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This paper introduces a new class of Lie systems that are Hamiltonian relative to a k-
contact manifold. We show that a recent distributional approach to k-contact manifolds
along with a related k-contact Hamiltonian vector field notion allows us to understand
relevant Lie systems as Hamiltonian relative to a k-contact manifold. Our procedure is
more general than previously known methods with this aim. As a result, we find that a
plethora of Lie systems related to control and physical problems can be considered in a
natural manner as k-contact Lie systems. We study their ¢-dependent and t-independent
constants of motion, master symmetries of higher order, and other properties of inter-
est. Finally, we use our new techniques and findings to study PDE Lie systems with
a compatible k-contact manifold, some of which become Hamilton-De Donder—Weyl
equations.
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1. Introduction

Toward the end of the 19th century, there was much interest in determining t-
dependent systems of first-order ordinary differential equations whose solutions
could be described as a t-independent function of a generic family of particular
solutions and some constants: the Lie systems [9, 13| |24, 47]. In particular, Lie
proved that Lie systems are related to a certain curve in a finite-dimensional Lie
algebra of vector fields: a Vessiot—Guldberg Lie algebra.

Lie systems have been studied along with different compatible geometric struc-
tures as this allowed one to study more easily their properties (see |24] for a sur-
vey on the topic). In particular, Lie-Hamilton systems are Lie systems admitting
a Vessiot—Guldberg Lie algebra of Hamiltonian vector fields relative to a Pois-
son bivector [10} [13]. Lie—Hamilton systems were the first class of Lie systems
admitting a Vessiot—Guldberg Lie algebra of Hamiltonian vector fields relative to
a geometric structure that was studied. In this case, the Poisson bivector enabled
the derivation of their superposition rules and constants of motion in a simpler
manner than previous methods via, for instance, the Poisson coalgebra method
[2, 110, |13, [24]. Nevertheless, Lie-Hamilton systems were insufficient for studying
many types of Lie systems [24]. Several types of Hamiltonian Lie systems relative
to different geometric structures have been posteriorly analyzed. They not only
aided in comprehending the characteristics of various Lie systems but also facil-
itated the development of innovative results and techniques in differential geom-
etry. For instance, k-symplectic Lie systems introduced Poisson brackets of cer-
tain families of functions in k-symplectic geometry to obtain superposition rules
[25], or, quite relevantly, Gracia, de Lucas, Romén-Roy, Munoz-Lecanda, Rivas
and Vilarino introduced multisymplectic Lie systems, which were used to study
different types of multisymplectic reduction and tensor invariants for Lie systems
[20, 33].

Contact Lie systems [7], |8, 22] were recently introduced to study Lie systems
of physical relevance which, in some cases, cannot be studied via Lie-Hamilton
systems. These works were also motivated by the interest of contact geometry
in the study of dynamical systems, specially in those with a dissipative behavior
|16} [18]. Contact Lie systems appeared for the first time in [22]. Recently, con-
tact Lie systems have also appeared in the study of the reduction of Lie-Hamilton
systems related to thermodynamic systems [7], while the characterization of con-
tact Lie systems on low-dimensional manifolds was also related to the geometric
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analysis of hydrodynamic equations via quasi-rectifiable families of vector fields in
[36].

Recently k-contact geometry appeared as a generalization of contact geome-
try to study field theories [58]. In particular, k-contact geometry allows for the
description of the Hamilton-De Donder—Weyl equations for field theories. The ini-
tial idea behind k-contact geometry was to analyze the properties of a general-
ization of contact forms to a certain type of R¥-valued differential one-forms: the
k-contact forms. Moreover, many other mathematical and physical related features
of k-contact forms appeared over the years |23 32, 34, [59} |62]. This work intro-
duces k-contact Lie systems, namely Lie systems admitting a Vessiot—Guldberg Lie
algebra of n-Hamiltonian vector fields relative to a k-contact form, which retrieves
contact Lie systems as a particular case for k = 1 |7}, |22]. Then, we use k-contact
geometry to investigate k-contact Lie systems.

k-contact geometry was, at first, mainly aimed at studying systems of partial
differential equations. Then, the authors of [23] used k-contact forms to define n-
Hamiltonian vector fields relative to a k-contact form 7, which were used to analyze
ordinary differential equations (see Sec. {] for a review on the results in [23] on
this matter). This allows for our definition of k-contact Lie systems. Relevantly,
the authors of [23] introduced k-contact distributions, namely distributions given
locally as the kernel of a k-contact form, which allowed for a deeper insight into
k-contact geometry. In particular, a k-contact distribution is a generalization of
contact distributions, which are recovered for k = 1. This work shows that this
k-contact distributional approach is very practical for determining k-contact Lie
systems with practical applications. The idea is that obtaining a k-contact form
71 when turning a Lie system into an m-Hamiltonian system is difficult, but it
is simpler by using k-contact distributions. In fact, we show that many control
systems, e.g. appearing in [55], can be studied via k-contact Lie systems by using
a quite powerful method developed in Sec. [8] In particular, our ideas can also be
used to understand Lie systems as contact Lie systems in a simple manner. We also
consider the relation of k-contact Lie systems with other Lie systems admitting a
compatible Vessiot—Guldberg Lie algebra of Hamiltonian vector fields relative to a
k-symplectic or presymplectic form.

It is remarkable that the use of k-contact geometry techniques for the study of
k-contact Lie systems shows new uses of features appearing in k-contact geometry.
In particular, p-Hamiltonian k-functions play a role in the study of quantities that
are constants of the motion, generators of constants of motion of order m, or master
symmetries for k-contact Lie systems. It is worth noting that it is the first time that
generators of constants of motion and associated master symmetries are analyzed
for Lie systems (see |11} 27] for works on such notions on symplectic and Poisson
geometry). As a byproduct, we obtain an extension of contact dissipated quantities
to the k-contact realm [48].
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As an application, we show several Lie systems that admit compatible k-contact
manifolds turning them into k-contact Lie systems. These examples include exten-
sions of classical equations like the Riccati equation, and novel systems such as
the complex Schwarz equation, higher-order generalizations of Brockett systems, a
front-wheel driven kinematic car, and so on. Theoretical results on k-contact Lie
systems are used to analyze their generators of order m of constants of motion,
constants of motion, and our results that are applied to the examined exam-
ples. It is worth noting that the study of master symmetries and generalized con-
stants of motion of order m are introduced for the first time in the realm of Lie
systems.

We prove that the diagonal prolongation of a k-contact Lie system on N to
N? is a ks-contact Lie system. This solves a problem appearing in the Poisson
coalgebra method for contact manifolds, where it was observed that the diagonal
prolongations of contact Lie systems are not, in general, contact Lie systems as
they may be defined on even-dimensional manifolds. The fact that the diagonal
prolongation of a contact Lie system may not be a contact Lie system posed a
problem to develop a contact Poisson coalgebra method to derive superposition rules
and constants of motion for contact Lie systems, which was partially solved using
Jacobi geometry. In the case of k-contact Lie systems, the use of Jacobi manifolds
is neither needed nor available as k-contact manifolds are not in general related to
Jacobi manifolds.

In the last part of the work, we briefly recall the theory of PDE Lie systems
[9] and show that a Lie algebra of m-Hamiltonian vector fields relative to a co-
oriented k-contact manifold (M, n) allows us to construct PDE Lie systems with a
compatible k-contact manifold, the so-called k-contact PDE Lie systems. Some of
these PDE Lie systems can be understood as Hamilton-De Donder—Weyl equations
in the k-contact realm, which is illustrated by examples considered in Sec. [11] and
Theorem It is worth recalling that there are not many applications of PDE
Lie systems in the literature [35} |36, 55| and our new applications are specially
interesting due to this fact. These new applications are concerned with Floquet
theory, g-structures, and Lax pairs, while PDE Lie systems on Lie groups and
Wess—Zumin-Witten—Novikov system were previously studied |12, [35]. We briefly
describe the potential extensions of our techniques for k-contact Lie systems to k-
contact PDE Lie systems.

The structure of this work is as follows. Section [2] presents the basics on Lie
systems and related notions. k-vector fields and their integral submanifolds are
presented in Sec. [3| while k-contact geometry is briefly presented in Sec.[d Then, a
theory of k-contact Lie systems is derived in Sec. [5} while a theory on ¢-dependent
constants of motion for k-contact Lie systems and other related notions is developed
in Sec. [6] The relation of k-contact Lie systems and other geometric structures is
given in Sec. [7] Methods to construct k-contact Lie systems from Lie systems are
introduced in Sec. [8] In Sec. [9} we show that the diagonal prolongation to N* of a



k-contact Lie systems: Theory and applications 117

k-contact Lie system on N is a ks-contact Lie system. Afterward, applications of
k-contact Lie systems appear in Sec. The theory of PDE Lie systems, some new
and known examples, as well as PDE Lie systems admitting a Vessiot—Guldberg Lie
algebra of Hamiltonian vector fields relative to a k-contact form are introduced in
Sec. Examples of these k-contact PDE Lie systems with potential applications
are presented. Finally, the conclusions and outlook of our work are presented in
Sec.

2. Basics on Lie Systems

Let us establish some basic definitions about Lie systems and other related concepts
to be used in this work [9]. Natural numbers start at one. Hereafter, manifolds
are assumed to be smooth, Hausdorff, connected, and finite-dimensional, unless
otherwise stated. In particular, M is an m-dimensional manifold a U is always an
open subset of a manifold. Our further considerations are mainly local at generic
points, and the problem of establishing whether structures are globally defined will
be generally skipped. We will also focus on smooth functions. Moreover, {ey, ..., et}
is a basis for R¥. From now on, m : TM — M stands for the canonical tangent
bundle projection and we set m3 : R x M 3 (t,z) — x € M. Given two subsets
A1, As of a Lie algebra g, we represent by [A1, As] the vector space spanned by the
Lie brackets between the elements of A; and As, respectively. We say that vector
fields X1, ..., X, are linearly independent at a generic point if > _, foXa =0 on
some U only for functions fy =---= f, =0on U.

It is essential in the theory of Lie systems to describe t-dependent systems
of first-order ordinary differential equations in normal form as t-dependent vector
fields.

A t-dependent vector field is a map X : R x M > (t,x) — X (t,x2) € TM such
that m o X = my. The latter amounts to the fact that each ¢-dependent vector field
X on a manifold M is equivalent to a family {X;}.cr of vector fields on M.

We call smallest Lie algebra of a t-dependent vector field X the smallest Lie
algebra (in the sense of inclusion) containing all the vector fields {X;}icr. We
denote the smallest Lie algebra of X by VX. Every t-dependent vector field X on
M gives rise to a generalized distribution DX = {Y, | Y € VX}, for every z € M.
For simplicity, we call generalized distributions. Given a vector field Z on M, we
write [Z, D] for the distribution spanned by the Lie brackets of Z with vector fields
taking values in D. Although this notation conveys a little abuse of notation, its
meaning is clear and simplifies the presentation.

Given a t-dependent vector field X on M, its associated system is the system of
first-order ordinary differential equations

dz
i X(t,x), (2.1)



118 J. de Lucas, X. Rivas & T. Sobczak

whose solution = : R — M with x(0) = z is the integral curve of X with initial
condition xg at t = 0. Every ¢-dependent vector field has an associated t-dependent
system of differential equations in normal form and vice versa. It is convenient
then to use X to refer both to a t-dependent vector field and the ¢-dependent system
of ordinary differential equations determining its integral curves.

In order to introduce Lie systems, consider

dx

i by (t) 4 ba(t)x + bs(t)x?, (2.2)
where © € R;t € R and by (t), b2(t), b3(t) are arbitrary t-dependent functions. Dif-
ferential equations of this type are called Riccati equations.* The general solution

of (2.2)) can be written as

oz () (@) () — 22 (1) — kze) (D) (@3) (1) — 2(1) (1))
z(t) = ;
z@3)(t) — z2)(t) — k(23 (t) — 21)(1))
where x(1)(t), z(2)(t), 2(3)(t) are three different particular solutions of and
kEeR.

More generally, a t-dependent system of first-order ordinary differential equa-
tions on M of the form for a t-dependent vector field X on M is called a Lie sys-
tem, if it admits a superposition rule, namely a t-independent map ® : M‘xM — M
of the form 2 = ®(x(1),...,z(y; k), such that every generic solution of can be
written as

(2.3)

x(t) = (I)(Z‘(l)(t), cs T (t); k‘), (2.4)
where z(1)(t), ...,z (t) is any generic family of particular solutions of system
and k € M.

There are some subtle problems related to the above definition and the meaning
of being a “generic solution” or a “generic family”. They are mostly technical (see
[5, 19]), therefore we will omit discussing them in detail. We will simply say that
the domain of ® is, in reality, some open subset of M* x M, and, for every generic
family of particular solutions, one can recover locally almost every solution |9} [24].

The necessary and sufficient conditions to characterize Lie systems were pro-
vided by Sophus Lie in the Lie Theorem [45-47].

Theorem 2.1 (Lie Theorem). A t-dependent system X on a manifold M admits
a superposition rule (2.4) if and only if X can be written as

X(t,z) =Y ba(t)Xa(z), teR, z€M, (2.5)
a=1
where X1, ..., X, is a family of vector fields on M spanning an r-dimensional real

Lie algebra of vector fields V, the so-called Vessiot-Guldberg Lie algebra of X on
M, and by (t),...,b.(t) are arbitrary t-dependent functions.

alt is sometimes assumed that by (t)b3(t) # 0, but this condition is frequently ignored in Lie
systems theory |9 |24].
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Lie proved that the existence of a superposition rule depending on ¢ particular
solutions implies the existence of a Vessiot—Guldberg Lie algebra V with a basis
X1,..., X, such that r < dim M - ¢, and, conversely, given a decomposition ,
there exists a superposition rule depending on ¢ particular solutions with r <
dim M - £. The inequality r < £- dim M is referred to as Lie’s condition [9).

A Riccati equation describes the integral curves of a t-dependent vector field on
R of the form

0
X (t,x) = (b1 (t) + bo(t)x + b3(t)x2)%. (2.6)
One can present X as a linear combination of three vector fields on R given by
0 0 0
Xi=—, Xo=x=—, Xs3=2>— 2.
1 axv 2 x .137 3 x 8377 ( 7)
which satisfy the commutation relations
(X1, Xo] = Xy, [X31,X53] =2X,,  [Xp, X5] = X5 (2.8)

By the Lie Theorem, it follows that Riccati equations admit a superposition rule.
Conversely, one can also say that the existence of a superposition rule implies
that is such that {X;}+cr are included in some Lie algebra of dimension three
or less. In view of , the vector fields (2.7) span a Lie algebra isomorphic to
5[(2,R), which is three-dimensional [15]. Since the superposition rule depends
on three particular solutions, Riccati equations satisfy Lie’s condition.

Let us recall the analysis of Lie systems via contact geometry, which gives rise
to contact Lie systems [22].

Definition 2.2. A contact Lie system is a triple (M, n, X), where n is a contact
form on M and X is a Lie system on M admitting a Vessiot—Guldberg Lie algebra
of contact Hamiltonian vector fields relative to 1. A contact Lie system is called
conservative or of Liouville type if the Reeb vector field of (M, n) is a Lie symmetry
of X.

The term “conservative” or of “Liouville type” is coined because such contact
Lie systems preserve a volume form like in the Liouville theorem in symplectic
geometry [22].

The contact Hamiltonian function of a contact Hamiltonian vector field is a first
integral of the Reeb vector field if and only if the contact Hamiltonian vector field
commutes with the Reeb vector field. Hence, a contact Lie system of Liouville type
amounts to a Lie system X on M admitting a smallest Lie algebra VX of contact
Hamiltonian vector fields relative to a contact form on M that commute with the
Reeb vector field, R, of the contact form, namely R is a Lie symmetry of VX.

