manifold (M,η), we define a

bracket on C∞η (M,Rk) of the form

{h1,h2}η = η([Xh1
, Xh2

]), ∀h1,h2 ∈ C∞η (M,Rk). (4.3)

The result below immediately follows from Proposition 4.9 (see also [23]).

Corollary 4.11. The bracket (4.3) induces a Lie algebra isomorphism φ : h ∈
C∞η (M,Rk) 7→ −Xh ∈ Xη(M) and an exact sequence of Lie algebra morphisms

0 −→ C∞η (M,Rk)
φ−→ Xη(M) −→ 0,

where C∞η (M,Rk) is endowed with the Lie bracket (4.3).
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Note that

{h1,h2}η = η([Xh1
, Xh2

]) = (LXh1
ιXh2

− ιXh2
LXh1

)η

= −LXh1
h2 −Rh2h1, (4.4)

for all h1,h2 ∈ C∞η (M,Rk) and

Xff = −Rff , ∀f ∈ C∞η (M,Rk).

It is remarkable that, in the contact case, a dissipated quantity (see [48] and refer-

ences therein) is a function such that Xhf = −f(Rh). Hence, the expression above

can be used to define an analogue of dissipated quantities in k-contact geometry.

Definition 4.12. A dissipated k-contact k-function relative to a k-contact Hamil-

tonian system (M,η,h) is an η-contact k-function f ∈ C∞η (M,Rk) such that

Xhf = −Rfh.

In particular every f ∈ C∞η (M,Rk) is dissipated relative to itself, namely

Xff = −Rff . Moreover,

{h,f} = 0 ⇐⇒ Xhf = −Rfh.

In other words, dissipated quantities are those that η-commute with h. Moreover,

an η-contact k-function is dissipated if and only if its associated η-Hamiltonian

vector field is a Lie symmetry of Xh.

On the other hand, note that

ιXh
dη = dh−Rηdh = (IdT∗M −Rη)(dh), ιXh

η = −h, LXh
η = −Rηdh.

It is relevant that (4.3) is not a Poisson bracket and h2 may be a constant function

having a non-vanishing Lie bracket with other functions. Examples of this will be

shown in Sec. 10.

Let us now study the relation of k-contact distributions with the maximal non-

integrability notion defined via distributions [63].

Definition 4.13. Let D be a regular distribution on M and let π : TM → TM /D
be the natural vector bundle projection. Then, D is maximally non-integrable in a

distributional sense if D 6= 0 and the vector bundle mapping ρ : D×M D → TM /D
over M given by

ρ(v, v′) = π([X,X ′]x), ∀v, v′ ∈ Dx, ∀x ∈M, (4.5)

where X,X ′ are vector fields taking values in D locally defined around x such that

Xx = v and X ′x = v′, is non-degenerate.

The mapping ρ is well defined as shown in Proposition A.1 or [23]. It is worth

noting that the terms “maximally non-integrable” and “completely non-integrable”
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have been used in the literature with equal, different, or even related meanings

[1, 3, 23].

Proposition 4.14. If (M,η) is a co-oriented k-contact manifold, then dη is

non-degenerate when restricted to kerη. In other words, kerη is maximally non-

integrable.

Let us recall the main result in [23] used in this work.

Theorem 4.15. A distribution D on M is a k-contact distribution if and only if it

is maximally non-integrable and, around an open neighborhood U of every x ∈ M,

admits an integrable k-vector field S = (S1, . . . , Sk) of Lie symmetries of D|U such

that

〈S1, . . . , Sk〉 ⊕ D|U = TU . (4.6)

The proof of the previous theorem is indeed the method used in our applications

to obtain a k-contact form η turning out the vector fields of a Vessiot–Guldberg

Lie algebra into η-Hamiltonian vector fields. The reason for the use of the previous

theorem is that it is difficult to obtain a k-contact form compatible with a Lie

system, but it is pretty much simpler in many cases to obtain a compatible k-

contact distribution. This will be the key in this paper to obtain the applications

in control theory shown in [55]. Indeed, the difference between the abundance of

examples in this work and [22] illustrates that it is difficult to obtain Lie systems

with a compatible contact or, even more difficult, k-contact form.

5. k-Contact Lie Systems

Let us introduce k-contact Lie systems and determine their fundamental properties.

It is worth noting that the notion is a generalization of contact Lie systems [22], and

it follows the general idea of Lie systems admitting compatible geometric structures

[24, 33, 38].

Definition 5.1. A k-contact Lie system is a triple (M,η, X), where η is a k-contact

form on M and X is a Lie system on M whose smallest Lie algebra, V X , consists of

η-Hamiltonian vector fields. A k-contact Lie system (M,η, X) is called projectable

if the η-Hamiltonian k-functions associated with the vector fields in V X are first

integrals of the Reeb vector fields of (M,η).

k-contact Lie systems are called projectable because they can be projected onto

k-symplectic Lie systems [25], as it will be shown soon. Sometimes, X is simply

said to be a k-contact Lie system if there exists some k-contact form turning it

into a k-contact Lie system (M,η, X). Moreover, η-Hamiltonian vector fields, and

other names of notions containing η like η-Hamiltonian k-functions, may be called

k-contact Hamiltonian vector fields or k-contact Hamiltonian k-functions when the

knowledge of the particular η is not important.
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Proposition 4.8 yields that an η-Hamiltonian k-function of an η-Hamiltonian

vector field is a first integral of all the Reeb vector fields of η if and only if the

η-Hamiltonian vector field commutes with all the Reeb vector fields of η. Hence,

a projectable k-contact Lie system (M,η, X) amounts to a Lie system X on a

manifold M such that each element of V X ⊂ Xη(M) is invariant relative to the flows

of all the Reeb vector fields of η. In other words, R1, . . . , Rk are Lie symmetries of

V X and, therefore, are Lie symmetries of the k-contact Lie system itself.

Again due to the isomorphism of Lie algebras

C∞η (M,Rk) 3 f 7−→ −Xf ∈ Xη(M), (5.1)

every k-contact Lie system (M,η, X) is related to a unique t-dependent η-

Hamiltonian k-function h : R ×M → Rk whose {ht}t∈R are contained in a finite-

dimensional Lie algebra of η-Hamiltonian k-functions, and vice versa. This moti-

vates the following definition.

Definition 5.2. A k-contact Lie–Hamiltonian system is a triple (M,η,h : R ×
M → Rk), where (M,η) is a k-contact manifold and h is a t-dependent family

of k-functions ht : x ∈ M 7→ h(t, x) ∈ Rk, with t ∈ R, contained in a finite-

dimensional Lie algebra W of η-Hamiltonian k-functions relative to the Lie bracket

in C∞η (M,Rk). We call W an η-Lie–Hamilton algebra.

As the function h : R ×M → Rk in (M,η,h : R ×M → Rk) gives rise to a

t-dependent family of η-Hamiltonian k-functions contained in an η-Lie–Hamilton

algebra W, the isomorphism (5.1) yields that the t-dependent η-Hamiltonian vector

field Xh is a Lie system with a Vessiot–Guldberg Lie algebra given by the η-

Hamiltonian vector fields of W. Then, one has the following proposition.

Proposition 5.3. Every k-contact Lie system with respect to a k-contact form η

gives rise to a unique η-Lie–Hamiltonian system, and vice versa.

Anyhow, it is remarkable that W need not be unique, as shown in following

examples.

Example 5.4. (t-dependent frequency isotropic harmonic oscillators).

Consider the system of harmonic isotropic oscillators on R2 with a t-dependent fre-

quency described by the t-dependent system of ordinary differential equations on

TR2 ' R4 of the form 
dxi
dt

= vi,

dvi
dt

= −ν2(t)xi,

i = 1, 2, (5.2)
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for an arbitrary t-dependent frequency ν(t) and coordinates x1, v1, x2, v2. Define

three vector fields on TR2 ' R4 given by

X1 =

2∑
i=1

vi
∂

∂xi
X2 =

1

2

2∑
i=1

(
xi

∂

∂xi
− vi

∂

∂vi

)
, X3 = −

2∑
i=1

xi
∂

∂vi
.

The vector fields X1, X2, X3 span (over the real numbers) a Lie algebra Vis isomor-

phic to sl2. Indeed,

[X1, X2] = X1, [X1, X3] = 2X2, [X2, X3] = X3,

and one obtains a distribution DVis on TR2 of the form

DVisx = 〈X1(x), X2(x), X3(x)〉, ∀x ∈ TR2 ,

of rank three almost everywhere. Note that system (5.2) is related to the t-

dependent vector field

Xis = ν2(t)X3 +X1

and becomes a Lie system.

Moreover, TR2 admits a natural symplectic form

ω = dx1 ∧ dv1 + dx2 ∧ dv2,

and X1, X2, X3 are Hamiltonian vector fields relative to ω with Hamiltonian func-

tions h1, h2, h3 ∈ C∞(TR2 ) because LXαω = 0 for α = 1, 2, 3 and TR2 is sim-

ply connected, which implies that every closed one-form is exact. Additionally,

dh1 ∧ dh2 ∧ dh3 6= 0.

Moreover, there exists another vector field on TR2 , namely

X4 =

2∑
i=1

(
xi

∂

∂xi
+ vi

∂

∂vi

)
,

commuting with X1, X2, X3. Hence, X1, . . . , X4 span a Lie algebra Ve isomorphic

to the matrix Lie algebra of 2× 2 matrices. The vector field X4 is not Hamiltonian

relative to ω because LX4ω = 2ω 6= 0. Let us prove that we can turn all vector

fields X1, . . . , X4 into ηis-Hamiltonian relative to a two-contact form ηis.

The vector fields X1, X2, X3, X4 are linearly independent at the manifold Ois
of points in TR2 where v2x1 − x2v1 6= 0. Moreover, X1, X2, X3, X4 are the

fundamental vector fields of a locally transitive linear Lie group action of GL2,

the Lie group of invertible linear real automorphisms on R2, on the manifold

Ois ⊂ TR2\{(0 , 0 , 0 , 0 )}. As proved in [33], the space Ois is locally diffeomorphic

to the Lie group GL2 in such a manner that X1, . . . , X4 become mapped into a

basis of right-invariant vector fields. Then, there exists, at least locally around a

generic point, a Lie algebra 〈Y1, . . . , Y4〉 of Lie symmetries of the vector fields of Ve,

i.e. [Yi, Xj ] = 0 for i, j = 1, . . . , 4, that is isomorphic to gl2 with Y1 ∧ · · · ∧ Y4 6= 0.
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In fact, consider

Y1 = x2
∂

∂x1
+ v2

∂

∂v1
, Y2 =

1

2

2∑
i=1

(−1)i
(
xi

∂

∂xi
+ vi

∂

∂vi

)
,

Y3 = −x1
∂

∂x2
− v1

∂

∂v2

and X4 = Y4. The vector fields Y1, . . . , Y4 commute with X1, . . . , X4, while

[Y1, Y2] = −Y1, [Y1, Y3] = −2Y2, [Y2, Y3] = −Y3.

Let Υ1, . . . ,Υ4 be the dual one-forms to Y1, . . . , Y4, namely

Υ1 =
v1dx1 − x1dv1
v1x2 − x1v2

, Υ2 =
v2dx1 − x2dv1 + v1dx2 − x1dv2

v1x2 − x1v2
,

Υ3 =
v2dx2 − x2dv2
v1x2 − x1v2

and

Υ4 =
d(v1x2 − x1v2)

2(v1x2 − x1v2)
.

Then,

dΥ2 = 2Υ1 ∧Υ3, dΥ4 = 0.

Hence, ηis = Υ2⊗ e1 + Υ4⊗ e2 defines a two-contact form that is invariant relative

to X1, . . . , X4. Indeed,

(LXiη
α
is)(Yj) = Xi(η

α
is(Yj))− ηαis([Xi, Yj ]) = 0, i = 1, . . . , 4, α = 2, 4,

and X1, . . . , X4 are locally ηis-Hamiltonian relative to ηis. Define hi = −ιXiηis for

i = 1, 2, 3, 4, which read

h1 =
−2v2v1e1
v1x2 − x1v2

, h2 =

(
1− 2v1x2

v1x2 − x1v2

)
e1,

h3 = − 2x2x1e1
v1x2 − x1v2

, h4 = −e2.

One has that the following non-vanishing commutation relations

{h1,h2} = −h1, {h1,h3} = −2h2, {h2,h3} = −h3

and h1, . . . ,h4 close a finite-dimensional Lie algebra of ηis-Hamiltonian functions,

which is isomorphic to gl(2,R). Note that (Ois ⊂ TR2 ,ηis ,h1 + ν2 (t)h3 ) is a

two-contact Lie–Hamiltonian system for the two-contact Lie system (5.2). Indeed,

〈h1, . . . ,h4〉 and 〈h1, . . . ,h3〉 are ηis-Lie–Hamilton algebras for Xis.

Note that the Reeb vector fields are Y2 and Y4, which are Lie symmetries of

X1, X2, X3, X4. Hence, their ηis-Hamiltonian two-functions are first integrals of

Y2, Y4. Then, (Ois,ηis, Xis) is a projectable two-contact Lie system and projects

onto a new Lie system. This will be analyzed in detail in forthcoming sections. Note
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that we do not really include X4 in the Vessiot–Guldberg Lie algebra of Xis: it was

just a tool to transform the initial Lie system into a two-contact one.

To complete the presentation of k-contact Lie systems, let us give an example

of non-projectable k-contact Lie system.

Example 5.5. Consider the manifold R5 equipped with linear coordinates

{q, z1, z2, p1, p2}. Then, R5 has a natural two-contact form given by ηJ = (dz1 −
p1 dq) ⊗ e1 + (dz2 − p2 dq) ⊗ e2. Its associated Reeb vector fields are R1 = ∂/∂z1
and R2 = ∂/∂z2. Then, R5 is diffeomorphic to the first jet bundle J1(R,R × R2)

associated with the fiber bundle (q, z1, z2) ∈ R×R2 7→ q ∈ R and ηJ is, essentially,

the natural two-contact form with the adapted variables {q, z1, z2, p1, p2}.
Consider the vector fields on R5 given by

X1 =
∂

∂z1
, X2 =

∂

∂z2
, X3 =

∂

∂q
, X4 = q

∂

∂q
− p1

∂

∂p1
− p2

∂

∂p2
,

X5 = z1
∂

∂z1
+

1

4
z2

∂

∂z2
+

1

2

(
q
∂

∂q
+ p1

∂

∂p1
− 1

2
p2

∂

∂p2

)
.

