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1. Introduction

In the second half of the 20th century, symplectic geometry proved to be a highly

effective geometric framework for formalizing analytical mechanics. This success is

well documented in numerous classical treatises on the subject (see, for instance,

[1, 3, 31, 56, 64, 68], and the references therein).

More recently, particularly during the early 21st century, there has been grow-

ing interest in the use of contact geometry [7, 46, 58] to describe a specific class of

mechanical systems: those exhibiting dissipation or, equivalently, non-conservative

behavior (see [11, 18] for a motivated introduction). Beyond this, contact geometry

has found broader applications in modeling various physical theories, such as ther-

modynamics, quantum mechanics, electric circuits and control theory [12, 19, 58].

This renewed interest has led to a significant body of literature. For example,

contact Hamiltonian systems have been studied in [13, 14, 26, 51], while their

Lagrangian counterparts are addressed in [19, 25, 41]. Other relevant developments

include non-autonomous systems [21, 44, 73], quantization [19] and variational for-

mulations dating back to the original work of Herglotz [54, 55]. (This list of refer-

ences is by no means exhaustive.)

Just as mechanical systems can exhibit non-conservative dynamics, so too can

classical field theories. These are generally known in physics as action-dependent

theories, which are extensions of standard models in which the corresponding

Lagrangian and Hamiltonian functions incorporate additional variables related to

the action. This results in extra terms in the dynamical or field equations, which

can be interpreted as encoding dissipative effects (although the applications of these

theories extend well beyond dissipation).

In the conservative case, several geometric frameworks generalizing symplectic

geometry have been developed to describe classical field theories. Among them are

the so-called k-(co)symplectic and polysymplectic formalisms, introduced in [4–6]

and later expanded and applied to describe Lagrangian and Hamiltonian field the-

ories (see [32, 48, 57] and references therein). However, the most general framework

is multisymplectic geometry [59, 60], for which there exists extensive literature. We

refer to [50, 74, 75] as general sources for its application to field theories and, in

particular, [2, 39, 76] for the Lagrangian formalism, [17, 38, 49, 53] for the Hamil-

tonian setting and [28] for the singular case.

In the context of action-dependent field theories, recent efforts have been made

to construct geometric frameworks analogous to the k-symplectic, k-cosymplectic

and multisymplectic formalisms. In particular, in [33, 40, 42, 52, 71], the so-called

k-contact and k-cocontact structures are introduced as natural extensions of contact

geometry, built upon the k-symplectic and k-cosymplectic foundations. Addition-

ally, the fusion of contact and multisymplectic frameworks has recently led to the

definition of the multicontact structure, proposed in [22–24, 72]. Other less general

approaches to similar geometric frameworks appear in [9, 37, 67, 78]; in particu-

lar, we highlight the different version of multicontact manifolds presented in [79].
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As in the case of contact mechanics, the field equations for action-dependent field

theories can be derived from a variational principle [47, 62], and for a precise and

general variational formulation in this multicontact framework, see [22, 43, 45].

Note that the notion of k-contact manifold is unrelated to the concept of k-contact

manifold, which is a generalization of Sasakian manifolds; these are, in turn, the

odd-dimensional counterparts of Kähler manifolds (see [8, 10, 77] for more details).

The aim of this paper is two-fold. First, we review the geometric formulations

previously introduced for first-order action-dependent field theories, namely the k-

contact, k-cocontact and multicontact frameworks, as developed in [22–24, 40, 42,

71]. In this review, we restrict our attention to the case of regular theories, that is,

those defined by regular Lagrangian functions. For a detailed analysis of singular

cases, we refer the reader to the aforementioned references. Second, we establish a

correspondence between these geometric structures in the particular setting where

the phase bundles associated with the field theories are assumed to be trivial. In

this regard, our aim is not to give a detailed description of these formulations, but

rather to outline their main features. Readers interested in a detailed development

of physically relevant examples may consult [23, 70, 71].

The paper is organized as follows. Sections 2–4 provide a review of the k-

contact, k-cocontact and multicontact formulations, respectively. In each case, we

first introduce the underlying geometric structure and then develop the correspond-

ing Lagrangian and Hamiltonian formalisms for action-dependent field theories.

Sections 5 and 6 contain the main original contributions of this work. In particular,

Sec. 5 is devoted to studying the relationship between the geometric frameworks

mentioned above under the assumption of trivial phase bundles and, in Sec. 6, our

notion of a multicontact structure is compared to that given in [79].