In view of Lie Theorem, a Lie system X can be considered as a curve in VX
parametrized by t. Every contact form on a manifold M gives rise to an isomorphism
mapping each contact Hamiltonian vector field on M to a contact Hamiltonian
function on M and vice versa (see Corollary for k = 1). Therefore, the Lie
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algebra of contact Hamiltonian vector fields VX gives rise to an isomorphic Lie
algebra of functions 20 relative to the bracket on ¥°°(M) induced by 7. Hence,
X also defines a curve in 20 parametrized by ¢. This suggests us the following
definition.

Definition 2.3. A contact Lie-Hamiltonian system is a triple (M,n,h: R x M —
R), where (M, n) is a co-oriented contact manifold and h gives rise to a t-dependent
family of functions hy : € M — h(t,z) € R, with ¢t € R, contained in a
finite-dimensional Lie algebra of functions relative to the Lie bracket in €°(M, R)
induced by (M,n): a contact Lie-Hamilton algebra. The function h is called a con-
tact Lie-Hamiltonian relative to 7.

It is worth noting that every contact Lie system related to n gives rise to a
unique contact Lie-Hamiltonian system related to the same 7 and vice versa.

3. k-Vector Fields and Its Integral Sections

k-vector fields are of great use in the geometric study of systems of partial differen-

. k
tial equations [19,(57]. Consider the Whitney sum @?M TM = TM &y @) om TM,

with the natural projections® 7%: @*TM — TM, 7k : @ TM — M, o =
1,...,k, where 7 denotes the projection onto the ath component of the Whitney
sum EB% TM, and 7']’\“4 is the projection onto the base manifold M.

A k-vector field on M is a section X : M — @k TM of the projection 5.
The space of k-vector fields on M is denoted by X¥(M). Taking into account the
diagram aside, a k-vector field X € X¥(M) amounts to a family of vector fields
X1,..., Xk € X(M) given by X, = 7* o X with

@M

2k

M X

a = 1,...,k. With this in mind, one can denote X = (Xi,...,Xy). A k-vector
field X induces a decomposable contravariant totally skew-symmetric tensor field,
X1 A -+ AN X, which is a decomposable section of the bundle |_|$€M AFTLM =
AFTM — M, where [l is the disjoint sum over z € M.

Given a mapping ¢: U C RF — M, its first prolongation to @k TM is the map
¢ U CRF — @ TM defined as follows:

0 7]
t>a"'7Tt¢(atk

") = (o(t); Tid | —
o0 = (o519 (5
where t = (t1,... 7t’“)7 and {t!,... ,tk} are the canonical coordinates on R¥.

)> = (B(): B, (1), ... B(1)), t € RF,

bFrom now on, the subindex in @ in the Whitney sum will be skipped.
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As for integral curves of vector fields, one can define integral sections of a k-
vector field as follows. Let X = (Xi,...,X}) € X¥(M) be a k-vector field. An
integral section of X is a map ¢: U C R¥ — M such that ¢/ = X o ¢, namely
T (%) = X,o0¢ for a = 1,...,k. A k-vector field X € X*(M) is said to be
integrable if every point of M lies in the image of an integral section of X.

Let X = (X1,...,Xk) be a k-vector field on M with local expression X, =
S Xl for a = 1,...,k Then, ¢: U C R¥ — M, with local expression
o(t) = (¢*(1)), is an integral section of X if and only if its components satisfy the
following system of PDEs:

¢
ote

Then, X is integrable if and only if [X,, X3] =0 for o, 8 = 1,..., k. These are
necessary and sufficient conditions for the integrability of the system of PDEs
(see 43} 53] for details).

Every k-vector field X = (X1,...,X;) on M defines a distribution D* ¢ TM
given by DX = DX N T, M = (X;(x),..., Xx(z)). However, the notion of an inte-
gral submanifold of the k-vector field X is stronger than the notion of an integral
section of the distribution DX. The distribution DX is integrable if and only if
(Xo, X5] = 25:1 fagXy, with o, B = 1,...,k for certain functions f,, € €>°(M)
with o, 3,7 = 1,...,k, and D* is invariant relative to the one-parameter group of
diffeomorphisms of any vector field taking values in DX |42, |60, 61]. On the other
hand, the k-vector field X is integrable if and only if X1,..., X; commute with
each other, which is a stronger condition.

=Xlog, i=1,....m, a=1,...,k (3.1)

4. k-Contact Geometry

This section summarizes previous known results about k-contact manifolds [58] and
a new approach, via distributions, devised in the preprint [23]. We have included
just some proofs of our previous results in [23| for completeness.

Let us start by the classical definition of a k-contact form on an open subset
[58], whose motivation was to generalize the concept of a contact form.

Definition 4.1. A k-contact form on an open subset U C M is a differential one-
form on U taking values in R¥, let us say n € Q' (U, R¥), such that

(1) kern C TU is a regular non-zero distribution of corank &,
(2) kerdn C TU is a regular distribution of rank k,
(3) kernpNkerdn =0.

If the k-contact form m is defined on M, the pair (M,n) is called a co-oriented
k-contact manifold and ker dn is called the Reeb distribution of (M,n).

Nowadays, the only approach to k-contact Hamiltonian dynamics is constructed
exclusively for co-oriented k-contact manifolds [23, 58]. Reeb vector fields for k-
contact forms are the natural analogue of Reeb vector fields for contact forms,
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which play a relevant role in contact geometry and the study of periodic orbits of
Hamiltonian systems [17] |54].

Theorem 4.2 (Reeb vector fields [31]). Let (M,n = 2221 n* ® eq) be
a co-oriented k-contact manifold. There exists a unique family of vector fields
Ry,..., Ry € X(M) such that

[/Ranﬁ = 637 [’Radnﬁ = 07

fora,8=1,..., k. The vector fields Ry, ..., Ry commute between themselves, i.e.
[Ra,Rp] =0 for o, 3=1,...,k, and kerdn = (Ry,...,Ry).

As shown later, it is generally difficult to find k-contact forms that transform
the vector fields of a Vessiot—Guldberg Lie algebra for a Lie system into k-contact
Hamiltonian vector fields, thereby enabling the application of various methods to
study these vector fields (cf. [23,[58]). Instead, we will devise new methods to obtain
such k-contact forms via k-contact distributions to be defined next (see [23] for
details). It is worth noting that k-contact distribution plays the role of contact
distributions in contact geometry, and they are easy to employ, practically and
theoretically, to study k-contact manifolds [23]. In particular, we will show in this
paper how k-contact distributions are simpler to use to study dynamical systems
via k-contact geometry.

Definition 4.3. A k-contact distribution on M is a distribution D C TM such
that, for each point x € M, there is an open neighborhood U 3 z and a k-contact
form m on U such that D|,, = kern. We say that (M, D) is a k-contact manifold.

Note that k-contact distributions are regular because the kernel of k-contact
forms is regular too. Let us now develop the notions of n-Hamiltonian vector fields
and n-Hamiltonian k-functions, which will be very useful in the description of Lie
systems in Sec.

The contraction of a vector field X with a differential one-form taking values in
RF eg.m = 22:1 n%®eq, is defined component-wise, namely txn = 22:1 Lxn*®
eo. The Lie bracket or contraction of X with a differential s-form taking values in
RF is defined similarly. In order to characterize k-distributions without determining
a k-contact form, which can be challenging, we use Lie symmetries of distributions
to be defined below. Moreover, the concept gives a natural manner to generalize to
k-contact geometry the theory of contact Hamiltonian vector fields.

Definition 4.4. A Lie symmetry of a distribution D on M is a vector field X on
M such that [X, D] C D, where [X, D] stands for the distribution generated by the
Lie brackets of X with vector fields taking values in D. A k-contact vector field
relative to a k-contact manifold (M, D) is a Lie symmetry X of D. If additionally
D = kern for a k-contact form n, then X is called an n-Hamiltonian vector field
and —uxm is its n-Hamiltonian k-function.
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Denote by Xp(M) the space of k-contact vector fields on M relative to (M, D)
and we write X, (M) for the space of p-Hamiltonian vector fields relative to a co-
oriented k-contact manifold (M, n), respectively. Meanwhile, €, (M, R*¥) stands for
the space of n-Hamiltonian k-functions relative to a k-contact form 7.

The following proposition explains why —¢xn plays the role of an n-Hamiltonian
k-function for an m-Hamiltonian vector field X.

Proposition 4.5. A vector field X on M is an n-Hamiltonian vector field relative
to (M, D =kern) if and only if
k
ixn® = —h®, uxdn® =dh® =Y (Rsh®)n®, a=1,...,k (4.1)
p=1

for some k-function h = 22:1 h%e, € €>=(M,RF).
Similarly, k-contact Hamiltonian k-vector fields can be defined as follows. It is

worth noting that Zgzl(RBhQ)nﬂ7 for every «, is a linear combination of the one-
forms 7', ..., n* with coefficients given by the functions Rgh®.

Definition 4.6. Given h € ¥>°(M) on a co-oriented k-contact manifold (M, n),
called a n-Hamiltonian function, a k-vector field X§ = (X,) € X*(M) satisfying
the equations

k k k
> ux,dn® =dh = > (Rah)n®, Y ix,n® = —h, (4.2)
a=1 a=1 a=1
is called an n-Hamiltonian k-vector field. Equations can be rewritten as
k k k
Zofxana =— Z(Rah)na, Z tx,n" = —h.
a=1 a=1 a=1

We call (M,n,h) a k-contact Hamiltonian system.

Not every element in (M, RF) is related to an n-Hamiltonian vector field,
eg. n = (dz — pdr) ® e; + dw ® ez on R?* is not a np-Hamiltonian two-function
of the form pe; + pes. But every function h € €°°(M) gives rise to a one-form
dh — Zizl(Rah)na belonging to the annihilator of the Reeb distribution. If the
codistribution (dn?, ..., dn*) is not equal to the annihilator of the Reeb distribution,
then kerdn Nkern # 0, which is a contradiction. Hence, there exists a series of
vector fields Xy, ..., X}, such that Y| _, tx, dn® = dh — Zzzl(Rah)n“. If g =
22:1 tx,n%, then, (X1 — (h+g)R1, Xo,..., X)) is an n-Hamiltonian k-vector field
related to h.

Let us now provide some notation [23].

Definition 4.7. Given a co-oriented k-contact manifold (M, n), every k-contact
Hamiltonian k-function h € €2°(M, R¥) is related to its Reeb derivation, namely
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the vector field on M of the form

k
Rp =Y _ h"R,.
a=1

Moreover, let us define the so-called Reeb tensor field Ry, : T*M — T* M satisfying
k
Ryl = > 1r,0, V0T M.
a=1

The advantages of the previous notation are illustrated by the conciseness of
the expressions in following propositions. In particular, the following proposition
will be useful to demonstrate some properties of k-contact Lie systems (we refer to
[23] for details).

Proposition 4.8. Let Xy be the n-Hamiltonian vector field of f € ‘Kﬁo(M, R¥).
Then,

(1) ngT] = - Z§,5=1(R5fa)77ﬁ Qeq = *%ndf’
(i) Xpf=—20k ;) FP(Rsf*)ea = —R¢f,
(iii) [Rg, Xf] = XR,f»

where Rgf = 22:1 Raf%q and B =1,... k.

The following proposition follows from expression (4.1) and the fact that
an n-Hamiltonian vector field is a vector field that leaves invariant a k-contact
distribution.

Proposition 4.9. The space of n-Hamiltonian vector fields X, (M) relative to a k-
contact form n is a Lie algebra and, for h,g € €2°(M, R¥), one has that [Xp, X4] is
the m-Hamiltonian vector field related to the n-Hamiltonian k-function —i(x, x, M-

In a view of Proposition [£.9, one can define a following Lie bracket on
G (M, R¥).

Definition 4.10. Given a co-oriented k-contact manifold (M, n), we define a
bracket on ¢3¢ (M, R¥) of the form

{h1,h2}n Zn([Xhl,Xhz]), Vhi,hs € %,;;O(M,Rk) (43)
The result below immediately follows from Proposition (see also [23]).

Corollary 4.11. The bracket (4.3) induces a Lie algebra isomorphism ¢ : h €
G (M, RF) — —Xp, € X,)(M) and an ezact sequence of Lie algebra morphisms

00 [
0 — G°(M,RF) = X, (M) — 0,

where €° (M, R¥) is endowed with the Lie bracket (4.3)).
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Note that
{h1, ha}y = n([Xn,, Xn,]) = (Lxn, tx0, — X0, LX)
— —Zx, ha — Ruh, (4.4)
for all hy,hy € €°(M,R¥) and
Xyf=-Rsf, Vfe%(MRF).

It is remarkable that, in the contact case, a dissipated quantity (see [48] and refer-
ences therein) is a function such that X f = —f(Rh). Hence, the expression above
can be used to define an analogue of dissipated quantities in k-contact geometry.

Definition 4.12. A dissipated k-contact k-function relative to a k-contact Hamil-
tonian system (M, n, h) is an n-contact k-function f € €°(M, R*) such that

Xnf = —Rysh.

In particular every f € € °(M, R¥) is dissipated relative to itself, namely
X¢f = —Rgf. Moreover,

{h, f} =0 = th = —th.

In other words, dissipated quantities are those that n-commute with h. Moreover,
an m-contact k-function is dissipated if and only if its associated m-Hamiltonian
vector field is a Lie symmetry of Xj,.

On the other hand, note that

ix,dn = dh — Rydh = (Idryy — Ryy)(dR), tx,n=—h, Lx,n=-Rydh.

It is relevant that is not a Poisson bracket and hs may be a constant function
having a non-vanishing Lie bracket with other functions. Examples of this will be
shown in Sec. [0

Let us now study the relation of k-contact distributions with the maximal non-
integrability notion defined via distributions [63].

Definition 4.13. Let D be a regular distribution on M and let 7: TM — TM /D
be the natural vector bundle projection. Then, D is maximally non-integrable in a
distributional sense if D # 0 and the vector bundle mapping p: D X D — TM /D
over M given by

p(v,v") =7([X, X)), VYu,v' €D,, VzeM, (4.5)

where X, X’ are vector fields taking values in D locally defined around z such that
X, =v and X, =/, is non-degenerate.

The mapping p is well defined as shown in Proposition or [23]. Tt is worth
noting that the terms “maximally non-integrable” and “completely non-integrable”
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have been used in the literature with equal, different, or even related meanings
(1 3 23).

Proposition 4.14. If (M,n) is a co-oriented k-contact manifold, then dn is
non-degenerate when restricted to kern. In other words, kerm is maximally non-
integrable.

Let us recall the main result in [23] used in this work.

Theorem 4.15. A distribution D on M is a k-contact distribution if and only if it
is mazimally non-integrable and, around an open neighborhood U of every x € M,
admits an integrable k-vector field S = (S1,...,Sk) of Lie symmetries of D]y such
that

<S1,...,Sk>EBD|U: TU. (46)

The proof of the previous theorem is indeed the method used in our applications
to obtain a k-contact form 7 turning out the vector fields of a Vessiot—Guldberg
Lie algebra into p-Hamiltonian vector fields. The reason for the use of the previous
theorem is that it is difficult to obtain a k-contact form compatible with a Lie
system, but it is pretty much simpler in many cases to obtain a compatible k-
contact distribution. This will be the key in this paper to obtain the applications
in control theory shown in [55]. Indeed, the difference between the abundance of
examples in this work and [22] illustrates that it is difficult to obtain Lie systems
with a compatible contact or, even more difficult, k-contact form.

5. k-Contact Lie Systems

Let us introduce k-contact Lie systems and determine their fundamental properties.
It is worth noting that the notion is a generalization of contact Lie systems |22, and
it follows the general idea of Lie systems admitting compatible geometric structures
(24, 33} 138].