Note that X1 ∧ · · · ∧X5 is different from zero almost everywhere in R5. The vector

fields X1, . . . , X5 are ηJ -Hamiltonian relative to (R5,ηJ) with ηJ -Hamiltonian two-

functions

h1 = −e1, h2 = −e2, h3 = p1e1 + p2e2, h4 = p1qe1 + p2qe2,

h5 = (−z1 + qp1/2)e1 + (−z2/4 + qp2/2)e2,

and span a five-dimensional Vessiot–Guldberg Lie algebra with commutation

relations

[X1, X2] = 0, [X1, X3] = 0, [X1, X4] = 0, [X1, X5] = X1,

[X2, X3] = 0, [X2, X4] = 0, [X2, X5] =
1

4
X2,

[X3, X4] = X3, [X3, X5] =
1

2
X3,

[X4, X5] = 0.

This allows us to define a two-contact Lie system on R5 relative to ηJ given by

(R5,ηJ , XJ) with

XJ =

5∑
α=1

bα(t)Xα, (5.3)

where b1(t), . . . , b5(t) are any t-dependent functions. If b1(t), . . . , b5(t) are such that

the vectors (b1(t), . . . , b5(t)), with t ∈ R, span R5, then V XJ = 〈X1, . . . , X5〉 and

DXJx = TxR5 for x in an open dense subset of R5.

Since the ηJ -Hamiltonian two-function of X5 is not a first integral of the Reeb

vector fields R1 = X1, R2 = X2, we have that (R5,ηJ , XJ) is a not a projectable

two-contact Lie system when (b1(t), . . . , b5(t)), for t ∈ R, span R5. Note also that
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XJ is associated with the t-dependent ηJ -Hamiltonian two-function

h =

5∑
α=1

bα(t)hα,

namely each (XJ)t is the ηJ -Hamiltonian vector field related to ht for every t ∈ R.

Finally, 〈h1, . . . ,h5〉 span an ηJ -Lie–Hamilton algebra for XJ . In fact, the non-

vanishing commutation relations read

{h1,h5} = −h1, {h2,h5} = −1

4
h2, {h3,h4} = −h3, {h3,h5} = −1

2
h3.

Then, (R5,ηJ ,h =
∑5
α=1 bα(t)hα ) is a two-contact Lie–Hamiltonian system for

the two-contact Lie system (5.3).

6. Generalized t-Dependent Constants of the Motion for

k-Contact Lie Systems

Given a k-contact Lie system, one obtains that a Vessiot–Guldberg Lie algebra of

η-Hamiltonian vector fields gives rise to a Lie algebra of η-Hamiltonian k-functions,

which in turn gives rise to a momentum map J : M → g∗ ⊗ Rk. This mapping will

be relevant so as to determine some properties of the initial k-contact Lie system.

In particular, it is used to obtain generalized constants of motion [11] for k-contact

Lie systems. This will illustrate some of the potential uses of k-contact geometry

to analyze k-contact Lie systems. Let us start by a motivating example.

Example 6.1. Let us go back to Example 5.4 of the t-dependent frequency

isotropic oscillator on Ois. Consider the presymplectic form 〈dηis, e1〉. This gives

rise to a Poisson bracket on the space of its admissible functions, i.e. functions

f ∈ C∞(Ois) such that df belongs to the image of d〈ηis, e1〉. Since X1, . . . , X4 are

invariant relative to the Reeb vector fields, they become Hamiltonian with respect

to d〈ηis, e1〉. This latter fact will be shown in detail in Proposition 6.2 and, for the

time being, it is enough to verify this fact by a short calculation. Note that

h1α = 〈hα, e1〉, α = 1, 2, 3, 4,

are Hamiltonian functions for X1, . . . , X4, respectively, and span a Lie algebra of

admissible functions isomorphic to sl2. Then, h11h
1
3 − (h12)2 Poisson commutes with

h11, h
1
2, h

1
3 and becomes a constant of motion for Xis.

Let us generalize the properties of the above example for every projective k-

contact Lie system. It is worth noting that if f , g ∈ C∞η (M,Rk) ∩ kerR, then

{f , g}η = η([Xf , Xg]) = Xf ιXgη −XgιXf
η − dη(Xf , Xg)

= −ιXf
ιXgdη + ιXg ιXf

dη − dη(Xf , Xg) = dη(Xf , Xg). (6.1)
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This explains the relation of the bracket of functions in kerR and the bracket of

presymplectic forms defined in the following proposition.

Proposition 6.2. If η is a k-contact form and θ ∈ Rk∗, then ω = 〈dη, θ〉 is a

presymplectic form. Every Lie algebra of k-contact Hamiltonian k-functions W =

〈h1, . . . ,hr〉 belonging to kerR gives rise to a Lie algebra of Hamiltonian functions

Wθ = 〈〈h1, θ〉, . . . , 〈hr, θ〉〉 relative to ω. In particular, there exists a Lie algebra

surjection

f ∈W 7→ fθ = 〈f , θ〉 ∈Wθ.

If C is an admissible function of 〈dη, θ〉 and Poisson commutes with the elements

of Wθ relative to the Poisson bracket induced by ω, then C is a constant of motion

of every Lie system X admitting an η-Lie–Hamilton algebra W.

Proof. Since dη is closed, so is 〈dη, θ〉, which becomes presymplectic.c Moreover,

the functions hθα = 〈hα, θ〉 become Hamiltonian functions for 〈dη, θ〉 becauseRαh =

0. Indeed,

ιXf
dη = df ⇒ ιXf

d〈η, θ〉 = d〈f , θ〉.

Let us show that expression (6.1) shows that there exists a Lie algebra surjection

from M onto Mθ and Xf is a presymplectic Hamiltonian vector field of fθ. We

consider Xfθ = Xf , although fθ does not determine a Hamiltonian vector field

relative to d〈η, θ〉 uniquely. More in detail,

〈{f , g}η, θ〉 = d〈η, θ〉(Xf , Xg) = ιXgdfθ = d〈η, θ〉(Xfθ , Xg)

= d〈η, θ〉(Xfθ , Xgθ ) = {fθ, gθ}ω.

The fact that C is a constant of motion of X follows from standard presymplectic

geometry and the fact that X admits a t-dependent Hamiltonian of the form h =∑r
α=1 bα(t)〈hα, θ〉 for certain t-dependent functions b1(t), . . . , br(t).

Theorem 6.3. Consider the Lie algebra C∞η (M,Rk) relative to {·, ·}η and the

space C∞η,θ(M) of functions of the form 〈f , θ〉 for a certain f ∈ C∞η (M,Rk) and a

fixed θ ∈ Rk∗. The morphism

f ∈ C∞η (M,Rk) ∩ kerR 7→ fθ = −〈f , θ〉 ∈ C∞η,θ(M) ∩ kerR (6.2)

is a Poisson algebra morphism relative to the product f ? g =
∑r
α=1(fαgα)eα and

the bracket {·, ·}η in C∞η (M,Rk) ∩ kerR and the Poisson bracket of 〈dη, θ〉 and

the standard multiplication of functions in C∞η,θ(M) ∩ kerR.

cNote that its rank may not be constant.
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Proof. To prove that C∞η (M,Rk) ∩ kerR is a Poisson algebra, take f , g,h belong-

ing to kerR and see that

{f , g ? h} = −Xf

(
k∑

α=1

gαhαeα

)
= −

k∑
α=1

Xf (gα)hαeα −
k∑

β=1

gβXf (hβ)eβ

= {f , g} ? h+ g ? {f ,h}.

Moreover, since C∞η,θ(M) ∩ kerR is an R-algebra and the morphism (6.2) is an R-

algebra morphism, the morphism is a Poisson algebra morphism.

One important thing about k-contact Lie systems is the determination of regions

of the manifold that are invariant relative to its dynamics. Let us provide a first

result about this.

Proposition 6.4. Let X be a k-contact Lie system with an r-dimensional

Vessiot–Guldberg Lie algebra V = 〈X1, . . . , Xr〉 of η-Hamiltonian vector fields

with η-Hamiltonian k-functions h1, . . . ,hr for X1, . . . , Xr, respectively. Let W =

〈h1, . . . ,hr〉 be a Lie–Hamilton algebra of η-Hamiltonian k-functions isomorphic to

an abstract r-dimensional Lie algebra g. Then, one obtains a map J : x ∈ M 7→∑r
α=1 hα(x)vα ∈ g∗ ⊗ Rk, where {v1, . . . , vr} is a basis for g∗. For every θ ∈ Rk∗

such that Rh1
, . . . , Rhr are tangent to the zero level of Jθ = 〈J , θ〉, which is assumed

to be a submanifold, one has that (Jθ)−1(0) is an invariant subset of the dynamics

of the system, provided it is a submanifold.

Proof. Note that Xh =
∑k
α=1 bα(t)Xhα and

dJθ

dt
=
∂Jθ

∂t
+XhJ

θ =

k∑
α,β=1

bα(t)〈Xhαhβ , θ〉=−
k∑

α,β=1

bβ(t)〈{hα,hβ}+Rhβhα, θ〉.

Recall that h1, . . . ,hr close a Lie algebra of functions, namely {hα,hβ} =∑r
γ=1 cαβ

γhγ for certain constants cαβ
γ , and one has

〈Rhβhα, θ〉 =

k∑
µ=1

hµβRµ〈hα, θ〉.

Take into account that 〈J , θ〉 =
∑r
α=1〈hαvα, θ〉 =

∑r
α=1〈hα, θ〉vα = 0 and

R1, . . . , Rk are tangent to the level set (Jθ)−1(0). Hence, on such a submanifold,

〈hα, θ〉 = 0 and Rhβ 〈hα, θ〉 = 0 for α, β = 1, . . . , r. Thus, Xh is tangent to the zero

level set of Jθ.

Example 6.5. Consider Example 5.5 and the t-dependent vector field XJ =∑5
α=3 bα(t)Xα. Assume θ = e2. One has the mapping

Jθ = 〈J , θ〉 = (p2, p2q,−z2/4 + qp2/2).
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Then (Jθ)−1(0) is the submanifold given by p2 = 0 and z2 = 0. Note that

Rh3 = p1
∂

∂z1
+ p2

∂

∂z2
, Rh4

= p1q
∂

∂z1
+ p2q

∂

∂z2
,

Rh5 =
(
−z1 +

qp1
2

) ∂

∂z1
+
(
−z2

4
+
qp2
2

) ∂

∂z2

and Rhβ 〈hα, θ〉 = 0 for α, β = 3, 4, 5 on (Jθ)−1(0). Then, (Jθ)−1(0) is an invariant

submanifold of the dynamics of the system.

Let us now describe a theory to derive t-dependent constants of motion for k-

contact Lie systems via k-contact Lie–Hamilton algebras. The main problem to

extend the results of Lie–Hamilton systems [2] to this new realm is the fact that

the Lie bracket on W is not a Poisson bracket and describing the variation of a

t-dependent function in time does not depend only on the Lie–Hamilton algebra,

but it also depends on the action of the Reeb vector fields on them, which can be

difficult to analyze. A possible solution is given below.

Proposition 6.6. Let (M,η, X) be a k-contact Lie system such that the Reeb

derivations of the elements of an η-Lie–Hamilton algebra leave invariant the η-

Lie–Hamilton algebra, namely Rhαhβ =
∑r
γ=1 λαβ

γhγ for certain constants λαβ
γ

with α, β, γ = 1, . . . , r. Then, the t-dependent constants of motion of X of the form

Iθ = 〈
∑r
α=1 f

α(t)hα, θ〉 for some θ ∈ Rk∗ and t-dependent functions f1(t), . . . , fr(t)

are solutions to

dfα

dt
= −

r∑
ν,β=1

fνbβ [cνβ
α − λνβ α], (6.3)

if 〈hθ1, . . . , hθr〉 are linearly independent.

Proof. If I =
∑r
α=1 f

α(t)hα, then one has

dI

dt
(t) =

∂I

∂t
(t) + (Xh)tIt =

r∑
α=1

dfα

dt
(t)hα +

r∑
β=1

bβ(t)fα(t)Xhβhα

 . (6.4)

Hence,

dI

dt
=

r∑
α=1

dfα

dt
hα −

r∑
β=1

bβ(t)fα({hβ ,hα}+Rhαhβ)

 .

For t-dependent constants of the motion and composing both sides of the above

expression with θ, one has that

r∑
α=1

dfα

dt
hθα =

r∑
α,β=1

bβ(t)fα({hβ ,hα}θ +Rhαh
θ
β)

= −
r∑

α,β=1

bβ(t)fα
r∑
ν=1

(cαβ
νhθν − λαβ νhθν).

If the functions hθα are linearly independent, it follows (6.3).
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The main result of Proposition 6.6 is the fact that some t-dependent constants

of motion for a k-contact Lie system can be described via another Lie system

(6.3). This illustrates one of the reasons why k-contact geometry is interesting for

k-contact Lie systems. On the other hand, these examples also showed that it is

natural to associate every k-contact η-Hamiltonian function with a vector field

taking values in the Reeb distribution.

Remark 6.7. Note that (6.4) and the conditions in Proposition 6.6 are the key to

many new methods. Assume that Iθ is t-independent, the Lie algebra 〈[W,W], θ〉
of a k-contact Lie–Hamilton algebra W consists of constants and the Rhα〈hβ , θ〉
are constants (as it will happen in some examples of this work). Under the given

conditions, one has, in view of (6.4), that b(t) = dIθ
dt for a t-dependent function b(t).

Hence,
∫ t
b(t′)dt′ − Iθ is a constant of motion for (M,η, X).

Recall that a generalized master symmetry of order m for a system of differential

equations associated with a vector field X on a manifold M is a vector field Z on M

such that admXZ = 0, where admX = (m−times)adX ◦. . .◦adX (see [27]). Generalized

master symmetries allow one to obtain functions, the generators of constants of

motion of order m, whose derivative of order m in terms of the time is zero, but

the derivative of order m − 1 is not. The same idea, which appears in symplectic

mechanics, can be applied to t-independent projectable k-contact Lie systems. For

instance, assume that Wθ is nilpotent of order m consisting of first integrals of

the Reeb vector fields of a k-contact Lie system (M,η, X). Consider also the η-Lie

Hamilton algebra W for V X . In such a case,

dmIθ
dtm

= (−1)m

m-times︷ ︸︸ ︷
{hθ, {hθ . . . , {hθ, Iθ} . . .}= 0, Iθ ∈Wθ,

and Iθ is a t-dependent function of order, at most m− 1, on solutions. Meanwhile,

XIθ becomes a master symmetry of order m of X.

7. k-Contact Lie Systems and Other Geometric Structures

It is worth noting that a Lie system may potentially be Hamiltonian relative to

different types of geometric structures. In some cases, some of them can be more

appropriate than others. The following proposition shows how projectable k-contact

Lie systems induce some k-symplectic Lie systems on other spaces.