All manifolds are real, second-countable and class C∞, and the mappings are

assumed to be smooth. Sum over crossed repeated indices is understood.

The following notation will be used throughout, adhering to standard

conventions:

• C∞(M): Smooth functions in a manifold M.

• Ωk(M): Module of differential forms of degree k in a manifold M.

• X(M): Module of vector fields in a manifold M.

• Xk(M): Module of k-multivector fields in a manifold M.

• ι (X) Ω or ιXΩ: Inner contraction of a vector field X ∈ X(M) and a k-form

Ω ∈ Ωk(M).

• L (X) or LX : Lie derivative by a vector field X ∈ X(M).

• d: Exterior differential of differential forms.

2. k-Contact Field Theories

In this section, we present the most simple geometric description of action-

dependent field theories, using a new framework that is an evolution of the
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174 J. Gaset Rifà, X. Rivas & N. Román-Roy

k-symplectic formulation of classical field theories and contact mechanics. These

kinds of formulation are specific for field theories that have the peculiarity that

the Lagrangian or Hamiltonian functions describing them are independent of the

space-time coordinates (or those analogous to these).

2.1. k-contact structures and k-contact Hamiltonian systems

The k-contact (and k-precontact) manifolds (M, ηα) and Hamiltonian systems

defined on them were introduced in [40], where you can find more details on their

definitions and properties. See also [33] for a detailed study of the geometry of k-

contact manifolds.

2.1.1. k-Contact structures

Given an N -dimensional manifold M, recall that, for every non-vanishing, differ-

ential 1-form η ∈ Ω1(M), its annihilator is a distribution of corank 1, denoted

〈η〉◦ ⊂ TM, which can be described as the kernel of the vector bundle morphism

η̂ : TM→M× R defined by η. Furthermore, η generates a regular codistribution

of rank 1, denoted by 〈η〉 ⊂ T∗M.

The following definition generalizes the concept of contact structure (which is

recovered as a particular case, when k = 1):

Definition 2.1. Given k differential 1-forms η1, . . . , ηk ∈ Ω1(M), consider the

following associated distributions and codistributions:

CC = 〈η1, . . . , ηk〉 ⊂ T∗M,

DC = (CC)◦ = ker η̂1 ∩ · · · ∩ ker η̂k ⊂ TM,

DR = ker d̂η1 ∩ · · · ∩ ker d̂ηk ⊂ TM,

CR = (DR)◦ ⊂ T∗M.

The family {ηα} is said to be a k-contact structure on M if:

(i) DC ⊂ TM is a regular distribution of corank k; or, equivalently, η1∧· · ·∧ηk 6= 0,

at every point.

(ii) DR ⊂ TM is a regular distribution of rank k.

(iii) DC ∩ DR = {0} or, what is equivalent,
⋂k
α=1(ker η̂α ∩ ker d̂ηα) = {0}.

A k-contact manifold is a manifold M endowed with a k-contact structure and

is denoted (M, ηα), 1 ≤ α ≤ k. We call CC the contact codistribution, DC the

contact distribution, DR the Reeb distribution, and CR the Reeb codistribution of

the k-contact structure.

Remark 2.2. If conditions (i) and (ii) hold, then (iii) is equivalent to

(iii′) TM = DC ⊕DR.
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Theorem 2.3. Let (M, ηα) be a k-contact manifold.

(1) The Reeb distribution DR is involutive and therefore integrable.

(2) There exist k vector fields Rα ∈ X(M), called Reeb vector fields, which are

uniquely defined by the relations

ιRβη
α = δαβ , ιRβdηα = 0. (2.1)

(3) The Reeb vector fields commute, [Rα, Rβ ] = 0, and they generate the Reeb

distribution DR.

Proposition 2.4. Let (M, ηα) be a k-contact manifold. Around every point of M,

there is a local chart of coordinates (U ; zI ; sα), U ⊂M, such that

Rα|U =
∂

∂sα
, ηα|U = dsα − fαI (zJ)dzI ,

which are called adapted coordinates (to the k-contact structure).

The existence of canonical coordinates is only assured for a particular kind of

k-contact manifolds.