Definition 5.1. A k-contact Lie system is a triple (M, n, X ), where 1 is a k-contact
form on M and X is a Lie system on M whose smallest Lie algebra, VX, consists of
n-Hamiltonian vector fields. A k-contact Lie system (M,n, X) is called projectable
if the p-Hamiltonian k-functions associated with the vector fields in VX are first
integrals of the Reeb vector fields of (M, n).

k-contact Lie systems are called projectable because they can be projected onto
k-symplectic Lie systems [25], as it will be shown soon. Sometimes, X is simply
said to be a k-contact Lie system if there exists some k-contact form turning it
into a k-contact Lie system (M,n, X). Moreover, n-Hamiltonian vector fields, and
other names of notions containing 7 like n-Hamiltonian k-functions, may be called
k-contact Hamiltonian vector fields or k-contact Hamiltonian k-functions when the
knowledge of the particular 7 is not important.
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Proposition yields that an m-Hamiltonian k-function of an m-Hamiltonian
vector field is a first integral of all the Reeb vector fields of n if and only if the
n-Hamiltonian vector field commutes with all the Reeb vector fields of 1. Hence,
a projectable k-contact Lie system (M,n,X) amounts to a Lie system X on a
manifold M such that each element of VX C X,,(M) is invariant relative to the flows
of all the Reeb vector fields of 1. In other words, Ry, ..., Ry are Lie symmetries of
VX and, therefore, are Lie symmetries of the k-contact Lie system itself.

Again due to the isomorphism of Lie algebras

Coo(M,RF) > f— — X5 € X, (M), (5.1)

every k-contact Lie system (M,n,X) is related to a unique t¢-dependent n-
Hamiltonian k-function h : R x M — R¥ whose {h;}:cr are contained in a finite-
dimensional Lie algebra of m-Hamiltonian k-functions, and vice versa. This moti-
vates the following definition.

Definition 5.2. A k-contact Lie—Hamiltonian system is a triple (M,n,h : R x
M — RF), where (M,n) is a k-contact manifold and h is a t-dependent family
of k-functions hy : * € M ~ h(t,r) € R*¥ with ¢t € R, contained in a finite-
dimensional Lie algebra 20 of n-Hamiltonian k-functions relative to the Lie bracket
in €2°(M, R¥). We call 20 an n-Lie-Hamilton algebra.

As the function h : R x M — R¥ in (M,n,h : R x M — RF) gives rise to a
t-dependent family of n-Hamiltonian k-functions contained in an m-Lie-Hamilton
algebra 20, the isomorphism yields that the t-dependent n-Hamiltonian vector
field Xj, is a Lie system with a Vessiot—Guldberg Lie algebra given by the n-
Hamiltonian vector fields of 2. Then, one has the following proposition.

Proposition 5.3. Every k-contact Lie system with respect to a k-contact form n
gives rise to a unique 1n-Lie—Hamiltonian system, and vice versa.

Anyhow, it is remarkable that 20 need not be unique, as shown in following
examples.

Example 5.4. (t-dependent frequency isotropic harmonic oscillators).
Consider the system of harmonic isotropic oscillators on R? with a t-dependent fre-
quency described by the t-dependent system of ordinary differential equations on
TR? ~ R4 of the form

dz;
ar Vi,
dvi
dt

= —V2 (t).’L‘i,
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for an arbitrary t-dependent frequency v(¢) and coordinates x1,v1, 2, vs. Define
three vector fields on TR? ~ R4 given by

2 2 2
0 1 0 0 0
X, = P~ Xo = — i — Vi — |, X3 =— P
The vector fields X7, X5, X3 span (over the real numbers) a Lie algebra V;4 isomor-
phic to sl5. Indeed,

(X1, Xo] = X1, [X1,X3] =2X,, [Xo, X3] =X,
and one obtains a distribution DYi= on TR? of the form
DYie = (X1 (z), Xo(x), X3(x)), Vz € TRZ?,

of rank three almost everywhere. Note that system (5.2]) is related to the t-
dependent vector field

X’L's = 1/2(t)X3 —|— X1

and becomes a Lie system.
Moreover, TR? admits a natural symplectic form

w = dxy Advy + dzg A dos,

and X1, X5, X3 are Hamiltonian vector fields relative to w with Hamiltonian func-
tions hl h? k% € €°(TR?) because Lx, w = 0 for « = 1,2,3 and TR? is sim-
ply connected, which implies that every closed one-form is exact. Additionally,
dht Adh? A dR3 # 0.

Moreover, there exists another vector field on TR?, namely

2 0 0
Xq4= 1—21 (miﬁm + Uiavi) ;
commuting with X7, Xo, X3. Hence, Xi,..., X, span a Lie algebra V, isomorphic
to the matrix Lie algebra of 2 x 2 matrices. The vector field X, is not Hamiltonian
relative to w because Zx,w = 2w # 0. Let us prove that we can turn all vector
fields X;, ..., X4 into n;s-Hamiltonian relative to a two-contact form 7.

The vector fields X7, X2, X3, X4 are linearly independent at the manifold O
of points in TR? where vpz; — 2v1 # 0. Moreover, X1, X, X3, X, are the
fundamental vector fields of a locally transitive linear Lie group action of GLg,
the Lie group of invertible linear real automorphisms on R?, on the manifold
Ois € TR*\{(0,0,0,0)}. As proved in [33], the space O;; is locally diffeomorphic
to the Lie group GLs in such a manner that Xi,..., X, become mapped into a
basis of right-invariant vector fields. Then, there exists, at least locally around a
generic point, a Lie algebra (Y7, ...,Y)) of Lie symmetries of the vector fields of V.,
ie. [V;, X;] =0fori,j=1,...,4, that is isomorphic to gl, with Y1 A--- AYy # 0.
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In fact, consider

0 0 1 . 0 0
= _ _ —_ — _1 ? PR P
Y1 = P + v Jop Y 5 ;:1( ) (fﬂz oz, + vy 8vi> )
0 0
Ys = Tz v,

and X4 = Yy. The vector fields Y7,..., Y, commute with X1,..., Xy, while
[Y1,Yo] = —=Y1, [Y1,Y3] = —2Ya, [Y,¥3]= V3.

Let Tq,..., Y4 be the dual one-forms to Yy, ..., Yy, namely

v1dr; — x1dvy vodx1 — odvy + v1dxy — 21dvs

1 2
T =, T = ’
V1T2 — T1V2 V1X2 — T1V2
,r3 o ’UngQ — $2d1}2
V1L — XL1V2
and
i _ d(vize — x102)
2(1)1],‘2 — 1‘1’()2)
Then,

dr? =27t A3, drt=o0.

Hence, 155 = Y2 ®e; + T* ® ey defines a two-contact form that is invariant relative
to Xl, . 7)(4. Indeed,

("?X'inf;)()/j) ZXz(U?S(YJ))—Ui([XuYJ]) =0, i=1,...,4, a=2/4

and X, ..., Xy are locally n;s-Hamiltonian relative to 1;5. Define h; = —ux,n;s for
i =1,2,3,4, which read
—2vov1€ 212
By = C2pvien (1_12)617
V1To — T1V2 V1X2 — T1V2
2x9171€
hs = _ Attt hy = —es.

V12 — I1027

One has that the following non-vanishing commutation relations
{hi,h2} = —h1, {hi,hs} = —2hy, {ha,hs} =—h3

and hq, ..., hy close a finite-dimensional Lie algebra of n;s-Hamiltonian functions,
which is isomorphic to gl(2,R). Note that (O;s C TR? ,n,h; + v?(t)hs) is a
two-contact Lie-Hamiltonian system for the two-contact Lie system . Indeed,
(h1,...,h4) and (hq,..., hs) are n;s-Lie-Hamilton algebras for X;;.

Note that the Reeb vector fields are Y5 and Yy, which are Lie symmetries of
X1, Xs, X3, X4. Hence, their n;,-Hamiltonian two-functions are first integrals of
Y5,Yy. Then, (O;s,mis, Xis) is a projectable two-contact Lie system and projects
onto a new Lie system. This will be analyzed in detail in forthcoming sections. Note
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that we do not really include X, in the Vessiot—Guldberg Lie algebra of X,,: it was
just a tool to transform the initial Lie system into a two-contact one.

To complete the presentation of k-contact Lie systems, let us give an example
of non-projectable k-contact Lie system.

Example 5.5. Consider the manifold R® equipped with linear coordinates
{q, 21,22, p1,p2}. Then, R® has a natural two-contact form given by n; = (dz; —
p1dg) ® eq + (dzg — p2dq) ® ey. Its associated Reeb vector fields are Ry = 9/0z;
and Ry = 0/0z,. Then, R® is diffeomorphic to the first jet bundle J'(R, R x R?)
associated with the fiber bundle (g, 21, z2) € R x R? — ¢ € R and 7, is, essentially,
the natural two-contact form with the adapted variables {q, 21, 22, p1,p2}-
Consider the vector fields on R® given by
0 0 0 0 0 0
= o Xy = e X3 = 9’ Xy = q(?iq *plafpl *pzafmv

L0 10 10, 9 1 5
P9 T 402 2 q@q plapl 2p28p2 '

Note that X; A --- A X5 is different from zero almost everywhere in R?. The vector

Xy

fields X1, ..., X5 are nj-Hamiltonian relative to (R®, ;) with 1 ;-Hamiltonian two-
functions
hy = —e1, ha= —e3, hz=pie1 + paea, hy = p1ger + pages,

hs = (=21 +qp1/2)er + (—22/4 + qp2/2)e2,

and span a five-dimensional Vessiot—-Guldberg Lie algebra with commutation
relations

[X17X2] - 07 [X17X3] - 07 [X17X4] = 07 [X17X5} = Xl?

1
[XQ’X3] - 07 [XQ’X4] = O’ [X27X5} = EX27
1
[X37X4] = X37 [X37X5] — §X3’

[X4, X5] = 0.

This allows us to define a two-contact Lie system on R® relative to n; given by
(R®,ms, X ) with

5
Xy = Z ba(t)Xav (5'3)

where by (t),...,b5(t) are any t-dependent functions. If by (t), ..., b5(t) are such that
the vectors (by(t),...,bs(t)), with t € R, span R®, then VX7 = (Xy,..., X5) and
DX7 = T,R? for z in an open dense subset of R®.

Since the 1 j-Hamiltonian two-function of X5 is not a first integral of the Reeb
vector fields Ry = X, Ry = X, we have that (R% 17, X) is a not a projectable
two-contact Lie system when (b1(t),...,bs(t)), for t € R, span R®. Note also that
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X ; is associated with the t-dependent n;-Hamiltonian two-function

5
h = Z ba(t)he,
a=1

namely each (X ); is the n;-Hamiltonian vector field related to h; for every ¢t € R.
Finally, (h1,...,hs) span an 1 ;-Lie-Hamilton algebra for X ;. In fact, the non-
vanishing commutation relations read

1 1
{h1,hs} = —hy, {hs, hs} = 4 {hs,ha} = —h3, {hs hs} = —5hs

Then, (R%,n;,h = 22:1 bo(t)he ) is a two-contact Lie-Hamiltonian system for
the two-contact Lie system ({5.3]).

6. Generalized t-Dependent Constants of the Motion for
k-Contact Lie Systems

Given a k-contact Lie system, one obtains that a Vessiot—Guldberg Lie algebra of
n-Hamiltonian vector fields gives rise to a Lie algebra of n-Hamiltonian k-functions,
which in turn gives rise to a momentum map J: M — g* ® R¥. This mapping will
be relevant so as to determine some properties of the initial k-contact Lie system.
In particular, it is used to obtain generalized constants of motion |11] for k-contact
Lie systems. This will illustrate some of the potential uses of k-contact geometry
to analyze k-contact Lie systems. Let us start by a motivating example.

Example 6.1. Let us go back to Example of the t-dependent frequency
isotropic oscillator on O;,. Consider the presymplectic form (dn;s,e!). This gives
rise to a Poisson bracket on the space of its admissible functions, i.e. functions
f € €°(0O;s,) such that df belongs to the image of d(n;s, e!). Since X1,..., X, are
invariant relative to the Reeb vector fields, they become Hamiltonian with respect
to d(m;s, e'). This latter fact will be shown in detail in Proposition [6.2| and, for the
time being, it is enough to verify this fact by a short calculation. Note that

h’(l,Y:<ha7€1>7 0421,2,374,

are Hamiltonian functions for Xi,..., Xy, respectively, and span a Lie algebra of
admissible functions isomorphic to sly. Then, h1hi — (h1)? Poisson commutes with
hi,h}, h} and becomes a constant of motion for Xjs.

Let us generalize the properties of the above example for every projective k-
contact Lie system. It is worth noting that if f,g € €°(M,R*) Nker R, then

{f.9}n =n([X5, Xg]) = Xpiex,m— Xgux,m — dn(Xy, Xg)
= —ix,tx,dn + tx,tx,dn — dn(Xg, Xg) = dn(Xy, Xg). (6.1)
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This explains the relation of the bracket of functions in ker R and the bracket of
presymplectic forms defined in the following proposition.

Proposition 6.2. If 5 is a k-contact form and 0 € R¥* then w = (dn,0) is a
presymplectic form. Every Lie algebra of k-contact Hamiltonian k-functions 00 =
(h1,...,h;) belonging to ker R gives rise to a Lie algebra of Hamiltonian functions
W9 = ((h1,0),...,(h,,0)) relative to w. In particular, there exists a Lie algebra
surjection

feW— 0= (f0 cwh.

If C is an admissible function of (dn,0) and Poisson commutes with the elements
of WY relative to the Poisson bracket induced by w, then C is a constant of motion
of every Lie system X admitting an n-Lie-Hamilton algebra 20.

Proof. Since dn is closed, so is (dn, 8), which becomes presymplectic.© Moreover,
the functions k¢, = (h,, §) become Hamiltonian functions for (dn, §) because R h =
0. Indeed,

tx,dn = df = 1x,d(n,0) = d(f,0).

Let us show that expression shows that there exists a Lie algebra surjection
from 9 onto MY and X ¢ is a presymplectic Hamiltonian vector field of 9. We
consider X;» = Xy, although f? does not determine a Hamiltonian vector field
relative to d(n, #) uniquely. More in detail,

({F. g}, 0) = dln. 0)(Xy, Xg) = 1x,df” = d(n, 0)(X e, X)
= d<l’730>(Xf9ﬂXg9) = {feage}w'

The fact that C' is a constant of motion of X follows from standard presymplectic
geometry and the fact that X admits a t-dependent Hamiltonian of the form h =
S 1 ba(t)(hq,0) for certain t-dependent functions b (¢), ..., b.(t). O
Theorem 6.3. Consider the Lie algebra €5°(M,R*) relative to {-,-}, and the
space €5(M) of functions of the form (f,0) for a certain f € €2°(M, R*) and a
fized 6 € R¥*. The morphism

Fet (MRF) nker R f* = —(f,0) € ¢,5%(M) Nker R (6.2)

is a Poisson algebra morphism relative to the product fxg =13 . _(f*9*)eq and
the bracket {-,-}y in €;°(M,R¥) N ker R and the Poisson bracket of (dn,6) and
the standard multiplication of functions in €7 (M) N ker R.

“Note that its rank may not be constant.
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Proof. To prove that ¢;° (M,R¥) Nker R is a Poisson algebra, take f, g, h belong-
ing to ker R and see that

k
{f,gxh} =—X; (Zg%aea> = ZXf Yh%eq — ZgﬁXf (hP)eg

a=1 pB=1

={f.g} xh+g*{f.h}.

Moreover, since 5 (M) Nker R is an R-algebra and the morphism (6.2)) is an R-
algebra morphism, the morphism is a Poisson algebra morphism. a

One important thing about k-contact Lie systems is the determination of regions
of the manifold that are invariant relative to its dynamics. Let us provide a first
result about this.

Proposition 6.4. Let X be a k-contact Lie system with an r-dimensional
Vessiot—Guldberg Lie algebra V. = (Xi,...,X,) of n-Hamiltonian vector fields
with m-Hamiltonian k-functions hy, ..., h, for Xq,..., X, respectively. Let 90 =
(hy,...,hy) be a Lie-Hamilton algebra of n-Hamiltonian k-functions isomorphic to
an abstract r-dimensional Lie algebra g. Then, one obtains a map J : x € M
S ha(x)v® € g* @ R, where {vl,...,v"} is a basis for g*. For every 6 € R**
such that Ry, , ..., Rn, are tangent to the zero level of J% = (J,0), which is assumed
to be a submanifold, one has that (J%)~1(0) is an invariant subset of the dynamics

of the system, provided it is a submanifold.