Proposition 7.1. If (M,η, X) is a projectable k-contact Lie system, the space

of integral curves of the Reeb distribution DR := ker dη, let us say M/DR, is

a manifold, and pR : M → M/DR is the canonical projection that becomes a

submersion, then (M/DR,ω, pR∗X), where p∗Rω = dη, is a k-symplectic Lie sys-

tem relative to the k-symplectic form ω on M/DR, namely the vector fields pR∗Xt,

with t ∈ R, are ω-Hamiltonian relative to the k-symplectic form ω.

Proof. Since (M,η, X) is projectable, the Reeb vector fields R1, . . . , Rk commute

with the η-Hamiltonian vector fields of V X . Therefore, all the elements of V X are
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projectable onto M/DR and their projections span a finite-dimensional Lie algebra

of vector fields on M/DR. Moreover, the η-Hamiltonian k-functions of the elements

of V X are first integrals of the Reeb vector fields of η. Hence, they are also pro-

jectable. Moreover, LRαdη = 0 and ιRαdη = 0 for α = 1, . . . , k. Hence, dη can be

projected onto M/DR. In other words, there exists a unique two-form, ω, on M/DR
such that p∗Rω = dη. Note that ω is closed. Moreover, if ιY[x]

ω[x] = 0 for a tangent

vector Y[x] ∈ T[x ](M /DR) where [x] is the leave of DR passing through a point

x ∈ M , then there exists a tangent vector Ỹx ∈ TxM such that TxpR(Ỹx ) = Y[x ].

Hence, Txp
T
R ιY[x ]

ω[x ] = ιỸx
(dη)x = 0 and Ỹx ∈ ker(dη)x. Moreover, pR∗xỸx = 0

and ω is non-degenerate. Since ω is closed too, it becomes a k-symplectic form and

the vector fields of pR∗V
X span a finite-dimensional Lie algebra of Hamiltonian vec-

tor fields relative to ω. In fact, given a basis of η-Hamiltonian k-functions h1, . . . ,hr
for a basis X1, . . . , XR of vector fields of V X , one may write that hα = p∗Rgα for

α = 1, . . . , k and some k-functions g1, . . . , gr ∈ C∞(M/DR,Rk) . Moreover,

p∗R(ιpR∗Xαω) = ιXαdη = dhα −
k∑

µ,β=1

(Rβh
µ
α)ηβ ⊗ eµ = dp∗Rgα = p∗R(dgα).

Hence, pR∗Xα is ω-Hamiltonian relative to ω. Therefore, the time-dependent vector

field pR∗X, namely the t-parametric family of vector fields (pR∗X)t = pR∗Xt for

every t ∈ R, becomes a k-symplectic Lie system relative to ω.

Let us provide a proposition that allows one to study k-contact Lie systems via

presymplectic Lie systems. Notwithstanding, this implies that one has to study a

problem on a higher-dimensional manifold with different properties than the initial

one, which may make the problem harder to study in some cases [22], but easier in

others. It is worth noting that Proposition 7.2 is a particular case of [23, Proposi-

tion 7.14] focusing on a particular case of relevance for us.

Proposition 7.2. Every k-contact Lie system (M,η, Xh) gives rise to a presym-

plectic Lie system (Rk × M,ω = d(
∑k
α=1 zαη̂

α),
∑k
α,β=1 zα(Rβh

α)∂/∂zβ + Xh),

where η̂α is the lift to Rk ×M, via the natural projection from Rk ×M onto M, of

ηα for α = 1, . . . , k.

As it happens for the similar proposition in the contact case, Proposition 7.2

may be inappropriate to study k-contact Hamiltonian systems on M via Hamil-

tonian systems on presymplectic manifolds Rk × M since the dynamics of a k-

contact Hamiltonian vector field on M may significantly differ from the presym-

plectic Hamiltonian system on Rk × M used to investigate it. For instance,

a k-contact Hamiltonian vector field X on M may have stable points, while∑k
α,β=1 zα(Rβh

α)∂/∂zβ + Xh, which is its associated Hamiltonian vector field on

Rk×M , has not. This has relevance in certain theories, like the energy–momentum
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method [49]. Additionally, enlarging the manifold where the dynamics of a system

is considered poses a problem that should have more advantages than drawbacks.

Example 7.3. Note that Example 5.4 satisfies the conditions of Proposition 7.1.

Then, the Reeb vector fields have constants of motion given by the common first

integrals of the vector fields

x1
∂

∂x1
+ v1

∂

∂v1
, x2

∂

∂x2
+ v2

∂

∂v2
.

We can define the first integrals f1 = v1/x1 and f2 = v2/x2 of the previous vec-

tor fields. Hence, the integral leaves of the distribution spanned by Y4, Y2 can be

described by means of the surfaces with f1, f2 equal to constants. Hence, f1, f2 are

coordinates in the space of leaves. In those coordinates, the ηis-Hamiltonian vector

fields X1, . . . , X4 read

X1 = f1x1
∂

∂x1
+ f2x2

∂

∂x2
− f21

∂

∂f1
− f22

∂

∂f2
,

X2 =
1

2
x1

∂

∂x1
+

1

2
x2

∂

∂x2
− f1

∂

∂f1
− f2

∂

∂f2
,

X3 = − ∂

∂f1
− ∂

∂f2
, X4 = x1

∂

∂x1
+ x2

∂

∂x2
,

and the differential of two-contact form becomes

dηis = 2Υ1 ∧Υ3 ⊗ e1 =

(
2

(f2 − f1)2
df1 ∧ df2

)
⊗ e1.

We can define a mapping pR : (f1, f2, x1, x2) ∈ R4 7→ (f1, f2) ∈ R2 that projects

the initial space onto the space of leaves, which, by Proposition 7.1, is the two-

symplectic manifold with two-symplectic form ω defined by p∗Rω = dηis. Moreover,

pR∗Xi, where i = 1, . . . , 4, are given by

pR∗X1 = −f21
∂

∂f1
− f22

∂

∂f2
, pR∗X2 = −f1

∂

∂f1
− f2

∂

∂f2
,

pR∗X3 = − ∂

∂f1
− ∂

∂f2
,

and pR∗X4 = 0, are Hamiltonian vector fields relative to the two-symplectic form

dηis, with Hamiltonian k-functions on R2 of the form

h′1 = − 2f1f2
f1 − f2

e1, h′2 =

(
1 +

2f1
f2 − f1

)
e1,

h′3 = − 2

f1 − f2
e1, h′4 = −e2.

Note that p∗Rh
′
i = hi for i = 1, . . . , 4.

It is interesting to analyze how to recover the solution to the initial projectable

η-contact Lie system from the information of the projected k-symplectic one. Some
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particular results in this direction have recently appeared in the literature [8]. We

expect to investigate this topic further in the future.

8. Methods to Construct k-Contact Lie Systems

Let us develop a method to turn a Lie system X into a k-contact Lie system by

finding a compatible k-contact form, i.e. one turning V X into η-Hamiltonian vector

fields for a certain k-contact form η. This will be more or less explicitly used in

further sections to determine potential applications of k-contact Lie systems. Our

method for deriving η relies on distributions, a strategy that generally simplifies

the process compared to directly calculating η.

Recall that a locally automorphic Lie system is a triple (M,X, V ), where X

is a Lie system on a manifold M so that V is a Lie algebra of dimension dimM

whose vector fields span the tangent space to M . It is known [24, 33] that locally

automorphic Lie systems are locally diffeomorphic to a Lie system on a Lie group

G of the form

XR =

r∑
α=1

bα(t)XR
α , (8.1)

where XR
1 , . . . , X

R
r is a basis of right-invariant vector fields on G spanning a Lie

algebra isomorphic to V and b1(t), . . . , br(t) are t-dependent functions. This struc-

ture is extremely useful, as one can treat locally automorphic Lie systems on gen-

eral manifolds as Lie systems of a very specific type on Lie groups. Moreover, there

are many applications of locally automorphic Lie systems [9, 13, 24]. For instance,

there are many locally automorphic Lie systems related to control systems (cf. [55])

and we will study examples of this type in the following sections.

Consider now the Maurer–Cartan equations on G, which satisfy that

dηαL +
1

2

r∑
β,γ=1

cβγ
αηβL ∧ η

γ
L = 0, α = 1, . . . , r, (8.2)

where cβγ
α, with α, β, γ = 1, . . . , r, are the constants of structure of a basis of left-

invariant vector fields on G given by XL
1 , . . . , X

L
r , while η1L, . . . , η

r
L is its dual basis,

which consists of left-invariant one-forms on G. The above expression (8.2) follows

immediately by evaluating dηαL on pairs of left-invariant vector fields chosen among

XL
1 , . . . , X

L
r . Then, the differentials of left-invariant one-forms can be determined

by the Lie algebra structure of V .

In particular, it is simple to find Lie algebras admitting k particular different

indexes α1, . . . , αk ∈ {1, . . . , r} so that cαjβ
αi = 0 for every β and i, j = 1, . . . , k.

In view of (8.2), this implies that the elements of 〈XL
α1
, . . . , XL

αk
〉 take values in⋂k

i=1 ker dηαiL . If additionally
⋂k
i=1 ker dηαiL = 〈XL

α1
, . . . , XL

αk
〉, then η =

∑k
i=1 η

αi
L ⊗

eαi is a k-contact form that is invariant relative to the vector fields XR
1 , . . . , X

R
r .

Recall that Lie groups of this type are related to the so-called k-contact Lie groups
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[23], namely Lie groups with a left-invariant k-contact form.d In practice, it is

relatively simple to determine Lie groups of this type, which will be shown in latter

examples. Moreover, one-contact Lie groups were analyzed in [22]. On the opposite,

Lie groups not admitting a left-invariant contact form were discussed in [36] in the

context of hydrodynamic equations.

Right-invariant vector fields leave invariant kerη, which can be spanned by left-

invariant vector fields, which implies that the vector fields of the Vessiot–Guldberg

Lie algebra 〈XR
1 , . . . , X

R
r 〉 consist of η-Hamiltonian vector fields relative to η. With

no loss of generality (see [23] for details), the basis of left-invariant vector fields of

a k-contact Lie group can be chosen so that the Reeb vector fields are given by

XL
1 , . . . , X

L
k , which commute with XR

1 , . . . , X
R
r . Then, the Lie systems of the form

XR =
r∑

α=1

bα(t)XR
α

are projectable k-contact Lie systems regardless of the functions b1(t), . . . , br(t).

Indeed, it follows that the η-Hamiltonian k-functions of XR
1 , . . . , X

R
r are first inte-

grals of the Reeb vector fields, which are left-invariant, and the Lie system can be

projected onto G/ ker dη, where ker dη is the distribution given by the Reeb vector

fields. More specifically, it turns out that the k-contact Lie system is projectable

onto a k-symplectic one [25].

There is another manner to obtain, in general non-projectable, k-contact Lie

systems from locally automorphic ones. As before, we analyze a locally automor-

phic Lie system via its associated Lie system (8.1) on a Lie group. Consider that

the Lie algebra of the Lie group is such that there exists a linear subspace spanned

by left-invariant vector fields, XL
1 , . . . , X

L
r−k, that is maximally non-integrable, i.e.

it admits no element leaving invariant the subspace via the commutator of vector

fields, which is relatively straightforward to determine due to the Lie algebra struc-

ture of left-invariant vector fields. Consider also that there exists a supplementary

abelian Lie subalgebra assumed to have, with no loss of generality, a basis of the

form XL
r−k+1, . . . , X

L
r . Then, let us analyze the maximally non-integrable distribu-

tion spanned by

D = 〈XL
1 , . . . , X

L
r−k〉

and the commutative Lie algebra

〈XR
r−k+1, . . . , X

R
r 〉.

Note that the right-invariant vector fields are chosen so that XR
α (e) = XL

α (e) for

α = 1, . . . , r, which makes them to have opposite commutation relations than

left-invariant vector fields. The latter right-invariant vector fields XR
r−k+1, . . . , X

R
r

leave D invariant and commute among themselves. This gives rise to a k-contact

dNote that the approach that follows could be developed similarly with a basis of left-invariant

vector fields and a right-invariant k-contact form.
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distribution D and the vector fields XR
r−k+1, . . . , X

R
r leave it invariant. Hence,

XR
1 , . . . , X

R
r become k-contact vector fields and one obtains a k-contact Lie system

related to (8.1). In this approach, the k-contact form must be obtained as in the

proof of Theorem 4.15. Namely, one has to derive the k one-forms ηr−k+1, . . . , ηr

that annihilate 〈XL
1 , . . . , X

L
r−k〉 and are duals to the vector fields XR

r−k+1, . . . , X
R
r .

It is worth noting that this approach works, at least locally at a point where

XL
1 , . . . , X

L
r−k, X

R
r−k+1, . . . , X

R
r are linearly independent, which can be always

found locally at almost every point. The obtained one-forms are the components of

a k-contact form η =
∑r
α=r−k+1 η

α
L⊗ eα turning the vector fields XR

1 , . . . , X
R
r into

η-Hamiltonian vector fields. Note that the k-contact form η described above is not,

in general, a left-invariant one-form, while XR does not need to be projectable.

There are several manners to obtain a maximally non-integrable D. For instance,

if [XL
1 , X

L
2 ]∧XL

1 ∧XL
2 is not vanishing, then D is maximally non-integrable. This is

a relatively straightforward case to identify, as it suffices to locate two left-invariant

vector fields X and Y , such that their commutator [X,Y ] does not take values

within the distribution spanned by X and Y at any point. Note that if [X,Y ]

does not take values in the distribution spanned by X,Y at any point, then it is

impossible that X ∧ Y = 0 on an open set as, if this would happen,

0 = LX(X ∧ Y ) = X ∧ LXY = LY (X ∧ Y )

= LYX ∧ Y ⇒ [X,Y ] ∧X ∧ Y = 0,

which is a contradiction. Moreover, assume that E = 〈XL
1 , X

L
2 , X

L
3 〉 ⊂

〈XL
1 , . . . , X

L
r 〉 is such that there is no element of Y ∈ E such that [Y,E] is not

included in E. Then, E is also maximally non-integrable. These ideas to obtain

maximally non-integrable distributions will be used in our applications in Sec. 10.

9. Diagonal Prolongation of k-Contact Lie Systems

It is possible to describe superposition rules of Lie systems geometrically. To do so,

it is convenient to introduce the so-called diagonal prolongation of a t-dependent

vector field and its basic properties [14]. Before that, let us introduce the projections

pr : M `+1 3 (x(0), . . . , x(`)) 7−→ (x(1), . . . , x(`)) ∈M `, (9.1)

prα0 : M `+1 3 (x(0), . . . , x(`)) 7−→ x(α) ∈M, (9.2)

for α = 0, . . . , `. Recall that the group S`+1 of permutations x(α) ↔ x(β), with

0 ≤ α 6= β ≤ `, acts on M `+1.