Theorem 2.5 (Darboux theorem for k-contact manifolds). Let (M, ηα) be

a k-contact manifold of dimension n + kn + k such that there exists an integrable

subdistribution V of DC with rankV = nk. Then, around every point of M, there

exists a local chart of coordinates (U ; ya, pαa , s
α), 1 ≤ α ≤ k, 1 ≤ a ≤ n, such that

ηα|U = dsα − pαa dya, DR|U =

〈
Rα =

∂

∂sα

〉
, V|U =

〈
∂

∂pαa

〉
.

They are called the canonical or Darboux coordinates of the k-contact manifold.

The following example constitutes the canonical model for these kinds of k-

contact manifolds.

Example 2.6. Given k ≥ 1, let Q be an n-dimensional differentiable manifold; con-

sider the vector bundle ⊕kT∗Q := T∗Q⊕ k· · · ⊕T∗Q, which is called the k-cotangent

bundle or bundle of k1-momenta of Q. Then, the manifoldM = (⊕kT∗Q)×Rk has

a canonical k-contact structure defined by the 1-forms

ηα = dsα − θα,

where sα is the αth cartesian coordinate of Rk, and θα is the pull-back of

the canonical 1-form of T∗Q to (⊕kT∗Q) × Rk by the corresponding projection

(⊕kT∗Q)×Rk → T∗Q. Using coordinates ya on Q and natural coordinates (ya, pαa )

on each T∗Q, their local expressions are

ηα = dsα − pαa dya, (2.2)

and the Reeb vector fields are

Rα =
∂

∂sα
.
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Remark 2.7. Note that, if (M, ηα) admits a polarization V, then dimM = n +

nk + k for some n, k ∈ N. One may wonder when dim M can be written in this

form. Observe that

n+ nk + k = (n+ 1)(k + 1)− 1,

so dimM + 1 must be a composite number. In other words, if (M, ηα,V) is a

polarized k-contact manifold, dimM+ 1 cannot be a prime number.

In order to apply Darboux’s theorem, the manifold must admit a polarization.

The following example illustrates this by providing a 2-contact manifold that does

not admit Darboux coordinates.

Example 2.8. Let M = R6 with coordinates (x, y, p, q, s, t). The differential

1-forms

η1 = ds− 1

2
(ydx− xdy), η2 = dt− pdx− qdy

define a 2-contact structure on M. Let us check the conditions of the definition.

First, the 1-forms are clearly linearly independent. Then,

dη1 = dx ∧ dy, dη2 = dx ∧ dp+ dy ∧ dq,

from which DR =
〈
∂
∂s ,

∂
∂t

〉
, which has rank 2. Obviously, none of these two vector

fields belong to the kernel of the 1-forms, which is condition (iii) in Definition 2.1.

The Reeb vector fields are

R1 =
∂

∂s
, R2 =

∂

∂t
.

Note that the coordinates in this example are not Darboux-like. In fact, in view of

Remark 2.7, this two-contact manifold cannot be written as a polarized k-contact

manifold: its dimension, six, is not a composite number minus one.

Remark 2.9. In this section, we have defined k-contact manifolds inspired by the

canonical model given in Example 2.6. Assuming the existence of a polarization,

this guaranties the existence of well-defined Reeb vector fields, k-contact forms,

Darboux coordinates and so on.

However, jet bundles may be considered as a more general model. Jet bundles

are endowed with the so-called Cartan distribution [34, 39, 76], which can be locally

described as the kernel of a k-contact structure. This makes it possible to define a

k-contact manifold as a manifold that is locally a jet bundle. This is the approach

adopted in [33].

2.1.2. k-Contact Hamiltonian systems

First, let ⊕kTM := TM⊕ k· · · ⊕TM be the so-called k-tangent bundle or bundle of

k1-velocities of M. It is endowed with natural projections to each direct summand
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and to the base manifold:

τα : ⊕k TM→ TM, τ1
M : ⊕k TM→M.

Then, a k-vector field on M is a section X : M→⊕kTM of the projection τ1
M. It

is specified by giving k vector fields X1, . . . , Xk ∈ X(M), obtained as Xα = τα ◦X.

Then, the k-vector field is specified as X = (X1, . . . , Xk). Every k-vector field

X = (X1, . . . , Xk) induces a decomposable, contravariant, skew-symmetric tensor

field, X1 ∧ · · · ∧Xk, which is a section of the bundle ΛkTM→M, and hence this

also induces a tangent distribution onM. The sections of this bundle are generically

called k-multivector fields inM and, when they are of the form X1∧· · ·∧Xk (at least

locally), are called (locally) decomposable k-multivector fields (see Appendix A).