Proof. Note that X = Zk_ ba(t) X, and

a7’ 0J° 0
F ot +Xnd" = Z b Xh hﬁ’ Z bﬁ {ha’ hﬁ} + Rhﬁ ha, 0>
a,Bf=1 a,B=1

Recall that hq,...,h, close a Lie algebra of functions, namely {h,,hg}
22:1 cap Yhy for certain constants c.g 7, and one has

k
(Rnyho, 0) = Z Ry (ha,0).

Take into account that (J,6) = Zr, (hov*,0) = >"_ (hq,0)v* = 0 and

a=1 a=1

Ry,..., Ry are tangent to the level set (J%)71(0). Hence, on such a submanifold,
(ha,0) =0 and Rp,(hq,0) =0 for a, 3 =1,...,r. Thus, Xp, is tangent to the zero
level set of J?. a

Example 6.5. Consider Example [5.5] and the ¢-dependent vector field X, =
Zi:?) ba(t) X 4. Assume 6 = e5. One has the mapping

J? =(J,0) = (2, p2q, —22/4 + qp2/2).
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Then (J%)71(0) is the submanifold given by pa = 0 and 2z = 0. Note that
0 0 0 0
Ry, = Rp, = p1g+— —
=Py treg— S, 1tha = Pidm +p2qaz2,

ap1\ 9 qp2\ 9
) 021 * ( 4 + ) 0za

and Rp, (ha,0) =0 for o, 8 =3,4,5 on (J?)~1(0). Then, (J%)~1(0) is an invariant

submanifold of the dynamics of the system.

Rh5=( 21 +

Let us now describe a theory to derive t-dependent constants of motion for k-
contact Lie systems via k-contact Lie—Hamilton algebras. The main problem to
extend the results of Lie-Hamilton systems [2] to this new realm is the fact that
the Lie bracket on 20 is not a Poisson bracket and describing the variation of a
t-dependent function in time does not depend only on the Lie-Hamilton algebra,
but it also depends on the action of the Reeb vector fields on them, which can be
difficult to analyze. A possible solution is given below.

Proposition 6.6. Let (M,n,X) be a k-contact Lie system such that the Reeb
derivations of the elements of an m-Lie—Hamilton algebra leave invariant the m-
Lie-Hamilton algebra, namely Ry hg = Z:Zl Aap Thy for certain constants Aag”
with o, B,y =1,...,r. Then, the t-dependent constants of motion of X of the form
Ip= 3" _, f*(t)hq,0) for some 0 € R¥* and t-dependent functions fi(t),..., f-(t)
are solutions to

dare o
P bl ) (6:3)
v,f=1
if (hY, ..., h%) are linearly independent.

Proof. If I =3 _, f*(t)h,, then one has

)= 20+ (Xn)udi = > (df Dh + Z by (t) XhBha) . (6.4)

a=1

Hence,

Z (ha Zbﬁ(t)fa({hﬁaha}"‘Rhahﬁ)) -

B=1
For t-dependent constants of the motion and composing both sides of the above
expression with 6, one has that

T

d «
S Lhl = 3 a0 (s, ha}? + B b))

a=1 a,f=1

T

- Z bﬁ(t)fa Z(Caﬁ Vhﬁ - )‘aﬁ Vhle/)'

a,B=1 v=1

If the functions h"; are linearly independent, it follows (6.3]). O
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The main result of Proposition is the fact that some ¢-dependent constants
of motion for a k-contact Lie system can be described via another Lie system
. This illustrates one of the reasons why k-contact geometry is interesting for
k-contact Lie systems. On the other hand, these examples also showed that it is
natural to associate every k-contact m-Hamiltonian function with a vector field
taking values in the Reeb distribution.

Remark 6.7. Note that and the conditions in Proposition are the key to
many new methods. Assume that Iy is ¢-independent, the Lie algebra ([20,20], 0)
of a k-contact Lie-Hamilton algebra 20 consists of constants and the Ry (hg,0)
are constants (as it will happen in some examples of this work). Under the given
conditions, one has, in view of (6.4), that b(t) = % for a t-dependent function b(t).
Hence, ft b(t")dt’ — Iy is a constant of motion for (M, n, X).

Recall that a generalized master symmetry of order m for a system of differential
equations associated with a vector field X on a manifold M is a vector field Z on M
such that ad'yZ = 0, where ad’y = (m—times)adxo...oadx (see [27]). Generalized
master symmetries allow one to obtain functions, the generators of constants of
motion of order m, whose derivative of order m in terms of the time is zero, but
the derivative of order m — 1 is not. The same idea, which appears in symplectic
mechanics, can be applied to t-independent projectable k-contact Lie systems. For
instance, assume that 2y is nilpotent of order m consisting of first integrals of
the Reeb vector fields of a k-contact Lie system (M, n, X). Consider also the n-Lie
Hamilton algebra 20 for VX. In such a case,

m-times

= (=)™ {hg,{ho...,{hg,Is}...}=0, Iye W’

d™Iy
dem
and Iy is a t-dependent function of order, at most m — 1, on solutions. Meanwhile,

X7, becomes a master symmetry of order m of X.

7. k-Contact Lie Systems and Other Geometric Structures

It is worth noting that a Lie system may potentially be Hamiltonian relative to
different types of geometric structures. In some cases, some of them can be more
appropriate than others. The following proposition shows how projectable k-contact
Lie systems induce some k-symplectic Lie systems on other spaces.

Proposition 7.1. If (M,n,X) is a projectable k-contact Lie system, the space
of integral curves of the Reeb distribution DY := kerdm, let us say M/DE, is
a manifold, and pr : M — M/D® is the canonical projection that becomes a
submersion, then (M/DR,w,pr.X), where phw = dn, is a k-symplectic Lie sys-
tem relative to the k-symplectic form w on M /DT, namely the vector fields pr. X,
with t € R, are w-Hamiltonian relative to the k-symplectic form w.

Proof. Since (M,n, X) is projectable, the Reeb vector fields Ry, ..., R, commute
with the p-Hamiltonian vector fields of VX. Therefore, all the elements of VX are
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projectable onto M /D and their projections span a finite-dimensional Lie algebra
of vector fields on M/D*. Moreover, the n-Hamiltonian k-functions of the elements
of VX are first integrals of the Reeb vector fields of 1. Hence, they are also pro-
jectable. Moreover, Zg_dn =0 and g, dn =0 for a = 1,..., k. Hence, dn can be
projected onto M /DT, In other words, there exists a unique two-form, w, on M /DT
such that ppw = dn. Note that w is closed. Moreover, if vy, w[,] = 0 for a tangent
vector Yy € Ty (M /D) where [z] is the leave of DF passing through a point
x € M, then there exists a tangent vector Y, € T, M such that TmpR(?I) = Y}y
Hence, sz};Ly[I]w[m] =1ty (dn); = 0 and 37;; € ker(dn),. Moreover, ]JRH?z =0
and w is non-degenerate. Since w is closed too, it becomes a k-symplectic form and
the vector fields of pg, V'~ span a finite-dimensional Lie algebra of Hamiltonian vec-
tor fields relative to w. In fact, given a basis of n-Hamiltonian k-functions hq, ..., h,
for a basis X1,..., X of vector fields of VX, one may write that h, = PRga for
a=1,...,k and some k-functions gi,...,g, € €<(M/D? R¥) . Moreover,

k
Pr(tpr.x.w) = ix,dn = dhy — Y (Rghti)n’ ® e, = dphgo = pr(dga)-
w,B8=1

Hence, pp+« X, is w-Hamiltonian relative to w. Therefore, the time-dependent vector
field pr«X, namely the ¢-parametric family of vector fields (pr«X): = pr.X; for
every t € R, becomes a k-symplectic Lie system relative to w. O

Let us provide a proposition that allows one to study k-contact Lie systems via
presymplectic Lie systems. Notwithstanding, this implies that one has to study a
problem on a higher-dimensional manifold with different properties than the initial
one, which may make the problem harder to study in some cases [22], but easier in
others. It is worth noting that Proposition is a particular case of [23| Proposi-
tion 7.14] focusing on a particular case of relevance for us.

Proposition 7.2. Every k-contact Lie system (M,n, Xy) gives rise to a presym-
plectic Lie system (RF x M,w = d(ZZ:1 zaﬁ“),zgﬁzl 2o (Rgh®)0/02P + Xp),
where 1% is the lift to R* x M, via the natural projection from RF x M onto M, of
n® fora=1,... k.

As it happens for the similar proposition in the contact case, Proposition [7.2]
may be inappropriate to study k-contact Hamiltonian systems on M via Hamil-
tonian systems on presymplectic manifolds R¥ x M since the dynamics of a k-
contact Hamiltonian vector field on M may significantly differ from the presym-
plectic Hamiltonian system on RF x M used to investigate it. For instance,
a k-contact Hamiltonian vector field X on M may have stable points, while
22,5:1 2o (Rgh®)0/02” + Xy, which is its associated Hamiltonian vector field on
RF x M, has not. This has relevance in certain theories, like the energy-—momentum
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method [49]. Additionally, enlarging the manifold where the dynamics of a system
is considered poses a problem that should have more advantages than drawbacks.

Example 7.3. Note that Example satisfies the conditions of Proposition
Then, the Reeb vector fields have constants of motion given by the common first
integrals of the vector fields

m——i—vi 84—11i
Yoz You, "o, Avs

We can define the first integrals f; = vi/z1 and fo = vy/xo of the previous vec-
tor fields. Hence, the integral leaves of the distribution spanned by Yy, Y5 can be
described by means of the surfaces with f1, fo equal to constants. Hence, f1, fo are
coordinates in the space of leaves. In those coordinates, the 1;,-Hamiltonian vector
fields X1,..., X read

0
X1:fl$1a +f22 fl@f f23f
1 0 1
KXo = gtig ot 8x flaf f26'f
0 1o} 0 0
X3__87ﬁ_87ﬁ’ X4—«’131879€1+$287332a

and the differential of two-contact form becomes

dn;s = 2T AT @ e, = df1 A dfg) Req.

((f f)?

We can define a mapping pr: (f1, f2,71,72) € R* = (f1, f2) € R? that projects
the initial space onto the space of leaves, which, by Proposition is the two-
symplectic manifold with two-symplectic form w defined by pjw = dn;,. Moreover,
Pgr, Xi, where i =1,...,4, are given by

0
pR*Xlz_flaTq_f%anz’ PR, X2 = flaf f28f

0 0
ofi  0fs
and pr_ X4 = 0, are Hamiltonian vector fields relative to the two-symplectic form
dmn;,, with Hamiltonian k-functions on R? of the form

pR*XS = -

2f1fa ( 2f1 )
hy = , hy=(1+
LT TR o fi)“
2
hl, = 1, hl=—eo.
BT T oty T e

Note that pjh, = h; fori=1,...,4.

It is interesting to analyze how to recover the solution to the initial projectable
n-contact Lie system from the information of the projected k-symplectic one. Some
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particular results in this direction have recently appeared in the literature [8]. We
expect to investigate this topic further in the future.

8. Methods to Construct k-Contact Lie Systems

Let us develop a method to turn a Lie system X into a k-contact Lie system by
finding a compatible k-contact form, i.e. one turning VX into n-Hamiltonian vector
fields for a certain k-contact form 7. This will be more or less explicitly used in
further sections to determine potential applications of k-contact Lie systems. Our
method for deriving 1 relies on distributions, a strategy that generally simplifies
the process compared to directly calculating 7.

Recall that a locally automorphic Lie system is a triple (M, X,V), where X
is a Lie system on a manifold M so that V is a Lie algebra of dimension dim M
whose vector fields span the tangent space to M. It is known [24, [33] that locally
automorphic Lie systems are locally diffeomorphic to a Lie system on a Lie group
G of the form

T
XR = Zba(t)XaRv (81)
a=1
where X ..., X[ is a basis of right-invariant vector fields on G spanning a Lie

algebra isomorphic to V' and by (¢),...,b.(t) are t-dependent functions. This struc-
ture is extremely useful, as one can treat locally automorphic Lie systems on gen-
eral manifolds as Lie systems of a very specific type on Lie groups. Moreover, there
are many applications of locally automorphic Lie systems [9} |13} 24]. For instance,
there are many locally automorphic Lie systems related to control systems (cf. [55])
and we will study examples of this type in the following sections.

Consider now the Maurer—Cartan equations on G, which satisfy that

1 T
dn‘i—i—i Z cmang/\nZ:(), a=1,...,m (8.2)
By=1
where cg*, with o, 8,7 =1,...,r, are the constants of structure of a basis of left-
invariant vector fields on G given by X£, ..., XE, while n},... 77 is its dual basis,

which consists of left-invariant one-forms on G. The above expression follows
immediately by evaluating dn$ on pairs of left-invariant vector fields chosen among
XE ..., XE. Then, the differentials of left-invariant one-forms can be determined
by the Lie algebra structure of V.

In particular, it is simple to find Lie algebras admitting k particular different
indexes ay,...,ap € {1,...,7} so that c,,3% = 0 for every S and i,j = 1,... k.
In view of (8.2), this implies that the elements of (X% ,..., X% ) take values in
N, ker d¢". If additionally ())_, kerdn¢ = (X ..., XL ), thenn = 3% n%®
€, is a k-contact form that is invariant relative to the vector fields X{%, ..., XF.
Recall that Lie groups of this type are related to the so-called k-contact Lie groups
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[23], namely Lie groups with a left-invariant k-contact form.? In practice, it is
relatively simple to determine Lie groups of this type, which will be shown in latter
examples. Moreover, one-contact Lie groups were analyzed in [22]. On the opposite,
Lie groups not admitting a left-invariant contact form were discussed in [36] in the
context of hydrodynamic equations.

Right-invariant vector fields leave invariant ker 7, which can be spanned by left-
invariant vector fields, which implies that the vector fields of the Vessiot—Guldberg
Lie algebra (X%, ..., XE) consist of n-Hamiltonian vector fields relative to 1. With
no loss of generality (see 23] for details), the basis of left-invariant vector fields of
a k-contact Lie group can be chosen so that the Reeb vector fields are given by
XE ..., XE, which commute with X{ ... XF. Then, the Lie systems of the form

X7 =3 "ba(t) X[
a=1

are projectable k-contact Lie systems regardless of the functions by (t),...,b.(t).
Indeed, it follows that the n-Hamiltonian k-functions of X¥, ... X7 are first inte-
grals of the Reeb vector fields, which are left-invariant, and the Lie system can be
projected onto G/ ker dn, where ker dn is the distribution given by the Reeb vector
fields. More specifically, it turns out that the k-contact Lie system is projectable
onto a k-symplectic one [25].