Definition 9.1. Given a t-dependent vector field on M locally of the form

X(t, x(0)) =

n∑
i=1

Xi(t, x(0))
∂

∂xi(0)
, (9.3)



June 22, 2026 10:20 WSPC/2972-4589 354-GM 2640002

k-contact Lie systems: Theory and applications 141

its diagonal prolongation to M `+1 is the t-dependent vector field on M `+1 given by

X [`+1](t, x(0), . . . , x(`)) =
∑̀
a=0

n∑
i=1

Xi(t, x(a))
∂

∂xi(a)
. (9.4)

This definition can be rewritten in the following manner.

Definition 9.2. Given a t-dependent vector fieldX onM , its diagonal prolongation

to M `+1 is the unique t-dependent vector field X [`+1] on M `+1 such that:

(i) The t-dependent vector field X [`+1] is invariant under the action of the sym-

metry group S`+1 on M `+1;

(ii) The vector fields X
[`+1]
t are projectable under the projections prα0 given by (9.2)

and prα0∗X
[`+1]
t = Xt for every t ∈ R.

Several lemmas, covered in [9, 14], describe properties of the diagonal projection

necessary to formulate the following proposition (see [9, pp. 18–21] for details).

Proposition 9.3. For every family of linearly independent (over R) vector fields

X1, . . . , Xr ∈ X(M), there exists an integer ` with ` dimM ≥ r such that their

prolongations to M ` are linearly independent at a generic point.

In the contact setting, the diagonal prolongation of a contact Lie system is

not a contact Lie system because the manifold of the diagonal prolongation is not

always odd. Nevertheless, k-contact distributions allow for a diagonal prolongation

procedure as follows.

Proposition 9.4. The diagonal prolongation to N `+1 of a k-contact Lie system

on N is a k(`+ 1)-contact Lie system on N `+1.

Proof. Let X1, . . . , Xr span the smallest Lie algebra V X of the k-contact Lie

system (N,ηN , X). There exists the k(`+ 1)-contact form

ηN`+1 =
∑̀
α=0

ηαN =
∑̀
α=0

k∑
β=1

ηαβ ⊗ eαk+β ,

where ηαN = prα∗0 ηN . Indeed,

kerηN`+1 = kerη0
N ∩ kerη1

N ∩ · · · ∩ kerη`N ,

ker dηN`+1 = ker dη0
N ∩ ker dη1N ∩ · · · ∩ ker dη`N

and kerηN`+1 ∩ ker dηN`+1 = 0. Moreover, kerηN`+1 has corank (` + 1)k and

ker dηN`+1 has rank k(`+ 1). Hence, we have obtained a k(`+ 1)-contact form.
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By contracting each X
[`+1]
i =

∑`
α=0X

(α)
i , where X

(α)
i = Xi(x(α)) and i =

1, . . . , r, with ηN`+1 and its differential

ι
X

[`]
i
ηN` =

∑̀
α,β=0

ι
X

(α)
i
ηβN =

∑̀
α=0

ι
X

(α)
i
ηαN = −

∑̀
α=0

hiα, i = 1, . . . , r,

ι
X

[`]
i

dηN`+1 =
∑̀
α=0

ι
X

(α)
i

dηαN =
∑̀
α=0

dhiα −
∑̀
µ=0

k∑
β=1

Rαβh
i
αη

α
β , i = 1, . . . , r,

where Rαβ , for β = 1, . . . , k, are Reeb vector fields on (α+ 1)th copy of N in N `+1.

Thus, we obtain that each prolongation is an ηN`+1-Hamiltonian vector field with

the ηN`+1-Hamiltonian k(`+ 1)-function hi =
∑`
α=0 h

i
α for i = 1, . . . , r.

The reason why the procedure for the diagonal prolongations of contact Lie

systems relied on passing to the use of Jacobi setting was because this has a good

diagonal prolongation related to Jacobi manifolds. This is no longer necessary in

the above, more natural, realm.

There is another relevant fact about the fact that the diagonal prolongations to

N`+1 of η-Hamiltonian vector fields are ηN`+1-Hamiltonian. Consider a k-contact

Lie system (M,η, X) and an η-Hamiltonian k-function C. If {hθ, Cθ}θ = 0, then

the ηN`+1-Hamiltonian functions of the diagonal prolongations to N `+1 of Xh and

XC do also commute, which can be used to obtain constants of motion of X
[`+1]
h .

This may have applications to obtain superposition rules for Xh, for instance.

10. Applications of k-Contact Lie Systems

This section provides several applications of k-contact Lie systems and illustrates

the results obtained in previous sections.

10.1. A control Lie system

Let us endow a Lie system related to control systems with a k-contact form. Let us

consider the system of differential equations on R5 given by

dx

dt
=

5∑
α=1

bα(t)Xα, (10.1)

where b1(t), . . . , b5(t) are arbitrary t-dependent functions and

X1 =
∂

∂x1
, X2 =

∂

∂x2
+ x1

∂

∂x3
+ x21

∂

∂x4
+ 2x1x2

∂

∂x5
,

X3 =
∂

∂x3
+ 2x1

∂

∂x4
+ 2x2

∂

∂x5
, X4 =

∂

∂x4
, X5 =

∂

∂x5
.

The above vector fields span a nilpotent Lie algebra Vc of vector fields whose

non-vanishing commutation relations read
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[X1, X2] = X3, [X1, X3] = 2X4, [X2, X3] = 2X5.

This makes (10.1) into a Lie system related to a t-dependent vector field∑5
α=1 bα(t)Xα as proved in [55]. The initial motivation to study (10.1) comes from

the fact that it covers as a particular case the system of differential equations on

R5 of the form

dx1
dt

= b1(t),
dx2
dt

= b2(t),

dx3
dt

= b2(t)x1,
dx4
dt

= b2(t)x21,

dx5
dt

= 2b2(t)x1x2, (10.2)

where b1(t) and b2(t) are arbitrary t-dependent functions whose interest is due to

their relation to certain control problems [52, 55]. Let us define Xc = b1(t)X1 +

b2(t)X2.

Since X1 ∧ · · · ∧X5 6= 0 and dimVc = 5, one obtains a locally automorphic Lie

system (R5, Xc, Vc). Then, it can be proved that the Lie algebra of Lie symmetries

of the vector fields of Vc is isomorphic to it [33]. Indeed, consider the Lie algebra of

Lie symmetries of Vc given by vector fields

Y1 =
∂

∂x1
+ x2

∂

∂x3
+ 2x3

∂

∂x4
+ x22

∂

∂x5
, Y2 =

∂

∂x2
+ 2x3

∂

∂x5
,

Y3 =
∂

∂x3
, Y4 =

∂

∂x4
, Y5 =

∂

∂x5
.

More exactly, [Yi, Xj ] = 0 for i, j = 1, . . . , 5. Moreover, Y1, . . . , Y5 span a Lie algebra

with opposite structure constants to those of X1, . . . , X5. The Y1, . . . , Y5 admit the

corresponding dual one-forms given by

Υ1 = dx1, Υ2 = dx2, Υ3 = −x2dx1 + dx3,

Υ4 = −2x3dx1 + dx4, Υ5 = −x22dx1 − 2x3dx2 + dx5.

The existence of these dual forms follows by the condition that Y1∧· · ·∧Y5 is non-

vanishing on a manifold of dimension five. Additionally, Υ1, . . . ,Υ5 are invariant

relative to the vector fields X1, . . . , X5, namely LXiΥ
j = 0 for i, j = 1, . . . , 5. The

differentials of Υ1, . . . ,Υ5 depend on the commutation relations of the vector fields

X1, . . . , X5, namely

dΥγ =
1

2

5∑
α,β=1

cαβ
γΥα ∧Υβ , α = 1, . . . , 5,

where cαβ
γ are the structure constants of our problem, namely [Xα, Xβ ] =∑5

γ=1 cαβ
γXγ for α, β = 1, . . . , 5. In particular, for every differential one-form

Υ ∈ 〈Υ1, . . . ,Υ5〉, its differential is both closed and invariant relative to the vector
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fields X1, . . . , X5. Consequently, these vector fields become dΥ-Hamiltonian rela-

tive to such presymplectic forms Υ.

One has the following relations:

dΥ1 = 0, dΥ2 = 0, dΥ3 = Υ1 ∧Υ2,

dΥ4 = 2Υ1 ∧Υ3, dΥ5 = 2Υ2 ∧Υ3.

Let us prove that ηc = Υ4 ⊗ e1 + Υ5 ⊗ e2 gives rise to a two-contact form. Indeed,

kerηc = 〈Y1, Y2, Y3〉=
〈
∂

∂x1
+ x2

∂

∂x3
+ 2x3

∂

∂x4
+ x22

∂

∂x5
,
∂

∂x2
+ 2x3

∂

∂x5
,
∂

∂x3

〉
.

Furthermore, ker dηc = ker dΥ4 ∩ ker dΥ5 is a distribution spanned by

ker dηc = 〈Y4, Y5〉 =

〈
∂

∂x4
,
∂

∂x5

〉
.

Clearly, ker dηc ∩ kerηc = {0} and ηc is a two-contact form. Moreover, R1 =

Y4, R2 = Y5 are the associated Reeb vector fields. Let us now find the corresponding

ηc-Hamiltonian two-functions h1, . . . ,h5. By verifying the conditions

ιXidΥµ = dhµi −
5∑

α=4

(Rα−3h
µ
i )Υα, ιXiΥ

µ = −hµi , µ = 4, 5, i = 1, . . . , 5,

(10.3)

for X1, . . . , X5, we get that

h1 = 2x3e1 + x22e2, h2 = −x21e1 + (2x3 − 2x1x2)e2,

h3 = −2x1e1 − 2x2e2, h4 = −e1, h5 = −e2.

In particular, X4 = Y4 and X5 = Y5, therefore, X4 and X5 have constant

Hamiltonian two-functions, as they correspond to two-contact Reeb vector fields.

It is worth noting that all the above ηc-Hamiltonian two-functions are first inte-

grals of the Reeb vector fields, thus (10.1) becomes a two-contact projectable

Lie system relative to ηc. The system (10.1) gives rise to a two-contact Lie–

Hamiltonian system (R5,ηc,h =
∑5
α=1 bα(t)hα) with a two-contact Lie–Hamilton

algebra Wc = 〈h1, . . . ,h5〉 relative to ηc. It is worth noting that Xc is invariant

relative to the Reeb vector fields of ηc. Moreover, h is also invariant relative to

the Reeb vector fields of ηc. In particular, system (10.2) becomes a projectable

two-contact Lie system relative to ηc and (R5,ηc,hc = b1(t)h1 + b2(t)h2) is a two-

contact Lie–Hamiltonian system for (R5,ηc, Xc) with a two-contact Lie–Hamilton

algebra Wc = 〈h1, . . . ,h5〉.
It is worth emphasizing that whether a given k-contact Lie system is projectable

relative to a compatible k-contact form. To illustrate this, let us show that Xc

is not projectable relative to another compatible three-contact form constructed

via the methods given in Sec. 8. Note that the distribution spanned by 〈Y1, Y2〉 is

maximally non-integrable and invariant relative to X1, . . . , X5. Moreover, it admits
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commuting Lie symmetries, namely X3, X4, X5, which turns 〈Y1, Y2〉 into a three-

contact distribution.

Let us consider the dual forms to Y1, Y2, X3, X4, X5, namely

(η′)
1

= dx1, (η′)
2

= dx2, (η′)
3

= −x2dx1 + dx3,

(η′)
4

= 2 (x1x2 − x3) dx1 − 2x1dx3 + dx4,

(η′)
5

= x22dx1 − 2x3dx2 − 2x2dx3 + dx5,

whose non-zero differentials read

d (η′)
3

= dx1 ∧ dx2, d (η′)
4

= −2x1dx1 ∧ dx2, d (η′)
5

= −2x2dx1 ∧ dx2.

One can construct the three-contact form

η′c =

5∑
α=3

(η′)
α ⊗ eα,

satisfying that kerη′c = 〈Y1, Y2〉 and ker dη′c = 〈X3, X4, X5〉. As X3, X4, X5 span

ker dη′c and are dual to η′c, they are Reeb vector fields.

Note that X1 . . . , X5 are η′c-Hamiltonian vector fields with η′c-Hamiltonian

three-functions given by

h′1 = x2e3 − 2 (x1x2 − x3) e4 − x22e5, h′2 = −x1e3 + x21e4 + 2x3e5.

h′µ = −eµ, µ = 3, 4, 5.

Clearly not all η′c-Hamiltonian three-functions are first integrals of all Reeb vector

fields, e.g. X3h
′
2 = −2e5. One can verify that ηc-Hamiltonian three-functions close

a Lie algebra under the Lie bracket given by (4.4) with opposite constant as their

respective ηc-Hamiltonian vector fields. Indeed, the non-vanishing commutation

relations read

{h′1,h′2} = −h′3, {h′1,h′3} = −2h′4, {h′2,h′3} = −2h′5.

Note that h′4 and h′5 are dissipated functions for the three-contact Lie system

(R5,η′c, Xc). In fact, their associated η′c-Hamiltonian vector fields are Lie symme-

tries of the corresponding three-contact Lie system.

Note that [Vc, [Vc, [Vc, Vc]]] = 0 and (10.2) is projectable relative to the Reeb

vector fields of ηc. Using Remark 6.7, one obtains that if b1(t), b2(t) are assumed

to be constants, then

d3I

dt3
= 0, ∀I ∈Wc,

which gives lots of t-dependent constants of motion of such systems. Hence, every

I is related to a generator of constants of motion of order, at most, three. In

particular, the form of the I ∈ Mc implies that solutions to (10.2) are such that
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their coordinates x1(t), x2(t), x3(t) are polynomial functions on t up to order two.

Moreover, one also gets that

d3(x1x2)

dt3
= 0,

which gives additional restrictions on the form of x1(t), x2(t) for particular solutions.

10.2. The complex Schwarz equation

The Schwarz derivative plays a significant role in studying the linearization in t-

dependent systems, projective systems, the study of special functions, etc. [37, 39,

44]. It is particularly related to the t-dependent complex differential equation given

by

dz

dt
= v,

dv

dt
= a,

da

dt
=

3

2

a2

v
+ 2b(t)v, z, v, a ∈ C, t ∈ R, (10.4)

for a certain complex t-dependent function b(t). System (10.4) can be understood

as a complex analogue of the Lie system on O = {(z, v, a) ∈ T 2R : v 6= 0} studied

in [25]. It represents the complex equation {z, t}sc = 2b(t), where {·, ·}sc denotes

the so-called Schwarz derivative.