Let ψ : D ⊂ Rk → M be an immersion. If t = (1, . . . , k) denote the canonical

coordinates in Rk, let ψ(x) = (ψI(x)), 1 ≤ I ≤ N . Then, the first prolongation of

ψ to ⊕kTM is the map ψ′ : D ⊂ Rk → ⊕kTM defined by

ψ′(x) =

(
ψI(x),Tψ

( ∂

∂x1

∣∣∣
x

)
, . . . ,Tψ

( ∂

∂xk

∣∣∣
x

))
≡ (ψ(x);ψ′α(x)).

We say that ψ is an integral map of a k-vector field X = (X1, . . . , Xk) if

ψ′ = X ◦ψ, (2.3)

or, equivalently, if Tψ ◦ ∂
∂xα = Xα ◦ψ, for every α. A k-vector field X is integrable

if every point of Q is in the image of an integral map of X. In coordinates, if

Xα = Xa
α

∂

∂ya
+Xa

αβ

∂

∂yaβ
+Xβ

α

∂

∂sβ
,

then ψ(x) =
(
ya(x), yaα(x), sα(x)

)
is an integral map of X if and only if it is a

solution to the system of partial differential equations,

∂ya

∂xα
= Xa

α(ψ),
∂yaβ
∂xα

= Xa
αβ(ψ(x)),

∂sβ

∂xα
= Xβ

α(ψ(x)). (2.4)

Now, we define the following.

Definition 2.10. A k-contact Hamiltonian system is a family (M, ηα,H), where

(M, ηα) is a k-contact manifold, and H ∈ C∞(M) is called a Hamiltonian function.

The field equations of a contact Hamiltonian system can be expressed in geo-

metric form in two alternative ways:

Definition 2.11. The k-contact Hamilton–de Donder–Weyl equations for a map

ψ : D ⊂ Rk →M areιψ′αdηα =
(
dH− (LRαH)ηα

)
◦ψ,

ιψ′αη
α = −H ◦ψ.

(2.5)
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The k-contact Hamilton–de Donder–Weyl equations for a k-vector field X =

(X1, . . . , Xk) in M are ιXαdηα = dH− (LRαH)ηα,

ιXαη
α = −H.

(2.6)

Their solutions are called Hamiltonian k-vector fields.

Bearing in mind the definition of the integral maps of an integrable k-vector

field (see Eqs. (2.3) and (2.4)), it is immediate to prove the following.

Proposition 2.12. If X is an integrable k-vector field in M, then every integral

map ψ : D ⊂ Rk →M of X satisfies the k-contact equation (2.5) if and only if X

is a solution to (2.6).

If (M, ηα,H) is a contact Hamiltonian system; using canonical coordinates for

the contact structure (M, ηα), if ψ(x) = (ya(x), pαa (x), sα(x)) is a solution to

Eqs. (2.5), then ψ′α =
(
ya, pαa , s

α, ∂y
a

∂β ,
∂pαa
∂β ,

∂sα

∂β

)
, and Eqs. (2.5) read



∂ya

∂xα
=
∂H
∂pαa

◦ ψ,

∂pαa
∂xα

= −
(
∂H
∂ya

+ pαa
∂H
∂sα

)
◦ ψ,

∂sα

∂xα
=

(
pαa
∂H
∂pαa

−H
)
◦ ψ.

Furthermore, if X = (Xα), with Xα = Xβ
α

∂

∂sβ
+ Xa

α

∂

∂ya
+ Xβ

αa

∂

∂pβa
, is a k-vector

field solution to (2.6), then these equations lead to

Xa
α =

∂H
∂pαa

,

Xα
αa = −

(
∂H
∂ya

+ pαa
∂H
∂sα

)
,

Xα
α = pαa

∂H
∂pαa

−H.

(2.7)

And, from these last equations (2.7) we obtain that (see also [40]).

Proposition 2.13. If (M, ηα,H) is a contact Hamiltonian system, then there exist

solutions to Eqs. (2.6), although they are neither unique nor necessarily integrable.
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Remark 2.14. An equivalent way to write Eqs. (2.6) is as follows:{
LXαη

α = −(LRαH)ηα,

ιXαη
α = −H.