There is another manner to obtain, in general non-projectable, k-contact Lie
systems from locally automorphic ones. As before, we analyze a locally automor-
phic Lie system via its associated Lie system on a Lie group. Consider that
the Lie algebra of the Lie group is such that there exists a linear subspace spanned
by left-invariant vector fields, Xf, ... ,XTL_ > that is maximally non-integrable, i.e.
it admits no element leaving invariant the subspace via the commutator of vector
fields, which is relatively straightforward to determine due to the Lie algebra struc-
ture of left-invariant vector fields. Consider also that there exists a supplementary
abelian Lie subalgebra assumed to have, with no loss of generality, a basis of the
form X T,L_ klse oo XE. Then, let us analyze the maximally non-integrable distribu-
tion spanned by

D= (X{,...,Xk,)
and the commutative Lie algebra

(X X,

Note that the right-invariant vector fields are chosen so that X(e) = XL(e) for
a = 1,...,r, which makes them to have opposite commutation relations than
left-invariant vector fields. The latter right-invariant vector fields X? , IRTRReS XE
leave D invariant and commute among themselves. This gives rise to a k-contact

dNote that the approach that follows could be developed similarly with a basis of left-invariant
vector fields and a right-invariant k-contact form.
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distribution D and the vector fields X2, ., ..., X[ leave it invariant. Hence,
XE, ..., XE become k-contact vector fields and one obtains a k-contact Lie system
related to . In this approach, the k-contact form must be obtained as in the
proof of Theorem Namely, one has to derive the k one-forms o™~ *+1 .. . n"
that annihilate (X{,..., X} ) and are duals to the vector fields X, ,... X[
It is worth noting that this approach works, at least locally at a point where
XE .. ,XrLfk, XTR;,CH, ..., XE are linearly independent, which can be always
found locally at almost every point. The obtained one-forms are the components of
a k-contact form n = Z;zr_k_H N ® e, turning the vector fields X{t, ..., X into
n-Hamiltonian vector fields. Note that the k-contact form n described above is not,
in general, a left-invariant one-form, while X does not need to be projectable.
There are several manners to obtain a maximally non-integrable D. For instance,
if [X£, XE)A XE A XL is not vanishing, then D is maximally non-integrable. This is
a relatively straightforward case to identify, as it suffices to locate two left-invariant
vector fields X and Y, such that their commutator [X,Y] does not take values
within the distribution spanned by X and Y at any point. Note that if [X,Y]
does not take values in the distribution spanned by X,Y at any point, then it is

impossible that X A Y = 0 on an open set as, if this would happen,
Ozﬁx(X/\Y) :X/\ﬁxy:£y(X/\Y)
=Ly XANY = [X,YINXAY =0,

which is a contradiction. Moreover, assume that E = (X¥ XF XE) C
(XE, ..., XE) is such that there is no element of Y € E such that [Y, E] is not
included in E. Then, E is also maximally non-integrable. These ideas to obtain
maximally non-integrable distributions will be used in our applications in Sec. [I0]

9. Diagonal Prolongation of k-Contact Lie Systems

It is possible to describe superposition rules of Lie systems geometrically. To do so,
it is convenient to introduce the so-called diagonal prolongation of a t-dependent
vector field and its basic properties [14]. Before that, let us introduce the projections

pr: M5 (1'(0)3 R ,SC(@)) — (I(l),. . .,:L'(g)) € MZ, (91)

ptg: ]\4[-'_1 > (.%'(0)7 e 7$(Z)) — T(a) c M, (9.2)

for & = 0,...,0. Recall that the group S**' of permutations T(a) & T(g), With
0<a#pB</{, acts on M,

Definition 9.1. Given a t-dependent vector field on M locally of the form

X(tze) =Y X (tax(O))%v (9:3)
i=1
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its diagonal prolongation to M**! is the t-dependent vector field on M**! given by

L n
; 0
x[e+1] (t,$(o), . ,.’L'(g)) = ZZXZ(t’x(a))W. (9.4)
a=0i=1 ()

This definition can be rewritten in the following manner.

Definition 9.2. Given a t-dependent vector field X on M, its diagonal prolongation
to M1 is the unique ¢-dependent vector field X+ on M4t such that:

(i) The t-dependent vector field X+ is invariant under the action of the sym-
metry group St' on M1

(ii) The vector fields Xt[ul] are projectable under the projections ptf given by
and ptS‘*Xt[Hl] = X, for every t € R.
Several lemmas, covered in [9}14], describe properties of the diagonal projection

necessary to formulate the following proposition (see [9, pp. 18-21] for details).

Proposition 9.3. For every family of linearly independent (over R) vector fields
X1,..., X, € X(M), there exists an integer £ with {dim M > r such that their
prolongations to M* are linearly independent at a generic point.

In the contact setting, the diagonal prolongation of a contact Lie system is
not a contact Lie system because the manifold of the diagonal prolongation is not
always odd. Nevertheless, k-contact distributions allow for a diagonal prolongation
procedure as follows.

Proposition 9.4. The diagonal prolongation to N*t1 of a k-contact Lie system
on N is a k(£ + 1)-contact Lie system on N‘T1.

Proof. Let Xi,...,X, span the smallest Lie algebra VX of the k-contact Lie
system (N,nn, X). There exists the k(¢ 4+ 1)-contact form
‘ £k
My = Y % =Y > 15 ® eants
a=0 a=0p=1
where n% = pr§*nn. Indeed,
ker yerr = kernQ Nkernl N --- Nkernk,

ker dn e = kerdnd Nkerdnk N--- Nkerdnk,

and kernyerr N kerdnyern = 0. Moreover, kernyerr has corank (¢ + 1)k and
ker dnpye+1 has rank k(¢ + 1). Hence, we have obtained a k(¢ + 1)-contact form.
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By contracting each X”l] Za OX , where Xl,(o‘) = Xi(z(a)) and i =

1,...,r, with nyer: and its differential
‘ [ ‘
LylamNe = Z LX7§a)7]’?V = Z LXi(a)’I]]OQ = — Z hl, i=1,...,m
) a,B=0 ) a=0 a=0
¢ ¢ 0k
Lemdnyen = Y Lewdny =Y dhl = > Y RghLng, i=1,...,m,
’ a=0 a=0 1=0 g=1

where RS, for B =1,...,k, are Reeb vector fields on (a + 1)th copy of N in N**1.
Thus, we obtain that each prolongation is an mye+1-Hamiltonian vector field with
the nx¢+1-Hamiltonian k(¢ + 1)-function h® = 22:0 hi fori=1,...,r |

The reason why the procedure for the diagonal prolongations of contact Lie
systems relied on passing to the use of Jacobi setting was because this has a good
diagonal prolongation related to Jacobi manifolds. This is no longer necessary in
the above, more natural, realm.

There is another relevant fact about the fact that the diagonal prolongations to
Nyy1 of m-Hamiltonian vector fields are 1 y¢+1-Hamiltonian. Consider a k-contact
Lie system (M,n, X) and an n-Hamiltonian k-function C. If {h? C?}y = 0, then
the 1 ye+1-Hamiltonian functions of the diagonal prolongations to N‘*! of X, and
Xc¢ do also commute, which can be used to obtain constants of motion of X,[fH].

This may have applications to obtain superposition rules for X, for instance.

10. Applications of k-Contact Lie Systems

This section provides several applications of k-contact Lie systems and illustrates
the results obtained in previous sections.

10.1. A control Lie system

Let us endow a Lie system related to control systems with a k-contact form. Let us
consider the system of differential equations on R® given by

5
dx
%= > ba(t) Xa, (10.1)
a=1
where by (t),...,bs(t) are arbitrary t-dependent functions and
0 0 7]
Xy =7—, Xo=_— 2
R TRy Pk Py
0 0 0 0 0
Xy = —— + 201 ~— +2 Xp=5— Xs=o—.
3 ox I3 + xl(’) Ly + an 5 4 8374’ 6335

The above vector fields span a nilpotent Lie algebra V. of vector fields whose
non-vanishing commutation relations read
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(X1, Xo] = X3, [X1,X3] =2Xy, [Xo, X3] =2X5.

This makes (10.1) into a Lie system related to a t-dependent vector field
22:1 b (t) X o as proved in [55]. The initial motivation to study (10.1]) comes from
the fact that it covers as a particular case the system of differential equations on
R® of the form

d.’El dSUQ

T b)), S22 =yt

g =), o =b00),

dxg - dx4 o 2

dz _bQ(t>$17 d+ _bQ(t)xh

s oyt (10.2)
—_ = 1T .
dr 2 142,

where by (t) and by(t) are arbitrary t-dependent functions whose interest is due to
their relation to certain control problems [52} [55]. Let us define X, = by ()X +
ba(t) Xs.

Since X7 A -+ A X5 # 0 and dim V. = 5, one obtains a locally automorphic Lie
system (R®, X., V,). Then, it can be proved that the Lie algebra of Lie symmetries
of the vector fields of V is isomorphic to it [33]. Indeed, consider the Lie algebra of
Lie symmetries of V, given by vector fields

0 0 0

0 0
Y, = — Qg —— 2 - Vo= — 4 Qpa——
! 5$1+x23$3+ $38x4+x28x5’ 2 8x2+ x?’&xs’
0 0 0
Yzi Yzi = .
57 Bag o T B

More exactly, [Y;, X;] =0ford,j =1,...,5. Moreover, Y1,...,Ys span a Lie algebra
with opposite structure constants to those of X1,..., X5. The Y7,...,Ys admit the
corresponding dual one-forms given by

T! = dxq, T2 = dzs, T3 = —xodxy + dag,
T4 = —2z5day +dzy, YO = —m%dxl — 2x3dxy + dus.

The existence of these dual forms follows by the condition that Y7 A- - -AY5 is non-
vanishing on a manifold of dimension five. Additionally, Y',...,Y? are invariant
relative to the vector fields X1, ..., X5, namely Zx, Y7 =0 for 4,5 = 1,...,5. The
differentials of Y!,..., Y? depend on the commutation relations of the vector fields
X1,..., X5, namely

5

1

T = Y g’ TOAYY, a=1,...,5
a,B=1

where ¢, are the structure constants of our problem, namely [X,,Xg] =

Zi:l cag?Xy for o,8 = 1,...,5. In particular, for every differential one-form

T € (T!,..., TP, its differential is both closed and invariant relative to the vector
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fields X7,..., X5. Consequently, these vector fields become dY-Hamiltonian rela-
tive to such presymplectic forms T.
One has the following relations:

drt =0, dr?=o, dr3 =1t A2,
dr* =27t A T3, drs =272 A T3,
Let us prove that n. = T*® e; + T° ® ey gives rise to a two-contact form. Indeed,

0 0 0 g 0 o 0
kern.=(Y1,Y5,Y3)= ( — — 4+ 23— 2 4oy — ).
e < b2 3> <8.’171 + o2 Oxs + x38$4 t o 8375, 0xo $36$57 8x3>

Furthermore, ker dn. = ker d¥* Nker dY? is a distribution spanned by

kerdnc=<Y4,1@>=< 0 9 >

Oz’ O

Clearly, kerdn. Nkern. = {0} and 7. is a two-contact form. Moreover, Ry =
Yy, Ry = Y5 are the associated Reeb vector fields. Let us now find the corresponding

1.~-Hamiltonian two-functions hq, ..., hs. By verifying the conditions
5
ex, Y = dhf = Y (Ra_shi)Y®, 1x, Y =—ht, p=4,5 i=1,..5,
a=4
(10.3)

for X1,..., X5, we get that

hy = 2x3eq1 + .%‘%62, hy = —x%el + (2.’173 — 2.%‘1332)62,

h3 = —2.’17161 — 2.’L‘2€2, h4 = —€1, h5 = —€9.

In particular, Xy = Y; and X5 = Y5, therefore, X4 and X5 have constant
Hamiltonian two-functions, as they correspond to two-contact Reeb vector fields.
It is worth noting that all the above n.-Hamiltonian two-functions are first inte-
grals of the Reeb vector fields, thus becomes a two-contact projectable
Lie system relative to m.. The system gives rise to a two-contact Lie—
Hamiltonian system (R®,n,,h = 2221 bo(t)hy) with a two-contact Lie-Hamilton
algebra 20, = (hq,..., hs) relative to n,. It is worth noting that X, is invariant
relative to the Reeb vector fields of 1. Moreover, h is also invariant relative to
the Reeb vector fields of 1.. In particular, system becomes a projectable
two-contact Lie system relative to . and (R, 1, he = by (t)h1 + ba(t)h2) is a two-
contact Lie-Hamiltonian system for (R%,n., X..) with a two-contact Lie-Hamilton
algebra 20, = (hy, ..., hs).

It is worth emphasizing that whether a given k-contact Lie system is projectable
relative to a compatible k-contact form. To illustrate this, let us show that X,
is not projectable relative to another compatible three-contact form constructed
via the methods given in Sec. [8} Note that the distribution spanned by (Y1,Ys) is
maximally non-integrable and invariant relative to Xy, ..., X5. Moreover, it admits
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commuting Lie symmetries, namely X3, X4, X5, which turns (Y7, Y3) into a three-
contact distribution.
Let us consider the dual forms to Y7, Y5, X3, X4, X5, namely

@) =dzr, () =dza, ()’ = —waday + das,
()" = 2 (z129 — 23) dzy — 201dzg + day,
()" = a3dz, — 2w3dzs — 2a2da; + dus,
whose non-zero differentials read
d(n)’ =dey Adza, d (77/)4 = —22,dzy Aday, d(n)° = —2wodzy A das.

One can construct the three-contact form
5
"7/0 = Z (n/)a ® €a;
a=3

satisfying that kern/, = (Y1,Ys) and kerdn,, = (X3, X4, X5). As X3, X4, X5 span
ker dn/, and are dual to 7/, they are Reeb vector fields.

Note that X;...,X5 are n/-Hamiltonian vector fields with n’-Hamiltonian
three-functions given by

/ 2 / 2
h} = xoe3 — 2 (w120 — x3) 4 — x5e5, hy = —xies + xies + 2x3es.

h, = —eu, p=34,5.

Clearly not all n’-Hamiltonian three-functions are first integrals of all Reeb vector
fields, e.g. X3hy = —2es5. One can verify that n.-Hamiltonian three-functions close
a Lie algebra under the Lie bracket given by with opposite constant as their
respective 7.-Hamiltonian vector fields. Indeed, the non-vanishing commutation
relations read

Note that h) and hf are dissipated functions for the three-contact Lie system
(R%,m., X.). In fact, their associated n’.-Hamiltonian vector fields are Lie symme-
tries of the corresponding three-contact Lie system.

Note that [V, [Ve, [Ve, Ve]]] = 0 and is projectable relative to the Reeb
vector fields of n.. Using Remark one obtains that if by(t),b2(t) are assumed
to be constants, then

d31
de3
which gives lots of t-dependent constants of motion of such systems. Hence, every

I is related to a generator of constants of motion of order, at most, three. In
particular, the form of the I € 9. implies that solutions to (10.2]) are such that

=0, VIe,,
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their coordinates x1(t), z2(t), z3(t) are polynomial functions on ¢t up to order two.
Moreover, one also gets that

d3 (1‘11'2)
de3

which gives additional restrictions on the form of z1 (), z2(t) for particular solutions.

207

10.2. The complex Schwarz equation

The Schwarz derivative plays a significant role in studying the linearization in t-
dependent systems, projective systems, the study of special functions, etc. [37] |39,
44]. Tt is particularly related to the t-dependent complex differential equation given
by

dz dv da 3a?

- — = — =__42 R 104
-V T-% T3 +2b(t)v, z,v,a€C, teR, (10.4)
for a certain complex t-dependent function b(¢). System (10.4]) can be understood
as a complex analogue of the Lie system on O = {(z,v,a) € T?R : v # 0} studied
in |25]. It represents the complex equation {z,t}sc = 2b(t), where {-,-}s. denotes

the so-called Schwarz derivative.