{z, t}sc =
d3z

dt3

(
dz

dt

)−1
− 3

2

(
d2z

dt2

)2(
dz

dt

)−2
= 2b(t).

In fact, (10.4) more accurately describes the standard Schwarz derivative compared

to the real version in [25]. Note that (10.4) is a differential equation on Osc =

{(z, v, a) ∈ T 2C : v 6= 0}.
Although (10.4) can be considered as a complex Lie system, we will not develop

the due theory here (which requires defining complexifications of tangent bundles

and other related notions). Moreover, it can be proved that the complex approach

simplifies only a part of the theory, making other computations more complicated.

In real coordinates,

v1 = Re(z), v2 = Im(z), v3 = Re(v), v4 = Im(v),

v5 = Re(a), v6 = Im(a),

system (10.4) is associated with the t-dependent vector field

Xsc = X1 + 2bR(t)X2 + 2bI(t)X3,

where bR(t) = Re(b(t)), bI(t) = Im(b(t)), and

X1 = v3
∂

∂v1
+ v4

∂

∂v2
+ v5

∂

∂v3
+ v6

∂

∂v4
+

3

2

2v4v5v6 + (v25 − v26)v3
v23 + v24

∂

∂v5

+
3

2

2v3v5v6 − v4(v25 − v26)

v23 + v24

∂

∂v6
,
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X2 = v3
∂

∂v5
+ v4

∂

∂v6
, X3 = −v4

∂

∂v5
+ v3

∂

∂v6
,

X4 = −v3
∂

∂v3
− v4

∂

∂v4
− 2v5

∂

∂v5
− 2v6

∂

∂v6
,

X5 = v4
∂

∂v3
− v3

∂

∂v4
+ 2v6

∂

∂v5
− 2v5

∂

∂v6
,

X6 = −v4
∂

∂v1
+ v3

∂

∂v2
− v6

∂

∂v3
+ v5

∂

∂v4
− 3

2

2v3v5v6 − v4(v25 − v26)

(v23 + v24)

∂

∂v5

+
3

2

2v4v5v6 + v3(v25 − v26)

(v23 + v24)

∂

∂v6
.

These vector fields, defined for v23 + v24 6= 0, satisfy the following commutation

relations:

[X1, X2] = X4, [X1, X3] = X5, [X1, X4] = X1, [X1, X5] = X6, [X1, X6] = 0,

[X2, X3] = 0, [X2, X4] = −X2, [X2, X5] = −X3, [X2, X6] = −X5,

[X3, X4] = −X3, [X3, X5] = X2, [X3, X6] = X4,

[X4, X5] = 0, [X4, X6] = −X6,

[X5, X6] = X1,

Then, X1, . . . , Xk span a Lie algebra Vsc that is isomorphic to sl2(C) = C ⊗ sl2
as a real vector space. Indeed, 〈X1, X2, X4〉 ' sl2(R) ' 〈X3, X4, X6〉. Additionally,

C⊗ sl2(R) decomposes as 〈X1, X4, X2〉⊕〈X6, X5, X3〉. Then, Vsc = E−1⊕E0⊕E1,

where E−1 = 〈X6, X1〉, E0 = 〈X4, X5〉, and E1 = 〈X3, X2〉, with [Ei, Ej ] = Ei+j ,

where the sum i+ j is taken relative to the additive group {−1, 0, 1} and the direct

sum is relative to subspaces of Vsc. Relevantly, X1 ∧ · · · ∧X6 6= 0 on every point of

Osc. This allows us to map, at least locally, these vector fields diffeomorphically into

the right-invariant vector fields of a basis of a Lie group with Lie algebra isomorphic

to Vsc. This relation can be used to obtain Lie symmetries of these vector fields or

differential forms that are invariant relative to X1, . . . , X6.

Meanwhile, the Lie algebra of symmetries of the system (10.4) reads

2Y1 = (v21 − v22)
∂

∂v1
+ 2v1v2

∂

∂v2
+ (2v1v3 − 2v2v4)

∂

∂v3
+ 2(v3v2 + v1v4)

∂

∂v4

+ 2(v23 + v1v5 − v24 − v2v6)
∂

∂v5
+ 2(v23 + v1v5 − v24 − v2v6)

∂

∂v6
,
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Y2 =
∂

∂v1
, Y3 =

∂

∂v2
,

Y4 = −v1
∂

∂v1
− v2

∂

∂v2
− v3

∂

∂v3
− v4

∂

∂v4
− v5

∂

∂v5
− v6

∂

∂v6
,

Y5 = v2
∂

∂v1
− v1

∂

∂v2
+ v4

∂

∂v3
− v3

∂

∂v4
+ v6

∂

∂v5
− v5

∂

∂v6
,

2Y6 = −2v1v2
∂

∂v1
+ (v21 − v22)

∂

∂v2
− 2(v2v3 + v1v4)

∂

∂v3
+ (2v1v3 − 2v2v4)

∂

∂v4

−2(2v3v4 + v2v5 + v1v6)
∂

∂v5
+ 2(v23 − v24 + v1v5 − v2v6)

∂

∂v6
.

The commutation relations are

[Y1, Y2] = Y4, [Y1, Y3] = Y5, [Y1, Y4] = Y1, [Y1, Y5] = Y6, [Y1, Y6] = 0,

[Y2, Y3] = 0, [Y2, Y4] = −Y2, [Y2, Y5] = −Y3, [Y2, Y6] = −Y5,

[Y3, Y4] = −Y3, [Y3, Y5] = Y2, [Y3, Y6] = Y4,

[Y4, Y5] = 0, [Y4, Y6] = −Y6,

[Y5, Y6] = Y1.

Note that Y1, . . . , Y6 admit identical structure constants as X1, . . . , X6. One can

choose one-forms Υ1, . . . ,Υ6 to be the dual to Y1, . . . , Y6. These differential forms

are locally diffeomorphic to a basis of right-invariant one-forms on a Lie group. The

existence of these dual forms is ensured by the condition Y1 ∧ · · · ∧ Y6 6= 0 and the

dimension of the manifold R6. These dual forms remain invariant concerning the

Lie derivatives of the vector fields X1 . . . , X6, i.e. LXiΥ
j = 0 for i, j = 1, . . . , 6.

Moreover, the differential forms dΥ1, . . . ,dΥ6, or their linear combinations, are

closed differential forms that are invariant relative to the Lie derivatives along

X1, . . . , X6. Moreover (see Lemma A.1), one has

dΥi = −1

2

6∑
j,k=1

cjk
iΥj ∧Υk, i = 1, . . . , 6.

In particular,

dΥ1 = −Υ5 ∧Υ6 −Υ1 ∧Υ4, dΥ2 = −Υ3 ∧Υ5 −Υ4 ∧Υ2,

dΥ3 = −Υ4 ∧Υ3 −Υ5 ∧Υ2, dΥ4 = −Υ1 ∧Υ2 −Υ3 ∧Υ6,

dΥ5 = −Υ1 ∧Υ3 −Υ6 ∧Υ2, dΥ6 = −Υ1 ∧Υ5 −Υ6 ∧Υ4.
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Table 1. Elements of ηsc-Hamiltonian functions h1, . . . ,h6 of the vector fields X1, . . . , X6, with

γ = −1
v23+v

2
4

, for the complex Schwarz equation.

h4
1 = γ3

2 ([v2v4(v
2
4 − 3v23)− v1(v

3
3 − 3v3v

2
4)]v

2
6 h5

1 = γ3

2 ([v1v4(v
2
4 − 3v23) + v2(v

3
3 − 3v3v

2
4)]v

2
6

− 2v6[v5(v1v4(v
2
4 − 3v23) + v2(v

3
3 − 3v3v

2
4)) − 2v6[v5(v2v4(v

2
4 − 3v23)− v1(v

3
3 − 3v3v

2
4))

+ v4(v
2
3 + v24)

2] + v5[v5(v1(v
3
3 − 3v3v

2
4) + v3(v

2
3 + v24)

2] + v5[2v4(v
2
3 + v24)

2

− v2v4(v24 − 3v23))− 2v3(v
2
3 + v24)

2]) + (v1v4(v
2
4 − 3v23) + v2(v

3
3 − 3v3v

2
4))v5])

h4
2 = γ(v1v3 + v2v4) h5

2 = γ(v2v3 − v1v4)

h4
3 = γ(v1v4 − v2v3) h5

3 = γ(v1v3 + v2v4)

h4
4 = −γ2(v43 + (2v24 − v1v5 + v2v6)v

2
3 h5

4 = −γ2(v1(−v6v23 + 2v4v5v3 + v24v6)

− 2v4(v2v5 + v1v6)v3 + v2(−2v4v6v3 + v24v5 − v
2
3v5))

+ v24(v
2
4 + v1v5 − v2v6))

h4
5 = −γ2(v2((v

2
3 − v

2
4)v5 + 2v3v4v6) h5

5 = −γ2(v43 + (2v24 − v1v5 + v2v6)v
2
3

+ v1((v
2
3 − v

2
4)v6 − 2v3v4v5)) − 2v4(v2v5 + v1v6)v3

+ v24(v
2
4 + v1v5 − v2v6))

h4
6 = γ3

2 (v26(v1v4(v
2
4 − 3v23) + v2(v

3
3 − 3v3v

2
4)) h5

6 = γ3

2 ((v2v4(v
2
4 − 3v23)− v1(v

3
3 − 3v3v

2
4))v

2
6

+2v6[v5(v2v4(v
2
4 − 3v23)− v1(v

3
3 − 3v3v

2
4)) − 2v6[v5(v1v4(v

2
4 − 3v23) + v2(v

3
3 − 3v3v

2
4))

+ v3(v
2
3 + v24)

2] + v5[−v5(v1v4(v24 − 3v23) + v4(v
2
3 + v24)

2] + v5[v5(v1(v
3
3 − 3v3v

2
4)

+ v2(v
3
3 − 3v3v

2
4))− 2v4(v

2
3 + v24)

2]) − v2v4(v24 − 3v23))− 2v3(v
2
3 + v24)

2])

Hence,

6∑
α=1

dΥα ⊗ eα = −1

2

6∑
α,β,γ=1

cβγ
αΥβ ∧Υγ ⊗ eα =: −1

2

6∑
µ,ν=1

[Υµ ⊗ eµ,Υν ⊗ eν ].

Then, for Υ =
∑6
α=1 Υα ⊗ eα, one has

dΥ = −1

2
[Υ,Υ]⇒ dΥ +

1

2
[Υ,Υ] = 0,

where {e1, . . . , e6} is a basis of the Lie algebra TeSL2 (C) with the commutation

relations of the vector fields X1, . . . , X6.

Let us prove that Υ4,Υ5,dΥ4,dΥ5 give rise to a two-contact form ηsc =

Υ4 ⊗ e4 + Υ5 ⊗ e5. Indeed, note that Y 4, Y 5 commute between themselves, take

values in ker dΥ4 ∩ ker dΥ5, and span the Reeb distribution. Moreover, the space

〈Y 1, Y 2, Y 3, Y 6〉 spans the associated two-contact distribution. It follows that

Y 4, Y 5 are the Reeb vector fields of our two-contact distribution. By verifying

conditions (10.3) for X1, . . . , X6, we obtain their ηsc-Hamiltonian two-functions,

whose components are given by Table 1. Hence, (Osc,ηsc, Xsc) becomes a two-

contact Lie system with a two-contact Lie–Hamiltonian system (Osc,ηsc,hsc =

h1 + 2bR(t)h2 + 2bI(t)h3).
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10.3. Generalization to degree three of the Brockett system

Let us study now two examples of Lie systems, whose motivation is due to its

interest in control theory, Wei–Norman equations, and the theory of Lie systems

[50, 51, 55]. Both of them are control systems on R8.

Let {x1, . . . , x8} be linear coordinates in R8. Consider the system

dx1
dt

= b1(t),
dx2
dt

= b2(t),
dx3
dt

= b2(t)x1,
dx4
dt

= b1(t)x3,

dx5
dt

= b2(t)x3,
dx6
dt

= b1(t)x4,
dx7
dt

= b2(t)x4,
dx8
dt

= b2(t)x5, (10.5)

where b1(t) and b2(t) are the so-called control functions. From our point of view,

they are just arbitrary t-dependent functions whose behavior can lead to interesting

features.

The solutions of (10.5) are the integral curves of t-dependent vector field X3b =

b1(t)X1 + b2(t)X2, with

X1 =
∂

∂x1
+ x3

∂

∂x4
+ x4

∂

∂x6
,

X2 =
∂

∂x2
+ x1

∂

∂x3
+ x3

∂

∂x5
+ x4

∂

∂x7
+ x5

∂

∂x8
.

Taking the successive Lie brackets of X1, X2, we obtain the smallest Lie algebra of

vector fields containing X1, X2. In fact,

X3 = [X1, X2] =
∂

∂x3
− x1

∂

∂x4
+ x3

∂

∂x7
, X4 = [X1, X3] = −2

∂

∂x4
+ x1

∂

∂x6
,

X5 = [X2, X3] = [X1, X6] = − ∂

∂x5
+ 2x1

∂

∂x7
, X6 = [X1, X4] = 3

∂

∂x6
,

X7 = [X1, X5] = 2
∂

∂x7
, X8 = [X2, X5] =

∂

∂x8
,

along with X1, X2 define an eight-dimensional Lie algebra of vector fields V3b =

〈X1, . . . , X8〉. It is worth noting that X1 ∧ · · · ∧ X8 6= 0 and these vector fields

span TR8 . Hence, X3b gives rise to a locally automorphic Lie system (R8, X3b, V3b).

Moreover, the fact that the vector fields X1, . . . , X8 span the tangent space means

that the system is controllable, which has special relevance in control theory [40, 56].

The non-zero commutation relations between the elements of the given basis of

V read

[X1, X2] = X3, [X1, X3] = X4, [X1, X4] = X6, [X1, X5] = X7,

[X2, X3] = X5, [X2, X4] = X7, [X2, X5] = X8.

This implies that V3b is a nilpotent Lie algebra.