Another alternative and partially equivalent expression for the Hamilton–De

Donder–Weyl equations, without using the Reeb vector fields Rα, is as follows: con-

sider the 2-forms Ωα = −H dηα+dH∧ηα. On the open setO = {p ∈M|H(p) 6= 0},
if a k-vector field X = (Xα) satisfiesιXαΩα = 0,

ιXαη
α = −H,

then X is a solution of the Hamilton–De Donder–Weyl equations (2.6). Then, the

integral maps ψ of such a k-vector fields are solutions toιψ′αΩα = 0,

ιψ′αη
α = −H ◦ ψ.

This approach, which avoids the need for Reeb vector fields, may be useful when

dealing with field theories described by singular Lagrangians, where the Reeb vector

fields may fail to exist or to be unique. It is noteworthy that, unlike in mechan-

ics, the field theories arising in modern physics are typically described by singular

Lagrangians. See [23, 52] for examples of singular action-dependent field theories.

Remark 2.15. Let us briefly consider the case in which the manifold does not

admit Darboux coordinates, but only weaker adapted coordinates (xI ; sα) (see

Proposition 3.5). We have

Rα =
∂

∂sα
, ηα = dsα − fαI (x)dxI ,

dηα =
1

2
ωαIJdxI ∧ dxJ , with ωαIJ =

∂fαI
∂xJ

− ∂fαJ
∂xI

.

The map ψ is expressed as ψ(t) = (xI(t), sβ(t)), and ψ′α =
(
xI , sβ ; ∂x

I

∂tα ,
∂sβ

∂tα

)
. Then,

Hamilton–De Donder–Weyl equations (2.5) read
∂xJ

∂tα
ωαJI =

∂H
∂xI

+
∂H
∂sα

fαI ,

∂sα

∂tα
− fαI

∂xI

∂tα
= −H.

2.2. k-contact Lagrangian formalism

Now we describe the Lagrangian formalism of action-dependent field theories, using

k-contact structures.
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2.2.1. Geometry of the phase bundle

Let Q be an n-dimensional differentiable manifold, and consider its k-tangent bun-

dle ⊕kTQ = TQ⊕ k. . . ⊕TQ. The natural coordinates in ⊕kTQ are denoted by

(ya, yaα), with 1 ≤ i ≤ n and 1 ≤ α ≤ k.

The k-tangent bundle has some canonical structures, which are induced on it by

the canonical structures of the tangent bundle TQ. In particular, first we have the

so-called canonical k-tangent structure, which is the set (J1, . . . , Jk) of tensor fields

of type (1, 1) in ⊕kTQ whose local expressions in natural coordinates are Jα =
∂

∂yaα
⊗ dya. Second, we have the Liouville vector field ∆ ∈ X(⊕kTQ), which is the

infinitesimal generator of dilations in the fibers of the bundle ⊕kTQ→ TQ; that is,

whose flow ψ : R×⊕kTQ→ ⊕kTQ is given by ψ(t; v1q, . . . , vkq) = (etv1q, . . . , e
tvkq).

In coordinates, ∆ = yaα
∂
∂yaα

.

A map ϕ : D ⊂ Rk → ⊕kTQ is said to be holonomic if it is the first pro-

longation of a map φ : D ⊂ Rk → Q. In coordinates, if φ(x) = (φa(x)), then

φ′(x) =
(
φa(x), ∂φ

a

∂xα (x)
)
. (See [32] for more details on all the above topics.)

Action-dependent Lagrangian field theories are developed in a bundle that is

built by enlarging the above k-tangent bundle to include the dissipation vari-

ables. Thus, consider the bundle P ≡ ⊕kTQ × Rk; whose natural coordinates are

(ya, yaα, s
α). We have the canonical projections

τ̄1 : P ≡ ⊕kTQ× Rk → ⊕kTQ, τ̄2 : P ≡ ⊕kTQ× Rk → Rk,

sα : P ≡ ⊕kTQ× Rk → R, τ̄Q×Rk : P ≡ ⊕kTQ× Rk → Q× Rk.

The manifolds P and Q×Rk are called the k1-velocity phase space and the config-

uration space of the k-contact field theory, respectively.