Bz (dz\ " 3 A2\ [de\ 2
(=02 (dt> -2 <dt> <dt> — (1)
In fact, more accurately describes the standard Schwarz derivative compared
to the real version in [25]. Note that is a differential equation on Os =
{(z,v,a) € T*C : v # 0}.
Although can be considered as a complex Lie system, we will not develop
the due theory here (which requires defining complexifications of tangent bundles

and other related notions). Moreover, it can be proved that the complex approach
simplifies only a part of the theory, making other computations more complicated.
In real coordinates,

v1 = Re(z), wve=Tm(z), wvsz=Re(v), vq4=7Tm(v),
vs = Re(a), ve =TIm(a),
system is associated with the ¢-dependent vector field
Xse = X1 + 2bp(t) Xo + 2b7 (1) X5,
where br(t) = Re(b(t)), br(t) = TJm(b(t)), and

0 0 0 9 32vv5v6 + (V2 —v2)vg O
X| = v3— — — — 4 - —
1= vy + U Ova + s Ovs + U Ovy + 2 ’U?2) + v? Ovs

3 2v3v5v6 — vg(vE — v3) i
2 v3 + v} v’
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X sy - +U48i116’ X3 vig - +U38iv67

X4 = —v3 5‘?}3 04% 2vs5 885 21}6%7

X5 = 45 » 7v3884+2068i72v5%,

X6 = —U45T)1 + UB% - U65%3 + US% h 221)31}51}(61132)_41;4155)% i 8%)5

3 2v4v5v6 + v3(vE —v2) O
2 (v +03) dvg

These vector fields, defined for v3 + v # 0, satisfy the following commutation
relations:

[X1, Xo] = X4, [X1,X3]=X5, [X1,X4] =X, [X1, X5] = X, [X1,X6] =0,
[X2, X3] =0, (X2, X4] = — X2, [X2,X5]=—X3, [X2,X6]=—-X5,
[X3,X4] = —X3, [X3,X5]=X2, [X3,Xe]= Xy,
[X4,X5] =0, [X4, X6] = — X,
(X5, X6] = X1,

Then, X,..., X} span a Lie algebra V. that is isomorphic to sl5(C) = C ® sl
as a real vector space. Indeed, (X7, Xo, X4) ~ slo(R) ~ (X3, X4, X). Additionally,
C®sly(R) decomposes as (X1, Xy, Xo) B (X6, X5, X3). Then, Voe = E_1 ® Ey & En,
where E,1 = <X6,X1>, E() = <X4,X5>, and E1 = <X3,X2>, with [E“Ej] = Ei+j,
where the sum i+ j is taken relative to the additive group {—1,0,1} and the direct
sum is relative to subspaces of V.. Relevantly, X7 A--- A X¢ # 0 on every point of
Osc. This allows us to map, at least locally, these vector fields diffeomorphically into
the right-invariant vector fields of a basis of a Lie group with Lie algebra isomorphic
to Vge. This relation can be used to obtain Lie symmetries of these vector fields or
differential forms that are invariant relative to X1, ..., Xg.
Meanwhile, the Lie algebra of symmetries of the system reads

0 0
+ (21}1’03 - 21}2’04)7 + 2(’1)31}2 + 1)1’1)4)

0 0
2V, = (vi —v3)=— + 20109 0s 5us

81}1 877)2
0

+ 2(v2 + v1v5 — V2 — vov -,
(v3 4+ vivs — vy 26)3@6

+2(v2 4+ vyvs — V2 — V9u
(v +v1vs — vy 26)81;5
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0 0
Y = — Y = —
2 (91)1’ 3 81}2’
vie 9,90 0 9 o0 0
4 16 1 281]2 8’()3 481}4 581}5 81}6’
v 0 0 n 0 0 N 0 0
=Uvy— — UV =— + 0 v3—— + — U5 —,
> 231)1 18112 481)3 38114 68 5 58116
0 0 0
2Y = —21111128—2}1 + (vi — v%)a—v2 — 2(voug + 1111)4)8—1)3 + (2vyv3 — 21}21}4)8—”4
—2(2v3v4 + vov +vv)i—|—2(v2—v2—|—vv —vv)i
3U4 2Us5 16805 3 1 15 26(%6-
The commutation relations are
Y1,Y2] =Yy, [Y1,Y3]=Y;5, [Y1,Y4] =Y, [Y1,Y5] = Y6, [Y1,Ys] =0,

[Yo,¥3] =0, [Yo,Yy]=-Ys, [Yo,Y5]=-Y3, [Y2,¥5]=—VY5,

[Y3,Ya] = =Y3, [Y3,Y5]=Y2,  [¥3,¥6] =Yi,
[Ya,Y5] =0, [Ya,Ye] = —YG,
[V5, Y] = Y1.
Note that Y7,...,Ys admit identical structure constants as Xi,..., Xg. One can
choose one-forms Y',..., Y% to be the dual to Y7,...,Ys. These differential forms

are locally diffeomorphic to a basis of right-invariant one-forms on a Lie group. The
existence of these dual forms is ensured by the condition Y; A--- AYs # 0 and the
dimension of the manifold R®. These dual forms remain invariant concerning the
Lie derivatives of the vector fields X ..., Xg, i.e. Zx, Y9 =0fori,j=1,...,6.

Moreover, the differential forms dY',...,dY%, or their linear combinations, are
closed differential forms that are invariant relative to the Lie derivatives along
X1,...,Xs. Moreover (see Lemma7 one has

6
) 1 L
drz:_§ 2 i YT AR i=1,...,6.

j,k=1

In particular,
drt = =5 AT — vt AT dY? = —r3AT5 —THA T2,
dY3 = —TH AT — TP A Y2, dYt = Yt AT2 - T3 AT,

dY? = TP A3 — YO A Y2 dYs = Tt AT — TS AT
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Table 1. Elements of nsc-Hamiltonian functions hy, ..., hg of the vector fields X1, ..., Xg, with
v = ﬁ, for the complex Schwarz equation.
B = % (vaea(vf - 308) — 1] — Bugudled AT = F([wrva(v3 — 303) + va(of — Bug0d)o
- 2v5[v5(v1v4(v2 - 3v§) + vz(ug — 3U3U§)) — 2vg [v5(v2v4(vi — 3v§) — v (vg' - 3v3v§))
+va(v3 + 03)°] + vs[vs (vi (v3 — Bvzv}) +v3(v3 +v2)°] + vs[2v4(v3 + v3)?
— vava (v — 3v3)) — 2vs(v3 + v3)?)) + (v1va(v] — 3v3) + v2(v§ — 3v3v}))vs))
hs = v(vivs + vava) h5 = y(va2vs — v1va)
h3 = v(viva — v2v3) h3 = v(v1v3 + v2v4)
hj = 772(1); + (21}2 — vivs + vgvg)vg hi = 7'\/2(111(71161)32, + 2v4v5v3 + vag)
— 2v4(va2vs + v1ve) U3 + va (—2v4v6v3 +UZ’U5 — v§v5))

+vi(vi + v1v5 — vavg))

hg = —’)’2(1)2(('U§ — ’UZ)’UE, + 2v3v406) hg = —'yz('ug + (21)3 — v1v5 + 'UQ’UG)Ug
+v1((U§ - vf)'uc, — 2v3v4v5)) — 2v4 (vavs + V1V6) Vs

+ 3 (v] + v1vs — v2v6))

3 3
hg = - (vg (viva(v] — 3v3) + v2 (v — 3vzv})) h3 = L ((vava(vi — 3v3) — vi(vs — 3v3v}))vg
+ 2vg[vs (vava(v] — 3v3) — v1 (v — 3vzv})) — 2vg[vs (viva(v] — 3v3) + v2 (vl — 3vzv]))
+ 03 (vF +03)%] + vs[—vs (v1va(vf — 303) +va(v] 4 05)%] + vs[vs (v1 (v — Bugv])
+o2(v] — 3v30)) — 2va(v3 + v3)?) — 204 (v} — 303)) — 2us(v3 + v3)?])
Hence,
6 1 6 1 6
E dTa®ea:—§ E oy CTP AT ® e = =3 E TH®e, T ®@e).
a=1 a,B,y=1 w,rv=1

Then, for ¥ = 22:1 T ® ey, one has
1 1
dY = —Q[T,T] =dY + §[T,T] =0,

where {e1,...,e6} is a basis of the Lie algebra T.SLg(C) with the commutation
relations of the vector fields X1, ..., Xg.

Let us prove that Y4 Y° dY* dY® give rise to a two-contact form ny. =
T ®es + T ® es. Indeed, note that Y4, Y® commute between themselves, take
values in ker dY* N kerdY?, and span the Reeb distribution. Moreover, the space
(Y1 Y2 Y3 V%) spans the associated two-contact distribution. It follows that
Y4, Y® are the Reeb vector fields of our two-contact distribution. By verifying
conditions for X1,...,Xg, we obtain their ng.-Hamiltonian two-functions,
whose components are given by Table Hence, (Osc,Msc, Xsc) becomes a two-
contact Lie system with a two-contact Lie-Hamiltonian system (Ogc, Nsc, hse =
hi + 2bgr(t)ha + 2b;(t)h3).
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10.3. Generalization to degree three of the Brockett system

Let us study now two examples of Lie systems, whose motivation is due to its
interest in control theory, Wei-Norman equations, and the theory of Lie systems
[50, 51} [55]. Both of them are control systems on RS.

Let {z1,...,78} be linear coordinates in R®. Consider the system
dxz, dxzs dxs dzy
3 = ), 5 = ) 5 =2z, - = h(t)zs,
d d d d
ﬁ = bz(t)xg, ﬁ = b1 (t)$4, ﬁ = bg(t)$4, ﬁ = b2(t).’175, (105)

dt dt dt dt
where by (t) and by(t) are the so-called control functions. From our point of view,
they are just arbitrary t-dependent functions whose behavior can lead to interesting
features.
The solutions of are the integral curves of t-dependent vector field X3, =
bi(t) X1 + bg(t) Xo, with

B B
X = 92 -i-£103a +x48x6

X —i+ 0 +x 0 +x 0 +z
27 Oxy | 'Oy P0xs | tOrs | POz

Taking the successive Lie brackets of X, X5, we obtain the smallest Lie algebra of
vector fields containing X, X5. In fact,

0 0 0 0 0
X3 =Xy, Xo]=— —21— — X, =[Xq, X3l = —2— -
3 = [X1, Xo 92 I18x4 +x38x7’ 4= [X1, X3] B +$1ax67
X5 = [Xo, X3] =X X]*fiwL2xi Xe = [X1, X4] Bi
5 = 12, A5l = 1AL A6l = —5 - 1 57’ 6 = |X1, 4—86
0 0
X=X, X5]=2—, Xg=[Xo, X
7 [ 1 5] 81’7’ [ 2y 5] axs
along with X7, X, define an eight-dimensional Lie algebra of vector fields V3, =
(X1, ..., Xg). It is worth noting that X; A --- A Xg # 0 and these vector fields
span TR®. Hence, X3, gives rise to a locally automorphic Lie system (R®, X33, Vap).
Moreover, the fact that the vector fields X1,..., Xg span the tangent space means

that the system is controllable, which has special relevance in control theory [40 |56].
The non-zero commutation relations between the elements of the given basis of
V read

(X1, Xo] = X3, [Xa, X3] =Xy, [X1, Xu]=Xes, [X1, X5]=X7,
(Xo, X3] = X5, [Xo, Xu] =X7, [Xo, X5]= X5,

This implies that V3, is a nilpotent Lie algebra.

As the Brockett system gives rise to a locally automorphic Lie system
(Rs,ng,ng)» it can be considered to be locally diffeomorphic to the so-called
automorphic Lie system on a Lie group [33]. This means that one can consider the
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Lie algebra of Lie symmetries of such vector fields, which will span a Lie algebra

isomorphic to the previous one [33]. In fact, one can consider a basis Y7,...,Ys
of Lie symmetries of X1,...,Xg on R® taking the same values as Xi,..., Xg at
0 € R® Hence, the structure constants for Yi,...,Ys are opposite to the ones
for Xq,...,Xg. To illustrate our theory, the Lie symmetries of the vector fields
Xi,...,Xg are spanned by the basis given by
8 6 8 I% 6‘ 561(1‘11’2 — 933) — T4 6
Y = — _— — _— _—— _—
! o0x1 t a2 Oxs + (@122 = 23) 0x4 + 2 Oxs 2 Oxg
o a3 0
o) — 2 7
+ (%3%2 15) 6307 + 6 8%‘8,
0] 0 0 9] 2 0 0 2 0
Yo=—., Y3=—" —_ 4z — 7277
2 8332 3 81‘3 t o 3334 t o 8.735 + 2 (9$6 + s 61‘7 + 2 8338
0 0 0 0 0 0
Vy=-2—" — 20— — 29—, Ys=——— —a9—, Yg=3—,
4 6584 1 3I6 2 6587 g 6955 2 (9138 6 8956
0 0
Y == 27 = —.
7 61'7 ’ 8 &vg
Previous vector fields take the same values as Xi,...,Xg at 0 € R® | namely
Xa(0) =Y,(0) for a = 1,...,8. Moreover, the non-vanishing commutation relations
for Y7,...,Ys read
[Y17 }/2] = _Y37 [Y17 }/3] = _Y47 [Y17 Y4] = _Y67 [Y17 1/5] = _Y77

[Y27 Yﬂ] = _Y57 [Y27 }/4] = _Y77 [}/27 }{5] = _}/8

Let us construct a six-contact distribution that is invariant relative to the action
by Lie brackets of the vector fields X, ..., Xg. Note that any distribution spanned

by Y7,...,Ys is invariant relative to the action of the vector fields Xi,..., Xgs.
In particular, consider the distribution spanned by the vector fields Y7, Y5. Since
[Y1,Y3] = —Y3 and Y7 A Y2 A Y3 is never vanishing, the distribution is maximally

non-integrable. Consider the basis of vector fields on R® given by
Y17Y27X3? s 3X8'

On the one hand, Y7,Y> span a maximally non-integrable distribution, while
X3, ..., Xs are Lie symmetries of (Y7, Ys) spanning an abelian Lie algebra and a
distribution that is supplementary to the one spanned by Y7, Ys. This gives rise to
a six-contact distribution on R®. Moreover, X1, ..., Xg leave invariant the distribu-
tion spanned by Y7, Y5, which turns them into six-contact Hamiltonian vector fields.

The vector fields X3, ..., Xg are the Reeb vector fields of the six-contact form
n3p to be described next. Nevertheless, the ns,-Hamiltonian k-functions of X7, X5
will not be in general first integrals of the Reeb vector fields of 3. In particular, the
vector fields X3, ..., Xg do not commute with X7, X5, which implies that the 13-
Hamiltonian six-functions of X7, X5 are not first integrals of the Reeb distribution,
which is spanned by X3, ..., Xs.
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It is worth noting that the potential applications of this method are quite large

as the scheme used is quite general: it only depends on a subspace, which is not a Lie

algebra, but is invariant relative to a supplementary commutative Lie subalgebra.

Then, the dual forms to Y7, Ys, X3,..., Xg take the form

n' =dzi, n*=dzs, 7’ =das— zada,

1 1 1 = 1
774 = (:L‘lxg — 21‘3) d:L'l — 5(131(1:]’]3 - 5(1:174, 7]‘) = §$§d$1 — d$5,
6 1 2 1, 1 1
"= (2x3x1 — 3zoz7 + x4) dz; + gxldxg + 61‘1(1964 + gd.ﬁl)ﬁ,
1 1 1
777 = (x5 — 2351373) dzy — §x3das3 + x1dzs + idxn
8 L 3
N = —édexl + dzg.
It is immediate that 7%, ..., 7% give rise to a six-contact form
8
N3 = Y 0" @ ea-
a=3
In fact, ker ng, = (Y7,Y3) and the ns,-Hamiltonian six-functions for X3, ..., Xg are

easily given by

hy=—€4, a=3,...,8,

because X3, ..., Xg are the Reeb vector fields for ns,. Meanwhile,
1, 1
hy = xqe5 — (x122 — 3)eq — S%2€5 — 5(1’1(£U3 —x1x2) + x4)e8

1
+ (x1x§/2 —x5)er + fxgeg,

6
1 x3 1
ho = —z1e3 + §$%64 + x3€85 — Fleg - 5(.%11’3 + x4)e7 — x5es.

Note that these 13,-Hamiltonian six-functions are not first integrals of all the Reeb

vector fields, e.g. Xsho = eg.

To verify that all our results are correct in a new way, let us write dns,, which

reads

1 1
dnspy =dzy Adzs ® (63 — T1e4 — Toe5 + 51‘%66 + xoxie7 + 256%68) ,

which means that X3, ..., Xg take values in ker dns; and are “dual” to nsp. Finally,
(R®, M3y, hay = by (t)hy + ba(t)hy) is a six-contact Lie-Hamiltonian system for Xs.

Moreover, (R®, m3p, X3p) is a six-contact Lie system.
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10.4. A new control system

Another example of a Lie system, given in |55 Sec. 7.2.3.2], is a control system in
R? given by

dx dxo dxs

E = bl(t), E = bg(t), g = bQ(t)Il — bl(t)l'g,

dxy dxs dxg

T ba(t)x?, T by (t)x3, T ba(t)a5, (10.6)
dx dx

<Tt7 = by (t)a3, dTS = by (t)22my + bo(t)m1272,

where by (), ba(t) are arbitrary t-dependent functions. The above system is related
to a generalization to third degree of a Brockett system [6].