As the Brockett system (10.5) gives rise to a locally automorphic Lie system

(R8, X3b, V3b), it can be considered to be locally diffeomorphic to the so-called

automorphic Lie system on a Lie group [33]. This means that one can consider the
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Lie algebra of Lie symmetries of such vector fields, which will span a Lie algebra

isomorphic to the previous one [33]. In fact, one can consider a basis Y1, . . . , Y8
of Lie symmetries of X1, . . . , X8 on R8 taking the same values as X1, . . . , X8 at

0 ∈ R8. Hence, the structure constants for Y1, . . . , Y8 are opposite to the ones

for X1, . . . , X8. To illustrate our theory, the Lie symmetries of the vector fields

X1, . . . , X8 are spanned by the basis given by

Y1 =
∂

∂x1
+ x2

∂

∂x3
+ (x1x2 − x3)

∂

∂x4
+
x22
2

∂

∂x5
+
x1(x1x2 − x3)− x4

2

∂

∂x6

+ (x3x2 − 2x5)
∂

∂x7
+
x32
6

∂

∂x8
,

Y2 =
∂

∂x2
, Y3 =

∂

∂x3
+ x1

∂

∂x4
+ x2

∂

∂x5
+
x21
2

∂

∂x6
+ x3

∂

∂x7
+
x22
2

∂

∂x8
,

Y4 = −2
∂

∂x4
− 2x1

∂

∂x6
− 2x2

∂

∂x7
, Y5 = − ∂

∂x5
− x2

∂

∂x8
, Y6 = 3

∂

∂x6
,

Y7 = 2
∂

∂x7
, Y8 =

∂

∂x8
.

Previous vector fields take the same values as X1, . . . , X8 at 0 ∈ R8 , namely

Xα(0) = Yα(0) for α = 1, . . . , 8. Moreover, the non-vanishing commutation relations

for Y1, . . . , Y8 read

[Y1, Y2] = −Y3, [Y1, Y3] = −Y4, [Y1, Y4] = −Y6, [Y1, Y5] = −Y7,

[Y2, Y3] = −Y5, [Y2, Y4] = −Y7, [Y2, Y5] = −Y8.

Let us construct a six-contact distribution that is invariant relative to the action

by Lie brackets of the vector fields X1, . . . , X8. Note that any distribution spanned

by Y1, . . . , Y8 is invariant relative to the action of the vector fields X1, . . . , X8.

In particular, consider the distribution spanned by the vector fields Y1, Y2. Since

[Y1, Y2] = −Y3 and Y1 ∧ Y2 ∧ Y3 is never vanishing, the distribution is maximally

non-integrable. Consider the basis of vector fields on R8 given by

Y1, Y2, X3, . . . , X8.

On the one hand, Y1, Y2 span a maximally non-integrable distribution, while

X3, . . . , X8 are Lie symmetries of 〈Y1, Y2〉 spanning an abelian Lie algebra and a

distribution that is supplementary to the one spanned by Y1, Y2. This gives rise to

a six-contact distribution on R8. Moreover, X1, . . . , X8 leave invariant the distribu-

tion spanned by Y1, Y2, which turns them into six-contact Hamiltonian vector fields.

The vector fields X3, . . . , X8 are the Reeb vector fields of the six-contact form

η3b to be described next. Nevertheless, the η3b-Hamiltonian k-functions of X1, X2

will not be in general first integrals of the Reeb vector fields of η3b. In particular, the

vector fields X3, . . . , X8 do not commute with X1, X2, which implies that the η3b-

Hamiltonian six-functions of X1, X2 are not first integrals of the Reeb distribution,

which is spanned by X3, . . . , X8.
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It is worth noting that the potential applications of this method are quite large

as the scheme used is quite general: it only depends on a subspace, which is not a Lie

algebra, but is invariant relative to a supplementary commutative Lie subalgebra.

Then, the dual forms to Y1, Y2, X3, . . . , X8 take the form

η1 = dx1, η2 = dx2, η3 = dx3 − x2dx1,

η4 =

(
x1x2 −

1

2
x3

)
dx1 −

1

2
x1dx3 −

1

2
dx4, η5 =

1

2
x22dx1 − dx5,

η6 =
1

6

(
2x3x1 − 3x2x

2
1 + x4

)
dx1 +

1

6
x21dx3 +

1

6
x1dx4 +

1

3
dx6,

η7 =

(
x5 −

1

2
x1x

2
2

)
dx1 −

1

2
x3dx3 + x1dx5 +

1

2
dx7,

η8 = −1

6
x32dx1 + dx8.

It is immediate that η3, . . . , η8 give rise to a six-contact form

η3b =

8∑
α=3

ηα ⊗ eα.

In fact, kerη3b = 〈Y1, Y2〉 and the η3b-Hamiltonian six-functions for X3, . . . , X8 are

easily given by

hα = −eα, α = 3, . . . , 8,

because X3, . . . , X8 are the Reeb vector fields for η3b. Meanwhile,

h1 = x2e3 − (x1x2 − x3)e4 −
1

2
x22e5 −

1

2
(x1(x3 − x1x2) + x4)e6

+ (x1x
2
2/2− x5)e7 +

1

6
x32e8,

h2 = −x1e3 +
1

2
x21e4 + x3e5 −

x31
6
e6 −

1

2
(x1x3 + x4)e7 − x5e8.

Note that these η3b-Hamiltonian six-functions are not first integrals of all the Reeb

vector fields, e.g. X5h2 = e8.

To verify that all our results are correct in a new way, let us write dη3b, which

reads

dη3b = dx1 ∧ dx2 ⊗
(
e3 − x1e4 − x2e5 +

1

2
x21e6 + x2x1e7 +

1

2
x22e8

)
,

which means that X3, . . . , X8 take values in ker dη3b and are “dual” to η3b. Finally,

(R8,η3b,h3b = b1(t)h1 + b2(t)h2) is a six-contact Lie–Hamiltonian system for X3b.

Moreover, (R8,η3b, X3b) is a six-contact Lie system.
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10.4. A new control system

Another example of a Lie system, given in [55, Sec. 7.2.3.2], is a control system in

R8 given by

dx1
dt

= b1(t),
dx2
dt

= b2(t),
dx3
dt

= b2(t)x1 − b1(t)x2,

dx4
dt

= b2(t)x21,
dx5
dt

= b1(t)x22,
dx6
dt

= b2(t)x31,

dx7
dt

= b1(t)x32,
dx8
dt

= b1(t)x21x2 + b2(t)x1x
2
2,

(10.6)

where b1(t), b2(t) are arbitrary t-dependent functions. The above system is related

to a generalization to third degree of a Brockett system [6].

System (10.6) is associated with the t-dependent vector field Xg3b = b1(t)X1 +

b2(t)X2 on R8, with

X1 =
∂

∂x1
− x2

∂

∂x3
+ x22

∂

∂x5
+ x32

∂

∂x7
+ x21x2

∂

∂x8
,

X2 =
∂

∂x2
+ x1

∂

∂x3
+ x21

∂

∂x4
+ x31

∂

∂x6
+ x1x

2
2

∂

∂x8
.

By considering the vector fieldse

X3 = [X1, X2] = 2
∂

∂x3
+ 2x1

∂

∂x4
− 2x2

∂

∂x5
+ 3x21

∂

∂x6
+
(
x22 − x21

) ∂

∂x8
,

X4 = [X1, X3] = 2
∂

∂x4
+ 6x1

∂

∂x6
− 2x1

∂

∂x8
, X5 = [X2.X3] = −2

∂

∂x5
+ 2x2

∂

∂x8
,

X6 = [X1, X4] = 6
∂

∂x6
− 2

∂

∂x8
, X7 = [X2, X5] = 2

∂

∂x8
,

we obtain a nilpotent Lie algebra Vg3b = 〈X1, . . . , X7〉 whose structure is defined

by the non-vanishing commutation relations

[X1, X2] = X3, [X1, X3] = X4, [X1, X4] = X6,

[X2, X3] = X5, [X2, X5] = X7.

It should be noted that there exists another vector field, X8 = ∂
∂x7

, which commutes

with X1, . . . , X7 so that {X1, . . . , X8} span the tangent space at each point of R8.

This gives rise to a locally automorphic Lie system (R8, Xg3b, Vg3b). Since every

automorphic Lie system is locally diffeomorphic to an automorphic Lie system and

Vg3b is mapped into the Lie algebra of right-invariant vector fields on a Lie group

with Lie algebra isomorphic to Vg3b, there exists a Lie algebra of Lie symmetries of

the vector fields of Vg3b on R8 isomorphic to Vg3b, which are locally diffeomorphic

eNote that there exists a small mistake in the form of the vector field X5 in [55, p. 185].
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to left-invariant vector fields on a Lie group G with Lie algebra isomorphic to Vg3b
(see [33] for details). Indeed, the Lie symmetries of X1, . . . , X8 are spanned by

Y1 =
∂

∂x1
+ x2

∂

∂x3
+ (x1x2 + x3)

∂

∂x4
+ 3x4

∂

∂x6
+

(
x21x2 +

1

3
x32 − x4

)
∂

∂x8
,

Y2 =
∂

∂x2
− x1

∂

∂x3
+ (x1x2 − x3)

∂

∂x5
+

(
1

3
x31 + x1x

2
2 − x5

)
∂

∂x8
, Y3 = 2

∂

∂x3
,

Y4 = 2
∂

∂x4
, Y5 = −2

∂

∂x5
, Y6 = 6

∂

∂x6
− 2

∂

∂x8
, Y7 = 2

∂

∂x8
, Y8 =

∂

∂x7
.

Since Y1, . . . , Y8 are linearly independent, there exist dual forms θ1, . . . , θ8. There-

fore, we can consider the distribution D = 〈Y1, Y2, Y3〉 as the kernel of five-contact

form θ =
∑8
i=4 θ

i ⊗ ei and a vector bundle mapping in Definition 4.13 is given by

ρ(vα, vβ) = θ([Zα, Zβ ]) for Zα, Zβ ∈ D. As the degeneracy of ρ is locally equivalent

to existence of a non-zero vector field Z ∈ D such that [Z,W ] ∈ D for all W ∈ D,

one can check that if Z = c1Y1 + c2Y2 + c3Y3, then

D 3 [Z, Y1] = [c1Y1 + c2Y2 + c3Y3, Y1] = c3[Y3, Y1] + c2[Y2, Y1]⇒ c3 = 0,

D 3 [Z, Y3] = [c1Y1 + c2Y2, Y3] = c1[Y1, Y3] + c2[Y2, Y3]⇒ c1 = c2 = 0,

thus ρ is non-degenerate and D is maximally non-integrable. Additionally, it admits

five commuting Lie symmetries X4, . . . , X8, hence it is a five-contact distribution

invariant with respect to X1, . . . , X8, which are ηgb3-Hamiltonian with regard to

five-contact form ηgb3 to be described next.

Consider the dual forms to Y1, . . . , Y3, X4, . . . , X8, namely

η1 = dx1, η2 = dx2, η3 = −1

2
x2dx1 +

1

2
x1dx2 +

1

2
dx3,

η4 = −1

2
(x1x2 + x3)dx1 +

1

2
dx4, η5 =

1

2
(x1x2 − x3) dx2 −

1

2
dx5,

η6 =
1

2
(x1 (x1x2 + x3)− x4) dx1 −

1

2
x1dx4 +

1

6
dx6,

η7 = −1

6
x2
(
3x21 + x22

)
dx1 +

1

6

(
−x31 − 6x1x

2
2 + 3 (x2x3 + x5)

)
dx2

+
1

2
x2dx5 +

1

6
dx6 +

1

2
dx8,

η8 =
3

2
(x1x2 − x3)dx2 −

3

2
dx5 + dx7.



June 22, 2026 10:20 WSPC/2972-4589 354-GM 2640002

k-contact Lie systems: Theory and applications 155

Dual forms associated with X4, . . . , X8 give rise to a five-contact form ηg3b =∑8
α=4 η

α ⊗ eα, and the ηg3b-Hamiltonian functions of X1, . . . , X8 read

h1 =
1

2
(x1x2 + x3)e4 +

1

2
x22e5 +

1

2
(−x1(x1x2 + x3) + x4)e6

−1

3
x32e7 +

1

2
(3− 2x2)x22e8,

h2 = −1

2
x21e4 +

1

2
(−x1x2 + x3)e5 +

1

3
x31e6 +

1

2

(
x1x

2
2 − x2x3 − x5

)
e7

+
3

2
(−x1x2 + x3)e8,

h3 = −x1e4 − x2e5 +
1

2
x21e6 +

1

2
x22e7, hα = −eα, α = 4, . . . , 8.

By taking Lie brackets of h1, . . . ,h8, one obtains that their non-vanishing relations

read

{h1,h2} = −h3, {h1,h3} = −h4, {h1,h4} = −h6,

{h2,h3} = −h5, {h2,h5} = −h7.

Then, Xg3b admits a five-contact Lie–Hamiltonian system (R8,ηg3b,hg3b =

b1(t)h1 + b2(t)h2). In fact, (R8,ηg3b, Xg3b) is a five-contact Lie system.

10.5. Front-wheel driven kinematic car

Let us consider another example of control system, namely

dx

dt
= c1(t),

dy

dt
= c1(t) tan θ,

dφ

dt
= c2(t),

dθ

dt
= c1(t)

tanφ

cos θ
, (10.7)

defined on the configuration manifold M = R2 × I2, where I =
(
−π2 ,

π
2

)
, with

coordinates {x, y, θ, φ}, respectively, and arbitrary t-dependent functions c1(t) and

c2(t). System (10.7) is of interest as it describes a simple model of a car with front

and rear wheels [55]. Its associated t-dependent vector field is X = c1(t)Z1+c2(t)Z2,

where

Z1 =
∂

∂x
+ tan θ

∂

∂y
+

tanφ

cos θ

∂

∂φ
, Z2 =

∂

∂φ
.

By taking their commutators

Z3 = [Z1, Z2] = − 1

cos θ cos2 φ

∂

∂θ
, Z4 = [Z1, Z3] =

1

cos3 θ cos2 φ

∂

∂y
,

one sees that Z1, Z2, Z3, Z4 span TM . These vector fields do not close any finite-

dimensional Lie algebra, indeed, the successive Lie brackets of Y2 with Y4, namely

[Y2, Y4], [Y2, [Y2, Y4]], . . . , span an infinite-dimensional Lie algebra of vector fields.

When c1(t) and c2(t) are not linearly dependent, one then has that (10.7) is not a

Lie system.
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Nonetheless, (10.7) can be transformed into a Lie system related to a nilpotent

Vessiot–Guldberg Lie algebra by using the following transformation (see [15] for

details):

c1(t) = b1(t), c2(t) = −3 sin2 φ
tan θ

cos θ
b1(t) + cos3 θ cos2 φ b2(t).

Indeed, the successive change of coordinates

x1 = x, x2 =
tanφ

cos3 θ
, x3 = tan θ, x4 = y

transforms (10.7) into the control system on R4 given by

dx1
dt

= b1(t),
dx2
dt

= b2(t),
dx3
dt

= b1(t)x2,
dx4
dt

= b1(t)x3. (10.8)

System (10.8) describes the integral curves of the t-dependent vector field Xfw =

b1(t)X1 + b2(t)X2, with

X1 =
∂

∂x1
+ x2

∂

∂x3
+ x3

∂

∂x4
, X2 =

∂

∂x2
.