Definition 2.16. Let ψ : Rk → Q×Rk and φ : Rk → Q be smooth maps such that

ψ(x) = (φa(x), sα(x)). The first prolongation of ψ to P = ⊕kTQ × Rk is the map

ψ : Rk → ⊕kTQ × Rk given by ψ = (φ′, sα); where φ′ : Rk → ⊕kTQ is the first

prolongation of φ to ⊕kTQ. The map ψ is said to be holonomic in P .

In coordinates, the expression of a holonomic map in P is

ψ(x) =

(
φa(x),

∂φa

∂xα
(x), sα(x)

)
. (2.8)

Definition 2.17. A k-vector field Γ in P is said to be holonomic or a second-order

partial differential equation (sopde) if it is integrable and its integral maps are

holonomic in P .

If ψ is locally given by (2.8), and it is an integral map of a sopde Γ, whose

vector field components have local expressions as

Γα = Γaα
∂

∂ya
+ Γaαβ

∂

∂yaβ
+ Γβα

∂

∂sβ
.



June 22, 2026 10:24 WSPC/2972-4589 354-GM 2640001

A survey on action-dependent field theories 181

Then, from (2.3) we see that the components of ψ(x) are the solution to the system

of second-order partial differential equations

∂φa

∂α
= Γaα(ψ(x)),

∂2φa

∂α∂β
= Γaαβ(ψ(x)). (2.9)

Therefore, the local expressions of the vector field components of a sopde are

Γα = yaα
∂

∂ya
+ Γaαβ

∂

∂yaβ
+ Γβα

∂

∂sβ
, (2.10)

and observe that from the second equation of (2.9), we obtain Γaαβ = Γaβα.

Remark 2.18. Since ⊕kTQ × Rk → ⊕kTQ is a trivial bundle, the canonical

structures in ⊕kTQ; i.e. the canonical k-tangent structure and the Liouville vector

field, can be extended to P ≡ ⊕kTQ × Rk in a natural way. They are denoted

with the same notation, (Jα) and ∆, and have the same coordinate expressions as

above. Then, using these structures, we have the following alternative geometric

characterizations for sopde k-vector fields in P .

Then, a simple calculation in coordinates leads to the following result.

Proposition 2.19. An integrable k-vector field Γ = (Γα) in P is a sopde if and

only if Jα(Γα) = ∆.

Remark 2.20. The k-vector fields that satisfy the above condition, Jα(Γα) = ∆,

whose local expression is (2.10), are called semi-holonomic k-vector fields.

2.2.2. k-Contact Lagrangian systems

Now, we can state the Lagrangian formalism for action-dependent field theories

(see [42]).

Definition 2.21. A Lagrangian function is a function L ∈ C∞(P ). The Lagrangian

energy associated with L is the function

EL := ∆(L)− L ∈ C∞(P ).

The Cartan forms associated with the Lagrangian function L are

θαL = t(Jα) ◦ dL ∈ Ω1(P ), ωαL = −dθαL ∈ Ω2(P ).

Finally, we can define the forms

ηαL = dsα − θαL ∈ Ω1(P ), dηαL = ωαL ∈ Ω2(P ).

In natural coordinates (ya, yaα, s
α) of P , the local expressions of these elements

are

EL = yaα
∂L
∂yaα
− L, ηαL = dsα − ∂L

∂yaα
dya. (2.11)
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Definition 2.22. The Legendre map associated with a Lagrangian L ∈ C∞(P ) is

the fiber derivative of L, considered as a function on the vector bundle τ̄Q×Rk : P →
Q× Rk; that is, the map FL : P ≡ ⊕kTQ× Rk → P ∗ ≡ ⊕kT∗Q× Rk, given by

FL(v1q, . . . , vkq; s
α) =

(
FLs(v1q, . . . , vkq), s

α
)

; (v1q, . . . , vkq) ∈ ⊕kTQ,

where Ls denotes the restriction of the Lagrangian function to the fibers of the

projection τ̄2 : ⊕kTQ×Rk → Rk (i.e. with sα “frozen”), and FLs : ⊕kTQ→ ⊕kT∗Q

is the corresponding fiber derivative.

The local expression of this map is FL(ya, yaα, s
α) =

(
ya, ∂L∂yaα

, sα
)
.

Proposition 2.23. For a Lagrangian function L the following conditions are

equivalent:

(1) (P, ηαL) is a k-contact manifold.

(2) The Legendre map FL is a local diffeomorphism.

(3) The Hessian matrix
(

∂2L
∂yaα∂y

b
β

)
is nondegenerate everywhere.