System is associated with the t-dependent vector field Xga, = b1(¢) X1 +
bg(t)XQ on RS, with

0 0 0 0
X, =2 _ .9 2 U 3 2., Y
1 911 T2 D5 + x5 D + an + z{T2 Be’
0 0 3]
X, = 2 v 2 Y 3.9 2 9
2 (9332 + o ((91'3 +$1 814 +3’31 8336 +JI1$28$8

By considering the vector fields®

0 0 0 0 0
X3 =[X1,Xo] =2— 4221 =— — 229 —— + 323 — 3 —7) —
3 = X, X0 Oz3 T i Ox4 2 Ozs + o Oz + (xg xl) Oxg’
0 0 0 0 0
Xi=[X1,X3]=2— +6x1— —201—, X5=[X2.X3]=—-2— +229—
4= [X1, X3] 6x4+ xl@xﬁ $18x87 5 = [Xo.X3] 8x5+ xQ@mg’
0 0 0
Xe=[X1,X4]=6— —2—, X7;=[X0, X5]=2—,
6 = [ X1, X4] D Ors 7 = [ X2, X5] Ors
we obtain a nilpotent Lie algebra Vs, = (X1,..., X7) whose structure is defined

by the non-vanishing commutation relations
[XlaXQ] :X37 [X17X3} :X47 [Xl?X‘d :X6’
(X2, X3] = X5, [Xo, X5] = X7

It should be noted that there exists another vector field, Xg = 8%7, which commutes
with Xi,..., X7 so that {X1,..., Xg} span the tangent space at each point of R%.
This gives rise to a locally automorphic Lie system (RS,ngb,Vggb). Since every
automorphic Lie system is locally diffeomorphic to an automorphic Lie system and
Vgy3p is mapped into the Lie algebra of right-invariant vector fields on a Lie group
with Lie algebra isomorphic to V3p, there exists a Lie algebra of Lie symmetries of
the vector fields of V3, on R® isomorphic to Vs, which are locally diffeomorphic

¢Note that there exists a small mistake in the form of the vector field X5 in |55, p. 185].
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to left-invariant vector fields on a Lie group G with Lie algebra isomorphic to Vgsp
(see |33] for details). Indeed, the Lie symmetries of X7, ..., Xg are spanned by

Y*ithiJr(xx +x)i+3xi+ i +}x37:c 9
e 8$1 281‘3 12 3 8l‘4 48.136 12 3 2 4 8.1387

0 0 0 1 0 0
Yo = — —gp— - — —x3 2 — Ya=2—
2 axg X1 81‘3 + (1311‘2 563) (9{)35 + <3ZE1 + T1To ZZ?5> (9{,138’ 3 (91'37

0 0 0 0 0 0
Yy=2—, Y;=-2 Ys=6——-2—, Y;=2— Yg=_—.
4 8334 ’ 5 81’5 ’ 6 8$6 8338 ’ 7 8:58 ’ 8 (91177
Since Y7, ..., Yg are linearly independent, there exist dual forms 01, ..., 6% There-

fore, we can consider the distribution D = (Y7, Y3,Y3) as the kernel of five-contact
form 6 = Z?: 40 ®e; and a vector bundle mapping in Definition is given by
p(va,v8) = 0([Zy, Zg)) for Z,, Zg € D. As the degeneracy of p is locally equivalent
to existence of a non-zero vector field Z € D such that [Z, W] € D for all W € D,
one can check that if Z = ¢1Y7 + c2Ys + ¢3Y3, then

D> [Z,Yﬂ = [Clyl +coYs + Cng,Yl] = C3[Y3,Y1] + CQ[YQ,Yﬂ = c3 =0,
D> [Z,Y},] = [Clyl + CQY27Y3] = Cl[Yl,Yg] + CQ[YQ,Y},} = C1 = Cy = O7

thus p is non-degenerate and D is maximally non-integrable. Additionally, it admits
five commuting Lie symmetries Xy, ..., Xg, hence it is a five-contact distribution
invariant with respect to X1, ..., Xg, which are ngs-Hamiltonian with regard to
five-contact form 7433 to be described next.

Consider the dual forms to Y7,...,Ys3, Xy, ..., Xg, namely

1 1 1
771 = dz, n2 = duxo, 773 = —ixgd:vl + 5$1d$2 + 5(‘11’3,

1 1 1 1
nt = —§(x1x2 + z3)dy + 5474, = 3 (2172 — w3) dwg — 5dzs,

1 1 1
n = 3 (21 (x122 + 3) — 24) dzg — §m1dx4 + deﬁ,

1 1
0 = —6332 (33;% + x%) dzi + 5 (—x‘;’ — 62125 4 3 (vox3 + J;g,)) dxo

1 1 1
—|—§x2da:5 + 6da:6 + idl‘g,

3 3
n = 5(501132 — x3)dxy — §dx5 + dxy.
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Dual forms associated with Xy, ..., Xg give rise to a five-contact form 743, =
Zi:4 n% ® eq, and the 7m43,-Hamiltonian functions of X,..., Xg read
1 1 1
h, = 5(2:11:2 + x3)es + 51‘%65 + 5(—1:1(&1:2 + x3) + x4)e€6
1 1
—§x§e7 + 5(3 — 2m9)zes,
1, 1 1 4 1 9
hy = —§LE164 + 5(—1:13:2 + x3)es + gxleﬁ + B} (1:13:2 — To3 — CE5) er

3
+-(—z122 + x3)es,

2
2 L 5
hs = —x1e4 — x9e5 + §x166 + §x267, h,=—-e,, a=4,...,8.
By taking Lie brackets of hy, ..., hg, one obtains that their non-vanishing relations

read
{h17h2} = _h3’ {h17h3} = _h’4a {h’lah4} = _h67
{h27h3} = _h5; {h2,h5} = —h7.

Then, X3, admits a five-contact Lie-Hamiltonian system (RS, Mg3bs hga, =
bi(t)hy + ba(t)hs). In fact, (RS, Ng3b, Xg3p) is a five-contact Lie system.

10.5. Front-wheel driven kinematic car

Let us consider another example of control system, namely

dzx dy do de tan ¢
A —Z — () tanf. -2 = coft — =c(t 10.
g - alt), g =a@tand, —=al), S =al)_— 10.7)
defined on the configuration manifold M = R? x I?, where I = (—%,%), with

coordinates {z,y, 0, ¢}, respectively, and arbitrary t-dependent functions c¢;(¢) and
co(t). System (|10.7)) is of interest as it describes a simple model of a car with front
and rear wheels [55]. Its associated t-dependent vector field is X = ¢ () Z1+c2(t) Za,
where

0 Jd tang¢ O 0
Z =2 4 tano— 9 z=2.
L= g TSt st 98 2T 96
By taking their commutators
1 3] 1 3]
Zy =21, 2] = ——————— = 2y =7, Dy = ——— —
3= 4, 2)] cosfcos2g 00’ ! |21, 2] cos3 0 cos? ¢ Oy’

one sees that 71, Zo, Z3, Z4 span TM. These vector fields do not close any finite-
dimensional Lie algebra, indeed, the successive Lie brackets of Y5 with Yy, namely
[Ya, Y], [Yo, [Ya,Y4]],. .., span an infinite-dimensional Lie algebra of vector fields.
When ¢;(t) and cz(¢) are not linearly dependent, one then has that is not a
Lie system.
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Nonetheless, ([10.7)) can be transformed into a Lie system related to a nilpotent
Vessiot—Guldberg Lie algebra by using the following transformation (see [15] for
details):

) tan 6
ci(t) =bu(t), coft) = —3sin® ¢cos€

Indeed, the successive change of coordinates

bi(t) + cos® 6 cos® ¢ by(t).

tan ¢
T =T, Te=——>, r3 =tanf, x4=y
cos3 0
transforms ((10.7)) into the control system on R* given by
dzy dzo dxs dzy
= — =b — =by(t — =by(t)xs. 10.8
o =), o =k(), —=bh)e, - =bh) (10.8)

System (|10.8) describes the integral curves of the t-dependent vector field X¢,, =
by (t)Xl + bg(t)Xz, with

0 0 0
Xy = - bmyo g, Xp =
! 15} 1 +I28l’3 +x38.’1¢4, 2 8.’172
Along with the following vector fields
0 0
X3 =[X1,Xo]=——, X X1, X
3 [ 1, 2} 8.133 9 4 = [ 1, 3] 8.134

the set { X1, X5, X3, X4} generates a nilpotent Lie algebra Viw with non-vanishing
commuting relations

(X1, Xo] = X3,  [X1, X3] = Xy
Because (X1, X2, X3, X4) = TR#, one has that (R*, X t,,, Vf,,) is a locally automor-

phic Lie system. Therefore, there exist, at least locally, Lie symmetries of Xy,..., X,
spanning Lie algebra isomorphic to Vy,, [33], namely
0 0 0 1 0 0 0 0
5/1 = — Y2 = + 1 —

oo T T T2 T o T T o
Since [Y1,Y2] = Y3 and Y7 A Y2 A Y3 is non-vanishing, the distribution D = (Y1, Y3)
is maximally non-integrable. Moreover, D is a two-contact distribution, since it
admits two commuting Lie symmetries X3 and X, such that Y7, Y5, X5, X4 span
TR#. One can construct its associated two-contact form 7, by considering dual
forms to Y7, Ys, X3, X4, namely

1
ffx%de + dxy

nt=dxy, n*=dry, 7°=mdry—dzs, n'= 5

which are duals to Y7, Ys, X3, X4. Then,
Npw=1"Q ez +n" ey

is a two-contact form with kerns, = D. Indeed, both Y; and Y5 span ker 7 ¢,,
kerdns, = (Xs3,X4) and kerny, N kerdnyp, = 0. Because Xi,..., X4 leave
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invariant D, they are my,-Hamiltonian vector fields with 1s,-Hamiltonian two-
functions

1
hy = zse3 — w3e4, hy = —x1e3 + 596%647 h, = —eq, a= 3,4,
which non-vanishing Lie brackets are
{h17h2} - _h37 {h’lah?)} - _h4-

Note that (R*,my, Xfw) is a four-contact Lie system and (R*,my,hpy =
b1 (t)h1 + ba(t)ho) is an associated 7 s,,-Lie Hamiltonian system.
Using Remark one has that
d<h1, €3>
dt

and ft bo(t")dt' — (hq,e3) is a t-dependent constant of motion for ([10.8)).

= —Xn(h1,¢%) = =({b1(t)h1 + ba(t)h2, hi}, €®) = Ru, (hju, €®) = ba(t)

11. PDE Lie Systems with a Compatible k-Contact Manifold

Let us briefly introduce PDE Lie systems [9, 55| and show that a Lie algebra of n-
Hamiltonian vector fields relative to a co-oriented k-contact manifold (M, n) allows
us to construct PDE Lie systems with a compatible k-contact manifold, the so-
called k-contact PDE Lie systems. These PDE Lie systems can be understood as
a certain type of Hamilton—De Donder—Weyl equations in the k-contact realm [58].
Moreover, methods developed for k-contact Lie systems can be easily generalized
to k-contact PDE Lie systems.

A t-dependent k-vector field on M with t € R* is a mapping X: RF x M —
@" TM such that 7#: @ TM — M satisfies 7o X = &, where m: R¥ x M — M is
the natural projection onto M. Every t-dependent k-vector field on M with ¢ € R*
amounts to a series of t-parametrized k-vector fields X; : M — @k TM, which in
turn implies that X can be considered as a family X = (X1, ..., X}) of t-dependent
vector fields on M with (X,); = 7% 0 X, for a = 1,..., k and every t € R*.

Given a t-dependent k-vector field X = (X71,..., Xy) on M, its associated system
is the system of first-order partial differential equations

;% =X, (t,y), a=1,....k, yeM, t=(@{,...,t*)YeRF.  (11.1)
Each particular solution v : R¥ — M with v(0) = z¢ is called an integral section
of X with initial condition xy at t = 0. Every t-dependent k-vector field has an
associated t-dependent system of partial differential equations in normal form, and
every t-dependent system of first-order partial differential equations in normal form
uniquely determines the integral sections of some t-dependent k-vector field. We
can then use X to refer both to a t-dependent k-vector field and the t-dependent
system of partial differential equations determining its integral sections. It is worth
stressing that not every t-dependent k-vector field X is such that its associated

system ((11.1)) is integrable.
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As for ordinary differential equations, an integrable system of first-order partial
differential equations on M of the form (11.1)) is said to admit a superposition rule
[14] if there exists a t-independent map ®: M* x M — M of the form

T =Q(z(1), .., T(0); ),
such that every generic solution of ([L1.1)) can be written as
z(t) = 2(z)(t), - - -, 20 (£); N),
where x(1)(t), ..., 2 (t) is any generic family of particular solutions of system (3.1)

and A is an element of M.

Theorem 11.1 (PDE Lie Theorem). A t-dependent system of PDEs X, with
t € R*, admits a superposition rule if and only if X = (X1,...,Xy) is integrable
and it can be cast into the form

Xo(t,z) =Y bA(t)Y,(2), a=1,...Fk
p=1

where Y1,..., Y, is a family of vector fields on M spanning an r-dimensional Lie
algebra of vector fields V- on M and " (t), with « = 1,...,k and p = 1,...,7, as
arbitrary t-dependent functions.

As in the case of Lie systems, the Lie algebra spanned by Y7,...,Y, is called a
Vessiot—Guldberg Lie algebra of the PDE Lie system.

Let us explain how a PDE Lie system on a Lie group G allows us to solve a
PDE Lie system on a manifold M whose Vessiot—Guldberg Lie algebra is given by
the fundamental vector fields of a Lie group action ®: G x M — M [55].

Theorem 11.2. Given a PDE Lie system on a Lie group G given by

dg - o
8tu :Zbﬂ(t3g)X§(g)’ gGG? /’L:]‘?"'7k’ (11'2)

a=1
and a Lie group action ®: G x M — M, the solution of the PDE Lie system on M
given by

Jy

T Doty Xaly), yeM, p=1,...k
a=1

where X, (y) = ®,. X (e) for the right-invariant vector fields XF € g = T. G with
a=1,...,r as
y(t) = 2(g(t),y(0))
for any y(0) € M and assuming that g(t) is the particular solution to with
g9(0) =e.
Let us provide several known and new examples of PDE Lie systems.

Example 11.3. Let us consider an example coming from a reduction of Wess—
Zumino—Witten—Novikov equations |12} [28]. Let us define a system of PDEs induced
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by a Lie algebra g of the form

) . 9 . .
a% =" )Ly Mg, 8;@ =3 fLt)RyMg, v G, i=1,...,n, (11.3)
B=1 B=1

where  {My,...,M,} is a basis of g, while ¢ = 1,...,n,
t= () e R oand P P fP P € €°(R2Y) are
arbitrary functions for every S = 1,...,r. Recall that L, and R, are the left-
and right- multiplications in G by ¥ € G. Let us choose bases {Y/¥,...,Y.l'} and
{Y{®, ..., YE} of left- and right-invariant vector fields on G, respectively, so that

system ([11.3)) can be then rewritten as

8t2 Zfﬁ ’ 8tz Z-f a veG, i=1,...,n,

which is the associated system of the t-dependent 2n-vector field X =
(X_pn,. o, X1, X1,...,X,) of the form

X_,_ZfB i, Xi= Zfﬁ Y5, i=1,...,n
B=1

The vector fields Yi&, ..., Y2, Y/f ... Y% span a finite-dimensional Lie algebra, as
every left-invariant vector field commutes with every right-invariant vector field,
and together span a Lie algebra isomorphic to g @ g, provided there is no vector
field that is left- and right-invariant simultaneously.

The integrability condition for reads

£+Xz, 0

o S X =0, dj=—n. L1

One can see that if ff = ff(tl,...,t”), ffj = fl_gj(t_l,...,t_"), forj=1,...,n
and f =1,...,r, and systems of PDEs given by the left- and right-hand sides in
(11.3) are integrable, then our WZNW system is a PDE Lie system.