Along with the following vector fields

X3 = [X1, X2] = − ∂

∂x3
, X4 = [X1, X3] =

∂

∂x4
,

the set {X1, X2, X3, X4} generates a nilpotent Lie algebra Vfw with non-vanishing

commuting relations

[X1, X2] = X3, [X1, X3] = X4.

Because 〈X1, X2, X3, X4〉 = TR4 , one has that (R4, Xfw, Vfw) is a locally automor-

phic Lie system. Therefore, there exist, at least locally, Lie symmetries ofX1, . . . , X4

spanning Lie algebra isomorphic to Vfw [33], namely

Y1 =
∂

∂x1
, Y2 =

∂

∂x2
+ x1

∂

∂x3
+

1

2
x21

∂

∂x4
, Y3 =

∂

∂x3
+ x1

∂

∂x4
, Y4 =

∂

∂x4
.

Since [Y1, Y2] = Y3 and Y1 ∧ Y2 ∧ Y3 is non-vanishing, the distribution D = 〈Y1, Y2〉
is maximally non-integrable. Moreover, D is a two-contact distribution, since it

admits two commuting Lie symmetries X3 and X4 such that Y1, Y2, X3, X4 span

TR4 . One can construct its associated two-contact form ηfw by considering dual

forms to Y1, Y2, X3, X4, namely

η1 = dx1, η2 = dx2, η3 = x1dx2 − dx3, η4 = −1

2
x21dx2 + dx4

which are duals to Y1, Y2, X3, X4. Then,

ηfw = η3 ⊗ e3 + η4 ⊗ e4

is a two-contact form with kerηfw = D. Indeed, both Y1 and Y2 span kerηfw,

ker dηfw = 〈X3, X4〉 and kerηfw ∩ ker dηfw = 0. Because X1, . . . , X4 leave
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invariant D, they are ηfw-Hamiltonian vector fields with ηfw-Hamiltonian two-

functions

h1 = x2e3 − x3e4, h2 = −x1e3 +
1

2
x21e4, hα = −eα, α = 3, 4,

which non-vanishing Lie brackets are

{h1,h2} = −h3, {h1,h3} = −h4.

Note that (R4,ηfw, Xfw) is a four-contact Lie system and (R4,ηfw,hfw =

b1(t)h1 + b2(t)h2) is an associated ηfw-Lie Hamiltonian system.

Using Remark 6.7, one has that

d〈h1, e
3〉

dt
= −Xh〈h1, e

3〉 = −〈{b1(t)h1 + b2(t)h2,h1}, e3〉 −Rh1
〈hfw, e3〉 = b2(t)

and
∫ t
b2(t′)dt′ − 〈h1, e

3〉 is a t-dependent constant of motion for (10.8).

11. PDE Lie Systems with a Compatible k-Contact Manifold

Let us briefly introduce PDE Lie systems [9, 55] and show that a Lie algebra of η-

Hamiltonian vector fields relative to a co-oriented k-contact manifold (M,η) allows

us to construct PDE Lie systems with a compatible k-contact manifold, the so-

called k-contact PDE Lie systems. These PDE Lie systems can be understood as

a certain type of Hamilton–De Donder–Weyl equations in the k-contact realm [58].

Moreover, methods developed for k-contact Lie systems can be easily generalized

to k-contact PDE Lie systems.

A t-dependent k-vector field on M with t ∈ Rk is a mapping X : Rk ×M →⊕k
TM such that τk :

⊕k
TM → M satisfies τk◦X = π, where π : Rk×M →M is

the natural projection onto M . Every t-dependent k-vector field on M with t ∈ Rk
amounts to a series of t-parametrized k-vector fields Xt : M →

⊕k
TM , which in

turn implies thatX can be considered as a familyX = (X1, . . . , Xk) of t-dependent

vector fields on M with (Xα)t = τα ◦Xt for α = 1, . . . , k and every t ∈ Rk.

Given a t-dependent k-vector field X = (X1, . . . , Xk) onM , its associated system

is the system of first-order partial differential equations

∂γ

∂tα
= Xα(t, γ), α = 1, . . . , k, γ ∈M, t = (t1, . . . , tk) ∈ Rk. (11.1)

Each particular solution γ : Rk → M with γ(0) = x0 is called an integral section

of X with initial condition x0 at t = 0. Every t-dependent k-vector field has an

associated t-dependent system of partial differential equations in normal form, and

every t-dependent system of first-order partial differential equations in normal form

uniquely determines the integral sections of some t-dependent k-vector field. We

can then use X to refer both to a t-dependent k-vector field and the t-dependent

system of partial differential equations determining its integral sections. It is worth

stressing that not every t-dependent k-vector field X is such that its associated

system (11.1) is integrable.
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As for ordinary differential equations, an integrable system of first-order partial

differential equations on M of the form (11.1) is said to admit a superposition rule

[14] if there exists a t-independent map Φ: M ` ×M →M of the form

x = Φ(x(1), . . . , x(`);λ),

such that every generic solution of (11.1) can be written as

x(t) = Φ(x(1)(t), . . . , x(`)(t);λ),

where x(1)(t), . . . , x(`)(t) is any generic family of particular solutions of system (3.1)

and λ is an element of M .

Theorem 11.1 (PDE Lie Theorem). A t-dependent system of PDEs X, with

t ∈ Rk, admits a superposition rule if and only if X = (X1, . . . , Xk) is integrable

and it can be cast into the form

Xα(t, x) =

r∑
µ=1

bµα(t)Yµ(x), α = 1, . . . , k,

where Y1, . . . , Yr is a family of vector fields on M spanning an r-dimensional Lie

algebra of vector fields V on M and bµα(t), with α = 1, . . . , k and µ = 1, . . . , r, as

arbitrary t-dependent functions.

As in the case of Lie systems, the Lie algebra spanned by Y1, . . . , Yr is called a

Vessiot–Guldberg Lie algebra of the PDE Lie system.

Let us explain how a PDE Lie system on a Lie group G allows us to solve a

PDE Lie system on a manifold M whose Vessiot–Guldberg Lie algebra is given by

the fundamental vector fields of a Lie group action Φ: G×M →M [55].

Theorem 11.2. Given a PDE Lie system on a Lie group G given by

∂g

∂tµ
=

r∑
α=1

bαµ(t, g)XR
α (g), g ∈ G, µ = 1, . . . , k, (11.2)

and a Lie group action Φ: G×M →M, the solution of the PDE Lie system on M

given by

∂y

∂tµ
=

r∑
α=1

bαµ(t, y)Xα(y), y ∈M, µ = 1, . . . , k,

where Xα(y) = Φy∗X
R
α (e) for the right-invariant vector fields XR

α ∈ g ∼= TeG with

α = 1, . . . , r, as

y(t) = Φ(g(t), y(0))

for any y(0) ∈ M and assuming that g(t) is the particular solution to (11.2) with

g(0) = e.

Let us provide several known and new examples of PDE Lie systems.

Example 11.3. Let us consider an example coming from a reduction of Wess–

Zumino–Witten–Novikov equations [12, 28]. Let us define a system of PDEs induced
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by a Lie algebra g of the form

∂ψ

∂ti
=

r∑
β=1

fβi (t)LψMβ ,
∂ψ

∂t−i
=

r∑
β=1

fβ−i(t)RψMβ , ψ ∈ G, i = 1, . . . , n, (11.3)

where {M1, . . . ,Mr} is a basis of g, while i = 1, . . . , n,

t = (t−n, . . . , t−1, t1, . . . , tn) ∈ R2n and fβ−n, . . . , f
β
−1, f

β
1 , . . . , f

β
n ∈ C∞(R2n) are

arbitrary functions for every β = 1, . . . , r. Recall that Lψ and Rψ are the left-

and right- multiplications in G by ψ ∈ G. Let us choose bases {Y L1 , . . . , Y Lr } and

{Y R1 , . . . , Y Rr } of left- and right-invariant vector fields on G, respectively, so that

system (11.3) can be then rewritten as

∂ψ

∂ti
=

r∑
β=1

fβi (t)Y Lβ (ψ),
∂ψ

∂t−i
=

r∑
β=1

fβ−i(t)Y
R
β (ψ), ψ ∈ G, i = 1, . . . , n,

which is the associated system of the t-dependent 2n-vector field X =

(X−n, . . . , X−1, X1, . . . , Xn) of the form

X−i =

r∑
β=1

fβ−i(t)Y
L
β , Xi =

r∑
β=1

fβi (t)Y Rβ , i = 1, . . . , n.

The vector fields Y L1 , . . . , Y
L
r , Y

R
1 , . . . , Y

R
r span a finite-dimensional Lie algebra, as

every left-invariant vector field commutes with every right-invariant vector field,

and together span a Lie algebra isomorphic to g ⊕ g, provided there is no vector

field that is left- and right-invariant simultaneously.

The integrability condition for (11.3) reads[
∂

∂ti
+Xi ,

∂

∂tj
+Xj

]
= 0, i, j = −n, . . . ,−1, 1, . . . , n.

One can see that if fβj = fβj (t1, . . . , tn), fβ−j = fβ−j(t
−1, . . . , t−n), for j = 1, . . . , n

and β = 1, . . . , r, and systems of PDEs given by the left- and right-hand sides in

(11.3) are integrable, then our WZNW system is a PDE Lie system.

Example 11.4. Let us analyze a system of PDEs associated with Floquet theory

and geometric phases for periodic Lie systems [29], which is here shown to be a

PDE Lie system for the first time. This allows one to extend Floquet theory, which

is applied to t-dependent periodic linear systems, to general nonlinear t-dependent

periodic Lie systems. More in detail, the co-adjoint action of the Lie group G on

the dual g∗ to its Lie algebra g induces a system of PDEs of the form

∂θ

∂t
= ad∗p1(t,s)θ,

∂θ

∂s
= ad∗p2(t,s)θ, θ ∈ g∗, (t, s) ∈ R2, (11.4)

for certain functions p1, p2 : R2 → g. In particular, additional assumptions on the

periodicity of p1, p2 can be assumed in Floquet theory. Anyway, we will skip here-

after these conditions, which could be implemented if desired. Let us choose a basis
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{ξ1, . . . , ξr} of g, which induces a family of fundamental vector fields of the coad-

joint action Xg∗

ξα
(θ) = −ad∗ξαθ for α = 1, . . . , r and θ ∈ g∗. Then, (11.4) reads

∂θ

∂t
= −

r∑
α=1

bα1 (t, s)Xg∗

ξα
(θ),

∂θ

∂s
= −

r∑
α=1

bα2 (t, s)Xg∗

ξα
(θ), θ ∈ g∗.

The solutions of (11.4) are the integral sections of the (t, s)-dependent two-vector

field on g∗ given by

X =

(
−

r∑
α=1

bα1 (t, s)Xg∗

ξα
(θ),−

r∑
α=1

bα2 (t, s)Xg∗

ξα
(θ)

)
,

which makes (11.4) a PDE Lie system provided the integrability condition[
∂

∂t
−

r∑
α=1

bα1 (t, s)Xg∗

ξα
(θ),

∂

∂s
−

r∑
α=1

bα2 (t, s)Xg∗

ξα
(θ)

]
= 0

is satisfied.

Example 11.5. Let us consider the so-called g-structure, as defined in [26], which

is related to completely integrable distributions on M with simply transitive sym-

metry algebras and Cartan connections. A g-structure is a differential one-form, Υ,

on an m-dimensional manifold M taking values in a Lie algebra g so that

dΥ(X1, X2) = −
[
Υ(X1),Υ(X2)

]
= −1

2
[Υ,Υ](X1, X2) (11.5)

for all vector fields X1, X2 on M . In particular, Maurer–Cartan forms are g-

structures [41]. Assume that g is the Lie algebra of the Lie group G, and G acts effec-

tively on an n-dimensional manifold N . A first integral of Υ is a function f : M → G

such that R ◦Tf = Υ, where R : vg ∈ TG 7→ Rg−1∗vg ∈ g. By fixing a point b ∈ N
and introducing a Lie algebra homomorphism α : g → X(N), we can find a local

integral f : M → G of Υ by means of the mapping F : q ∈ M 7→ f(q)b ∈ N , with

b ∈ N and f(q)b the action of f(q) on b, satisfying

(Fq)∗ = αF (q) ◦Υq, (11.6)

where αq : g→ TqN is given by αq(X) = α(X)q. In local coordinates, (11.6) reads

∂F (q)

∂qi
=

dim g∑
β=1

αβ(F (q))Υβ
i (q), i = 1, . . . ,m, (11.7)

for M 3 q = (q1, . . . , qm). It follows that (11.6) is a system of PDEs associated with

the M -dependent m-vector field X = (X1, . . . , Xm) on N of the form

Xi =

dimN∑
j=1

dim g∑
β=1

αjβ(y)Υβ
i (q)

∂

∂yj
, i = 1, . . . ,m, y ∈ N.

Moreover, one can verify that X is integrable (see Proposition A.2). This makes

(11.6) a PDE Lie system, which admits a superposition rule described in [26].
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It is worth noting that all locally automorphic Lie systems admit a related g-

structure. Above example shows how the concept given in [26] is really important

in the theory of Lie systems and their generalizations, which seems to passed unad-

vertised so far.

Example 11.6. The next example of PDE Lie system that we are going to study

is related to Lax pairs for systems of PDEs [30]. In this case, a system of PDEs is

written as the compatibility condition for the integrability of a system of PDEs of

the form

∂g

∂t
= A(t, s)g,

∂g

∂s
= B(t, s)g, g ∈ G, (11.8)

where A(t, x) and B(t, s) are functions taking values in the matrix algebra g of a

matrix group G. Moreover, the integrability condition for (11.8), also called the

zero curvature condition, can be written as

∂A

∂s
− ∂B

∂t
+ [A,B] = 0. (11.9)

The coefficients of the matrix functions A,B depend on a function u : R2 → M

that is a solution of the initial system of PDEs if and only if (11.8) is integrable.

In other words, the above system of PDEs (11.9), when considered as a system

of PDEs on the variable u, retrieves the system of PDEs under study. Meanwhile,

(11.8) can be used to study the properties of (11.9), e.g. constants of motion,

Bäcklund transformations, and other properties [21]. In particular, (11.8) can be

understood as a linear spectral problem for studying immersed submanifolds related

to integrable systems [21].