Definition 2.24. A Lagrangian function L is said to be regular if the equivalent

conditions in Proposition 2.23 hold. Otherwise, L is a singular Lagrangian. In par-

ticular, L is said to be hyperregular if FL is a global diffeomorphism.

Definition 2.25. The pair (P,L) is called a k-contact Lagrangian system. It defines

a k-contact Hamiltonian system (P, ηαL, EL).

For a k-contact Lagrangian system (P,L); i.e. when L is regular, the Reeb vector

fields (RL)α ∈ X(P ) for this system are the unique solution to Eqs. (2.1), which

now read as

ι(RL)αdηβL = 0, ι(RL)αη
β
L = δβα.

In this case, there exists the inverse W ij
αβ of the Hessian matrix, namely

W ab
αβ

∂2L
∂ybβ∂y

c
γ

= δac δ
γ
α, and then we obtain the following:

(RL)α =
∂

∂sα
−W ba

γβ

∂2L
∂sα∂ybγ

∂

∂yaβ
.

2.2.3. The k-contact Lagrangian equations

The field equations for the Lagrangian formalism of action-dependent field theories

can be expressed in the two alternative ways stated in Definition 2.11.

Definition 2.26. Let (P,L) be a k-contact Lagrangian system.

(1) The k-contact Euler–Lagrange equations for holonomic maps ψ : Rk → P areιψ′αdηαL = (dEL − (L(RL)αEL η
α
L) ◦ψ,

ιψ′αη
α
L = −EL ◦ψ.

(2.12)
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(2) The k-contact Lagrangian equations for holonomic k-vector fields XL =

((XL)α) in P are ι(XL)αdηαL = dEL − (L(RL)αEL)ηαL,

ι(XL)αη
α
L = −EL.

(2.13)

A k-vector field which is a solution to these equations is called a Lagrangian k-

vector field. These holonomic k-vector fields are called Euler–Lagrange k-vector

fields.

Proposition 2.27. Let (P,L) be a k-contact Lagrangian system. If XL is a holo-

nomic k-vector field (that is, a sopde) solution to the Lagrangian equations (2.13),

then its integral sections are the solutions to the multicontact Euler–Lagrange field

equations for holonomic sections (2.12) associated with L.

In addition, if the Lagrangian system is regular (that is, k-contact) then:

(1) The k-contact Lagrangian field equations for k-vector fields (2.13) admit solu-

tions on P . (The solutions are not unique if m > 1.)

(2) Every k-vector field XL that is solution to Eqs. (2.13) is semi-holonomic.

Proof. In a natural chart of coordinates of P , Eqs. (2.12) read

∂

∂α

(
∂L
∂yaα
◦ψ
)

=

(
∂L
∂ya

+
∂L
∂sα

∂L
∂yaα

)
◦ψ, ∂sα

∂α
= L ◦ψ, (2.14)

meanwhile, for a k-vector field XL = ((XL)α), with

(XL)α = (XL)aα
∂

∂ya
+ (XL)aαβ

∂

∂yaβ
+ (XL)βα

∂

∂sβ
,

the Lagrangian equations (2.13) are

0 = L+
∂L
∂yaα

(
(XL)aα − yaα

)
− (XL)αα, (2.15)

0 =
(

(XL)aα − yaα
) ∂2L
∂yaα∂s

β
, (2.16)

0 =
(

(XL)aα − yaα
) ∂2L
∂ybβ∂y

a
α

, (2.17)

0 =
(

(XL)aα − yaα
) ∂2L
∂yb∂yaα

+
∂L
∂yb
− ∂2L
∂sβ∂ybα

(XL)βα

− ∂2L
∂ya∂ybα

(XL)aα −
∂2L

∂yaβ∂y
b
α

(XL)aαβ +
∂L
∂sα

∂L
∂ybα

. (2.18)
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If XL is a sopde, then yaα = (XL)aα; therefore, Eqs. (2.16) hold identically and

(2.15) and (2.18) give

(XL)αα = L, (2.19)

∂L
∂yb
− ∂2L
∂sβ∂ybα

(XL)βα −
∂2L

∂ya∂ybα
yaα −

∂2L
∂yaβ∂y

b
α

(XL)aαβ = − ∂L
∂sα

∂L
∂ybα

. (2.20)

Finally, for the holonomic integrable maps of XL, these last equations lead to the

Euler–Lagrange equations (2.14) for its integral maps. In addition, the first equation

(2.19) relates the variation of the “dissipation coordinates” sα to the Lagrangian

function.