Example 11.4. Let us analyze a system of PDEs associated with Floquet theory
and geometric phases for periodic Lie systems [29|, which is here shown to be a
PDE Lie system for the first time. This allows one to extend Floquet theory, which
is applied to t-dependent periodic linear systems, to general nonlinear t-dependent
periodic Lie systems. More in detail, the co-adjoint action of the Lie group G on
the dual g* to its Lie algebra g induces a system of PDEs of the form

00 90
a ad p1(t,s)Ys 9 &

for certain functions pi,p2: R? — g. In particular, additional assumptions on the
periodicity of py,p2 can be assumed in Floquet theory. Anyway, we will skip here-
after these conditions, which could be implemented if desired. Let us choose a basis

=ady,, 0, 0€g’, (ts) €R? (11.4)
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{&,...,&} of g, which induces a family of fundamental vector fields of the coad-
joint action Xéga (0) = —ad¢_0 for a = 1,...,7 and 0 € g*. Then, (11.4) reads

89 s a * 69 - o * *
3 =" LHEIXEE), F=- D BEIXLE), ser
a=1 a=

The solutions of (11.4]) are the integral sections of the (¢, s)-dependent two-vector
field on g* given by

X = (— S bt ) XE (0), — 3 b8 () XE <9>> |
a=1 a=1

which makes ((11.4) a PDE Lie system provided the integrability condition

o r . . ) r N .
[375 = bt 8)XE (6), 5 > b3 (ts)XE, (9)] =0
a=1 a=1

is satisfied.

Example 11.5. Let us consider the so-called g-structure, as defined in [26], which
is related to completely integrable distributions on M with simply transitive sym-
metry algebras and Cartan connections. A g-structure is a differential one-form, Y,
on an m-dimensional manifold M taking values in a Lie algebra g so that

dY(X1, X2) = —[Y(X1), YT (X2)] = —%[T, Y|(X1, Xo) (11.5)

for all vector fields X;,Xs on M. In particular, Maurer-Cartan forms are g-
structures [41]. Assume that g is the Lie algebra of the Lie group G, and G acts effec-
tively on an n-dimensional manifold N. A first integral of X is a function f: M — G
such that Ro Tf = Y, where R: vy € TG — Ry-1,v, € g. By fixing a point b € N
and introducing a Lie algebra homomorphism «: g — X(N), we can find a local
integral f: M — G of Y by means of the mapping F': ¢ € M — f(q)b € N , with
b e N and f(q)b the action of f(g) on b, satisfying

(Fq)* = aF(q) (¢] Tq, (116)
where oy : g — Ty N is given by aq(X) = a(X),. In local coordinates, (L1.6]) reads

dim g
85;?) =D as(F@)Y/(e), i=1,....m, (11.7)
B=1

for M 3 ¢ = (q',...,q™). It follows that (11.6)) is a system of PDEs associated with
the M-dependent m-vector field X = (X1,...,X,,) on N of the form

dim N dim g ) 9
Xi:‘z1 leozé(y)'ff(q)ayj7 i=1,....,m, y€N.
=1 A=

Moreover, one can verify that X is integrable (see Proposition [A.2). This makes
(11.6) a PDE Lie system, which admits a superposition rule described in [26].
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It is worth noting that all locally automorphic Lie systems admit a related g-
structure. Above example shows how the concept given in [26] is really important
in the theory of Lie systems and their generalizations, which seems to passed unad-
vertised so far.

Example 11.6. The next example of PDE Lie system that we are going to study
is related to Lax pairs for systems of PDEs [30]. In this case, a system of PDEs is
written as the compatibility condition for the integrability of a system of PDEs of
the form

% = A(t, s)g, % = B(t,8)g, ¢¢€G@qG, (11.8)
where A(t,z) and B(t,s) are functions taking values in the matrix algebra g of a
matrix group G. Moreover, the integrability condition for (11.8)), also called the
zero curvature condition, can be written as

0A OB
g — E + [A, B} =0. (11.9)

The coefficients of the matrix functions A, B depend on a function u: RZ2 — M
that is a solution of the initial system of PDEs if and only if is integrable.
In other words, the above system of PDEs 7 when considered as a system
of PDEs on the variable u, retrieves the system of PDEs under study. Meanwhile,
can be used to study the properties of 7 e.g. constants of motion,
Bécklund transformations, and other properties [21]. In particular, can be
understood as a linear spectral problem for studying immersed submanifolds related
to integrable systems [21].

The adjoint Lie group action of G on g relates (11.8]) with systems of PDEs of
the form

0X 0X
25~ XL =B

where X takes values in the matrix Lie algebra of G. In general, any system of the
form

OF & o OF & ..

E = O;Al (t,S)XO” g = ;AQ (t7S)Xa,
where X1, ..., X, are fundamental vector fields of an action of G on a manifold M,
which is a PDE Lie system related to (11.8).

Example 11.7. Let us again analyze a system of PDEs associated with Floquet
theory [29], which is here shown to be a PDE Lie system for the first time. Addition-
ally, we will show how we relate it to k-contact geometry. Let G be an r-dimensional
Lie group and let o be a smooth map R? > (s,t) — o(s,t) € G. The tangent vectors
to the image of ¢ are spanned by

Po(5,1) =
s = az_:l fs (Sa t)RU(s7t)*Uom

o5+ (s,t) =
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ore(s.1) = 205:)

= tha(svt)Ra(s,t)*va; (1110)

where {v1,...,v,} is a basis of the Lie algebra g = T.G. By choosing a base of
right—invariant vector fields X¥,..., XF on G, system (I1.10]) can be written as

27 Zf“ 50X (o (s,1)),

t) _ S F (s )X R (o (s, ).

The associated R2-dependent two-vector field X on G is given by

<Zf“st th (s:8)X, ))

and the integrability condition reads

8s+zf58t , —|—th57§ )]zO.

In certain cases, one can transform the right-invariant vector fields (X1)s+) =
S [, )X (X)) = Yoy (s, 6)XE into mp-Hamiltonian vector fields
related to a k-contact form 7, making a k-contact PDE Lie system. It is
enough to use the properties of the Lie algebra of a Lie group G to construct a left-
invariant k-contact form as done in 23] for Lie algebras of certain special unitary
Lie groups.

The above example suggests us the following definition.

Definition 11.8. A k-contact PDE Lie system is a triple (M,n, X : RF x M —
@k TM), where ) is a k-contact form on M and X is a PDE Lie system on M with
t € RF, whose smallest Lie algebra, VX, consists of n-Hamiltonian vector fields.

Let us prove that a finite-dimensional Lie algebra of Hamiltonian vector fields
relative to a k-contact form gives rise to a PDE Lie system which can be understood
as some Hamilton—De Donder—Weyl equations.

Theorem 11.9. If X;,..., Xy are n-Hamiltonian vector fields relative to a co-
oriented m-contact manifold (M,m), then (Xi,...,X) is an m-Hamiltonian k-
vector field.

Proof. Since Xj,..., X} are n-Hamiltonian vector fields relative to (M, n), they
possess a series of n-contact k-functions hq, ..., hy such that

ix.dn = dhy —Ryha, x,n=—ho, a=1,.. )k



k-contact Lie systems: Theory and applications 163

If {e!,..., ek} is the dual basis to {ey,...,e;} in R¥, one has that
<LXQd77a€a> = <dh‘avea> - <9%nha,ea>, <LXQ77»€Q> = _<hotuea>7 a = ]-7 ey k.

Summing over o = 1,...,k, one gets
k k k k
Zandno‘:d (ha,ea>—9‘inz<ha7e“>, LXana:—Z<ha7e“>.
a=1 a=1 a=1 a=1
In other words, (X1,...,Xk) is an n-Hamiltonian k-vector field. a

Example 11.10. Let us analyze Floquet theory for Lie systems related to a Lie
algebra isomorphic to gl,. Lie systems of this type appear in numerous applications
[2, 141 |29]. For instance, it appears in the Floquet theory and geometric phases for
oscillators with t-dependent periodic frequency, mass and drift [24]. Consider the
system of PDEs of the form

A _ 4hh,s), %:Afg(t,s), A € GLo, (11.11)

where fi, fo: R? — gl, are functions such that the above system of PDEs is inte-
grable, while GLs is the general linear group of invertible 2 x 2 matrices. In other
words, the above system of PDEs can be written as

0A 0A
E :XlL(t,s,A)a E :X2L(t,s»A)a

where XI(t,s, A), with i = 1,2, are R%-dependent vector fields on GLa. Then,
(11.11)) is a PDE Lie system associated with the (s,¢)-dependent two-vector field
X = (XF, X£) on GLy. Moreover,

0 0

~+X{, —+X5|=0.

ot A ds +A
Moreover, one can consider a basis of right-invariant one-forms 1, ... 7 dual at
the neutral element e in GLy to a basis of gl, such that

[v1,v2) = w1, [v1,03] = 2v9, [v2,v3] = w3,

and [vg,v;] = 0 for 4 = 1,...,4. Then, n% = nf @ e; + it ® ey is a two-contact
form since dnff = 2nft A nlt and dnf = 0. By recalling Example one gets
that X[ (t, s, A), X£(t,s, A) are R?.-dependent n%2-Hamiltonian vector fields with
R2-dependent nS2-Hamiltonian two-functions hi,hs. Therefore, Theorem m
ensures that the X associated with is an R2-dependent nt2-Hamiltonian
two-vector field with the R?-dependent Hamiltonian function h = (hq, ')+ (ha, €?).
Moreover, (GLy, 7%, X : R2 x GLy — @° TGLy) is a two-contact PDE Lie
system.

The whole theory of k-contact Lie systems can be quite straightforwardly gener-
alized to k-contact PDE Lie systems. For instance, every k-contact PDE Lie system
X admits a Vessiot—Guldberg Lie algebra V' of Hamiltonian vector fields relative
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to a k-contact form m. In turn, V is related to a Lie algebra 20 of n-Hamiltonian
k-functions. Moreover, every k-contact PDE Lie system X has k-components
Xi,...,X; and every X, of them admits an R*-dependent n-Hamiltonian k-
function g, taking values in 20. Then, the analogue of for a k-contact PDE
Lie systems X and a general n-Hamiltonian k-function I is

o1 o1 o1

A whole theory of master symmetries and constants of motion for k-contact PDE
Lie systems can be developed on the basis of the above formula and the methods
for k-contact Lie systems.

12. Conclusions and Outlook

By using some new ideas based on the notions in 23|, this paper introduces and
establishes the theoretical and practical significance of k-contact Lie systems. Many
examples of k-contact Lie systems have been presented, and k-contact geometry has
been employed to study some of their features like t-dependent constants of motion,
generators of constants of motion of order s, and master symmetries. Applications
demonstrate the approach versatility of our ideas. The work also inspects PDE Lie
systems and their potential compatibility with k-contact forms.

It is quite certain that a coalgebra method is available for k-contact Lie systems
of projectable type. The method could be also extended to k-contact PDE Lie
systems admitting a projectable condition. Our future aim will be to analyze its
properties and main applications in the future. Note also that the study of master
symmetries and generators of constants of motion of order s has been just started,
and there are many further possibilities that can be analyzed. In particular, we aim
to apply these ideas more in detail to PDE Lie systems with a compatible k-contact
form. Moreover, it is still convenient to characterize k-contact Lie groups on Lie
groups of dimension larger than three to extend the work [22], which characterizes
k-contact Lie systems on Lie groups of dimension three.

Appendix A

This appendix provides some technical issues that can be also found in [23] and
are here given to make the work more self-contained. Nevertheless, they may be
skipped in a first lecture and used just in case of necessity.

Proposition A.1. The map (4.5) is well defined.

Proof. The map does not depend on the vector fields X, X’ chosen to extend v, v’.
Moreover, any ¢ € Q' (U, R¥) such that ker{ = D|y gives rise to a trivialization
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TU/D|y ~ U x R* and p can be described as
p(v,v ) = Cr([X7X }z) = Xypix/€ — X;LXC - dCI(XIa Xa/c)
= —d¢.(v,v"), Vv,v' € D,. (A1)

|

Proof of Propos1t10n“ If X is an n-Hamiltonian vector field, then [X, D] C D.
This implies that Zxn® Zg I8 n? for certain functions fg € €>(M) and
a,f =1,...,k Then, defining h® = —1xn® for a« = 1,...,k, one has

k
(dbx+bxd Z B,

a=1,....k = ixdn® dha—|—z B a=1,... k.

Contracting with R, one obtains
0=1tpxdn® = R0+ [}, a,vy=1,... .k (A.2)
which implies that f = —R,h®, for a,y=1,...,k, and thus
k

exdn® = dh® — Z "’ (Rgh®), a=1,...k.
B=1

The converse is immediate.

Proof of Proposition Let us proceed by reducing to absurd. If dn is
degenerate when restricted to kern at a certain x € M, then there exists a non-
zero tangent vector v € kern, such that dn,(v,w) = 0 for every tangent vector
w € ker ... One gets that dn,. (v, R;) = 0 for each Reeb vector field R at x. Since i
has k Reeb vector fields spanning ker dn, these vector fields, along with a basis of
ker n, give rise at x to a basis of T, M. It follows that 0 # v € ker dn, Nker n, and n
is not a k-contact form. This is a contradiction and thus dn must be non-degenerate
when restricted to kern. In view of (A.), it follows that kern is maximally non-
integrable.

Proof of Proposition The direct part is a consequence of Proposition [4.14]
and the Reeb vector fields of n.

Let us prove the converse part. Given the vector fields Sy, ..., Sy on U, consider
the differential one-forms n',...,n* vanishing on D and dual to Si,..., Sy on U.
Such differential one-forms are unique and exist due to decomposition . Then,
they give rise to n = Z];:l N ®eq € QU,R¥) and n* A---AnF #0on U. For a
basis Xg41,...,Xm of kern around x, one has that the fact that [S;, D] C D and
[Si,S;] =0fori,j =1,...,k implies that

dn(Ss,S,) =0, dn(Ss, Xa) =0, a=k+1,....,m, By=1,. ..k
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Therefore, the rank of kerdn is at least k, and Sp,..., Sk span a supplementary
distribution to D around x € M. Moreover, there exists no tangent vector v/, €
ker dn such that v,y A Sy(z")A--- ASk(z') # 0 for 2’ € U, as otherwise there would
be an element 0 # v, € kern, Nkerdn, . Such an element would belong to the
kernel of dn,s restricted to kern,  and, since D is maximally non-integrable, one
has that v,y = 0. This is a contradiction, ker dn has rank k, while tkD > 0 and
D has corank k, and kerdn Nkern = 0. Hence, n is a k-contact form and D is a
k-contact distribution.

Lemma A.1l. Given an n-dimensional Lie algebra of vector fields (Y1,...,Yy,) on
an n-dimensional manifold M whose elements span TM, and let Y1,..., Y, be a
dual basis to Yi,...,Y,, one has

, 1 <& o
drlzfgzcjklrmrk, i=1,...,n,
Jk=1

for Vi, Y] =30 cij "V and 1 <i < j <n.

Proof of Proposition By using the formula for the differential of a one-
form, it follows that

dY* (Y}, Vi) = Y30 (Vi) — VX' (Y)) — ([, Yal) = =T ([, Yil)

6
= 7Ti <Z Cjklyz> = 7Cjki
=1

for every 4,7,k =1,...,n. Since Y7,...,Y, form a basis of vector fields on M, this
finishes the proof.

Lemma A.2. The system of PDFEs (11.7) is integrable.

Proof of Proposition [4.15] The result follows from the fact that the vector fields
0/0¢" + X;, with i = 1,...,m, on M x N commute among themselves, as shown in
the following calculation:

dim g 8 dizm:g
74- a(y) Y1 (q)
8q B=1 "0’ v=1 ’
dim g dim g 8T@(q) ar?
;g
=3 17 (9) Y] (q)[ovs, s )( Z ( 8qu B 8q§ )>
v,8=1 A=t

3 (T TS e, | (g)as(y) = (d‘r+ . r]) 0,
= 9q; dq;

B,e=1
where the last equality follows from (11.5).
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