The adjoint Lie group action of G on g relates (11.8) with systems of PDEs of

the form

∂X

∂s
= [A,X],

∂X

∂t
= [B,X],

where X takes values in the matrix Lie algebra of G. In general, any system of the

form

∂F

∂t
=

r∑
α=1

Aα1 (t, s)Xα,
∂F

∂s
=

r∑
α=1

Aα2 (t, s)Xα,

where X1, . . . , Xr are fundamental vector fields of an action of G on a manifold M ,

which is a PDE Lie system related to (11.8).

Example 11.7. Let us again analyze a system of PDEs associated with Floquet

theory [29], which is here shown to be a PDE Lie system for the first time. Addition-

ally, we will show how we relate it to k-contact geometry. Let G be an r-dimensional

Lie group and let σ be a smooth map R2 3 (s, t) 7→ σ(s, t) ∈ G. The tangent vectors

to the image of σ are spanned by

σs∗(s, t) ≡
∂σ(s, t)

∂s
=

r∑
α=1

fαs (s, t)Rσ(s,t)∗vα,
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σt∗(s, t) ≡
∂σ(s, t)

∂t
=

r∑
α=1

fαt (s, t)Rσ(s,t)∗vα, (11.10)

where {v1, . . . , vr} is a basis of the Lie algebra g ∼= TeG . By choosing a base of

right-invariant vector fields XR
1 , . . . , X

R
r on G, system (11.10) can be written as

∂σ(s, t)

∂s
=

r∑
α=1

fαs (s, t)XR
α (σ(s, t)),

∂σ(s, t)

∂t
=

r∑
α=1

fαt (s, t)XR
α (σ(s, t)).

The associated R2-dependent two-vector field X on G is given by

X =

(
r∑

α=1

fαs (s, t)XR
α (σ),

r∑
α=1

fαt (s, t)XR
α (σ)

)
and the integrability condition reads[

∂

∂s
+

r∑
α=1

fαs (s, t)XR
α (σ) ,

∂

∂t
+

r∑
α=1

fαt (s, t)XR
α (σ)

]
= 0.

In certain cases, one can transform the right-invariant vector fields (X1)(s,t) =∑r
α=1 f

α
s (s, t)XR

α , (X2)(s,t) =
∑r
α=1 f

α
t (s, t)XR

α into η-Hamiltonian vector fields

related to a k-contact form η, making (11.10) a k-contact PDE Lie system. It is

enough to use the properties of the Lie algebra of a Lie group G to construct a left-

invariant k-contact form as done in [23] for Lie algebras of certain special unitary

Lie groups.

The above example suggests us the following definition.

Definition 11.8. A k-contact PDE Lie system is a triple (M,η,X : Rk ×M →⊕k
TM ), where η is a k-contact form on M and X is a PDE Lie system on M with

t ∈ Rk, whose smallest Lie algebra, V X , consists of η-Hamiltonian vector fields.

Let us prove that a finite-dimensional Lie algebra of Hamiltonian vector fields

relative to a k-contact form gives rise to a PDE Lie system which can be understood

as some Hamilton–De Donder–Weyl equations.

Theorem 11.9. If X1, . . . , Xk are η-Hamiltonian vector fields relative to a co-

oriented η-contact manifold (M,η), then (X1, . . . , Xk) is an η-Hamiltonian k-

vector field.

Proof. Since X1, . . . , Xk are η-Hamiltonian vector fields relative to (M,η), they

possess a series of η-contact k-functions h1, . . . ,hk such that

ιXαdη = dhα −Rηhα, ιXαη = −hα, α = 1, . . . , k.
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If {e1, . . . , ek} is the dual basis to {e1, . . . , ek} in Rk, one has that

〈ιXαdη, eα〉 = 〈dhα, eα〉 − 〈Rηhα, eα〉, 〈ιXαη, eα〉 = −〈hα, eα〉, α = 1, . . . , k.

Summing over α = 1, . . . , k, one gets

k∑
α=1

ιXαdηα = d

k∑
α=1

〈hα, eα〉 −Rη

k∑
α=1

〈hα, eα〉, ιXαη
α = −

k∑
α=1

〈hα, eα〉.

In other words, (X1, . . . , Xk) is an η-Hamiltonian k-vector field.

Example 11.10. Let us analyze Floquet theory for Lie systems related to a Lie

algebra isomorphic to gl2. Lie systems of this type appear in numerous applications

[2, 4, 29]. For instance, it appears in the Floquet theory and geometric phases for

oscillators with t-dependent periodic frequency, mass and drift [24]. Consider the

system of PDEs of the form

∂A

∂t
= Af1(t, s),

∂A

∂s
= Af2(t, s), A ∈ GL2, (11.11)

where f1, f2 : R2 → gl2 are functions such that the above system of PDEs is inte-

grable, while GL2 is the general linear group of invertible 2× 2 matrices. In other

words, the above system of PDEs can be written as

∂A

∂t
= XL

1 (t, s, A),
∂A

∂s
= XL

2 (t, s, A),

where XL
i (t, s, A), with i = 1, 2, are R2-dependent vector fields on GL2. Then,

(11.11) is a PDE Lie system associated with the (s, t)-dependent two-vector field

X = (XL
1 , X

L
2 ) on GL2. Moreover,[

∂

∂t
+XL

1 ,
∂

∂s
+XL

2

]
= 0.

Moreover, one can consider a basis of right-invariant one-forms ηR1 , . . . , η
R
4 dual at

the neutral element e in GL2 to a basis of gl2 such that

[v1, v2] = v1, [v1, v3] = 2v2, [v2, v3] = v3,

and [v4, vi] = 0 for i = 1, . . . , 4. Then, ηGL2 = ηR2 ⊗ e1 + ηR4 ⊗ e2 is a two-contact

form since dηR2 = 2ηR1 ∧ ηR3 and dηR4 = 0. By recalling Example 5.4, one gets

that XL
1 (t, s, A), XL

2 (t, s, A) are R2-dependent ηGL2-Hamiltonian vector fields with

R2-dependent ηGL2 -Hamiltonian two-functions h1,h2. Therefore, Theorem 11.9

ensures that the X associated with (11.11) is an R2-dependent ηGL2-Hamiltonian

two-vector field with the R2-dependent Hamiltonian function h = 〈h1, e
1〉+〈h2, e

2〉.
Moreover, (GL2,η

GL2 ,X : R2 × GL2 →
⊕2

TGL2 ) is a two-contact PDE Lie

system.

The whole theory of k-contact Lie systems can be quite straightforwardly gener-

alized to k-contact PDE Lie systems. For instance, every k-contact PDE Lie system

X admits a Vessiot–Guldberg Lie algebra V of Hamiltonian vector fields relative
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to a k-contact form η. In turn, V is related to a Lie algebra W of η-Hamiltonian

k-functions. Moreover, every k-contact PDE Lie system X has k-components

X1, . . . , Xk and every Xα of them admits an Rk-dependent η-Hamiltonian k-

function gα taking values in W. Then, the analogue of (6.4) for a k-contact PDE

Lie systems X and a general η-Hamiltonian k-function I is

∂I

∂tβ
(t) =

∂I

∂tβ
(t) + (Xβ)tIt =

∂I

∂tβ
(t) + {It, gβ}, β = 1, . . . , k.

A whole theory of master symmetries and constants of motion for k-contact PDE

Lie systems can be developed on the basis of the above formula and the methods

for k-contact Lie systems.

12. Conclusions and Outlook

By using some new ideas based on the notions in [23], this paper introduces and

establishes the theoretical and practical significance of k-contact Lie systems. Many

examples of k-contact Lie systems have been presented, and k-contact geometry has

been employed to study some of their features like t-dependent constants of motion,

generators of constants of motion of order s, and master symmetries. Applications

demonstrate the approach versatility of our ideas. The work also inspects PDE Lie

systems and their potential compatibility with k-contact forms.

It is quite certain that a coalgebra method is available for k-contact Lie systems

of projectable type. The method could be also extended to k-contact PDE Lie

systems admitting a projectable condition. Our future aim will be to analyze its

properties and main applications in the future. Note also that the study of master

symmetries and generators of constants of motion of order s has been just started,

and there are many further possibilities that can be analyzed. In particular, we aim

to apply these ideas more in detail to PDE Lie systems with a compatible k-contact

form. Moreover, it is still convenient to characterize k-contact Lie groups on Lie

groups of dimension larger than three to extend the work [22], which characterizes

k-contact Lie systems on Lie groups of dimension three.

Appendix A

This appendix provides some technical issues that can be also found in [23] and

are here given to make the work more self-contained. Nevertheless, they may be

skipped in a first lecture and used just in case of necessity.

Proposition A.1. The map (4.5) is well defined.

Proof. The map does not depend on the vector fields X,X ′ chosen to extend v, v′.

Moreover, any ζ ∈ Ω1(U,Rk) such that ker ζ = D|U gives rise to a trivialization



June 22, 2026 10:20 WSPC/2972-4589 354-GM 2640002

k-contact Lie systems: Theory and applications 165

TU /D|U ' U × Rk and ρ can be described as

ρ(v, v′) = ζx([X,X ′]x) = XxιX′ζ −X ′xιXζ − dζx(Xx, X
′
x)

= −dζx(v, v′), ∀v, v′ ∈ Dx. (A.1)

Proof of Proposition 4.5. IfX is an η-Hamiltonian vector field, then [X,D] ⊂ D.

This implies that LXη
α =

∑k
β=1 f

α
β η

β for certain functions fαβ ∈ C∞(M) and

α, β = 1, . . . , k. Then, defining hα = −ιXηα for α = 1, . . . , k, one has

(dιX + ιXd)ηα =

k∑
β=1

fαβ η
β ,

α = 1, . . . , k ⇒ ιXdηα = dhα +

k∑
β=1

fαβ η
β , α = 1, . . . , k.

Contracting with Rγ , one obtains

0 = ιRγ ιXdηα = Rγh
α + fαγ , α, γ = 1, . . . , k, (A.2)

which implies that fαγ = −Rγhα, for α, γ = 1, . . . , k, and thus

ιXdηα = dhα −
k∑

β=1

ηβ(Rβh
α), α = 1, . . . , k.

The converse is immediate.

Proof of Proposition 4.14. Let us proceed by reducing to absurd. If dη is

degenerate when restricted to kerη at a certain x ∈ M , then there exists a non-

zero tangent vector v ∈ kerηx such that dηx(v, w) = 0 for every tangent vector

w ∈ kerηx. One gets that dηx(v,Rx) = 0 for each Reeb vector field R at x. Since η

has k Reeb vector fields spanning ker dη, these vector fields, along with a basis of

kerη, give rise at x to a basis of TxM . It follows that 0 6= v ∈ ker dηx∩kerηx and η

is not a k-contact form. This is a contradiction and thus dη must be non-degenerate

when restricted to kerη. In view of (A.1), it follows that kerη is maximally non-

integrable.

Proof of Proposition 4.15. The direct part is a consequence of Proposition 4.14

and the Reeb vector fields of η.

Let us prove the converse part. Given the vector fields S1, . . . , Sk on U , consider

the differential one-forms η1, . . . , ηk vanishing on D and dual to S1, . . . , Sk on U .

Such differential one-forms are unique and exist due to decomposition (4.6). Then,

they give rise to η =
∑k
α=1 η

α ⊗ eα ∈ Ω1(U,Rk) and η1 ∧ · · · ∧ ηk 6= 0 on U . For a

basis Xk+1, . . . , Xm of kerη around x, one has that the fact that [Si,D] ⊂ D and

[Si, Sj ] = 0 for i, j = 1, . . . , k implies that

dη(Sβ , Sγ) = 0, dη(Sβ , Xα) = 0, α = k + 1, . . . ,m, β, γ = 1, . . . , k.



June 22, 2026 10:20 WSPC/2972-4589 354-GM 2640002

166 J. de Lucas, X. Rivas & T. Sobczak

Therefore, the rank of ker dη is at least k, and S1, . . . , Sk span a supplementary

distribution to D around x ∈ M . Moreover, there exists no tangent vector v′x′ ∈
ker dη such that vx′ ∧S1(x′)∧ · · · ∧Sk(x′) 6= 0 for x′ ∈ U , as otherwise there would

be an element 0 6= vx′ ∈ kerηx′ ∩ ker dηx′ . Such an element would belong to the

kernel of dηx′ restricted to kerηx′ and, since D is maximally non-integrable, one

has that vx′ = 0. This is a contradiction, ker dη has rank k, while rkD > 0 and

D has corank k, and ker dη ∩ kerη = 0. Hence, η is a k-contact form and D is a

k-contact distribution.

Lemma A.1. Given an n-dimensional Lie algebra of vector fields 〈Y1, . . . , Yn〉 on

an n-dimensional manifold M whose elements span TM , and let Υ1, . . . ,Υn be a

dual basis to Y1, . . . , Yn, one has

dΥi = −1

2

n∑
j,k=1

cjk
iΥj ∧Υk, i = 1, . . . , n,

for [Yi, Yj ] =
∑n
k=1 cij

kYk and 1 ≤ i < j ≤ n.

Proof of Proposition 4.15. By using the formula for the differential of a one-

form, it follows that

dΥi(Yj , Yk) = YjΥ
i(Yk)− YkΥi(Yj)−Υi([Yj , Yk]) = −Υi([Yj , Yk])

= −Υi

(
6∑
l=1

cjk
lYl

)
= −cjki

for every i, j, k = 1, . . . , n. Since Y1, . . . , Yn form a basis of vector fields on M , this

finishes the proof.

Lemma A.2. The system of PDEs (11.7) is integrable.

Proof of Proposition 4.15. The result follows from the fact that the vector fields

∂/∂qi +Xi, with i = 1, . . . ,m, on M ×N commute among themselves, as shown in

the following calculation: ∂

∂qi
+

dim g∑
β=1

αβ(y)Υβ
i (q),

∂

∂qj
+

dim g∑
γ=1

αγ(y)Υγ
j (q)


=

dim g∑
γ,β=1

Υβ
i (q)Υγ

j (q)[αβ , αγ ](y) +

dim g∑
β=1

αβ(y)

(
∂Υβ

j (q)

∂qi
− ∂Υβ

i (q)

∂qj

)

=

dim g∑
γ=1

∂Υγ
j

∂qi
− ∂Υγ

i

∂qj
+

dim g∑
β,ε=1

Υβ
i Υε

jcβε
γ

 (q)αγ(y) = 2

(
dΥ +

1

2
[Υ,Υ]

)
= 0,

where the last equality follows from (11.5).
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[18] M. de León and M. Láınz-Valcáza, Contact Hamiltonian systems, J. Math. Phys.
60(10) (2019) 102902, doi:10.1063/1.5096475.

[19] M. de León, M. Salgado and S. Vilariño, Methods of Differential Geometry in Classical
Field Theories (World Scientific, Hackensack, 2015), doi:10.1142/9693.
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