If L is a regular Lagrangian, Eqs. (2.17) lead to yaα = (XL)aα, which is the sopde

condition for XL. Furthermore, Eqs. (2.20) have always solution for coefficients

(XL)bαβ (not necessarily unique, unless k = 1), since the Hessian matrix
(

∂2L
∂yaα∂y

b
β

)
is regular everywhere.

2.3. k-contact Hamiltonian formalism

Next, we use the developments stated in Sec. 2.1.2 to develop the Hamiltonian

formalism for action-dependent field theories.

In the k-contact ambient, action-dependent Hamiltonian field theories are devel-

oped in a manifold which is built enlarging the k-cotangent bundle of a manifold

Q, as in the Lagrangian setting. Thus, we consider the bundle P ∗ ≡ ⊕kT∗Q× Rk;

whose natural coordinates are (ya, pαa , s
α). We have the canonical projections

τ̃1 : ⊕k T∗Q× Rk → ⊕kT∗Q, τ̃2 : ⊕k T∗Q× Rk → Rk,

sα : ⊕k T∗Q× Rk → R, τ̃Q×Rk : ⊕k T∗Q× Rk → Q× Rk.

Regular or k-contact Hamiltonian field theories take place in the canonical k-contact

manifold (⊕kT∗Q×Rk, θα), giving a Hamiltonian function H ∈ C∞(⊕kT∗Q×Rk).

Remark 2.28 (The canonical k-contact Hamiltonian system associated

with a k-contact Lagrangian system). In particular, if (P = ⊕kTQ×Rk,L) is

a k-contact Lagrangian system, we have that FL is a local or global diffeomorphism

between P and P ∗, depending on L to be a regular or hyper-regular Lagrangian.

Then, bearing in mind the coordinate expressions (2.2) and (2.11) of ηα ηαL, and of

the Legendre map, we have that

θαL = FL ∗θα, ωαL = FL ∗ωα,

where ωα = −dθα. Furthermore, there exists (maybe locally) a function H ∈
C∞(P ∗) such that

H = EL ◦ FL−1.

Then, (P ∗, ηα,H) is the canonical k-contact Hamiltonian system associated with

the k-contact Lagrangian system (P,L) and, for it, FL∗(RL)α = Rα. Therefore, if
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XL is an Euler–Lagrange k-vector field associated with L in P , then FL∗XL = XH
is a contact Hamiltonian k-vector field associated with H in P ∗, and conversely.

3. k-Cocontact Field Theories

This section reviews the basics of k-cocontact manifolds and their applications in

modeling non-autonomous action-dependent field theories (see [71] for details).

3.1. k-cocontact structures and k-cocontact Hamiltonian systems

First, we summarize the fundamental concepts and properties about k-cocontact

manifolds and k-cocontact Hamiltonian systems.

3.1.1. k-Cocontact structures

Given an N -dimensional manifoldM, let τ1, . . . , τk ∈ Ω1(M) be a family of closed

one-forms on M and let η1, . . . , ηk ∈ Ω1(M) be a family of one-forms on M.

A k-cocontact structure is characterized by a particular relation between certain

intersections of the kernels of these one-forms. To facilitate the interpretation of

the results, we will use the following compact notation:

• CC = 〈η1, . . . , ηk〉 ⊂ T∗M,

• DC = (CC)◦ = ker η̂1 ∩ · · · ∩ ker η̂k ⊂ TM,

• DR = ker d̂η1 ∩ · · · ∩ ker d̂ηk ⊂ TM,

• CR = (DR)◦ ⊂ T∗M,

• CS = 〈τ1, . . . , τk〉 ⊂ T∗M,

• DS = (CS)◦ = ker τ̂1 ∩ · · · ∩ ker τ̂k ⊂ TM.

With these notations, we can define the notion of k-cocontact structure.

Definition 3.1. A k-cocontact structure on a manifold M is a family of k closed

differential one-forms τ1, . . . , τk ∈ Ω1(M) and a family of k differential one-forms

η1, . . . , ηk ∈ Ω1(M) such that, with the preceding notations,

(1) DC ⊂ TM is a regular distribution of corank k,

(2) DS ⊂ TM is a regular distribution of corank k,

(3) DR ⊂ TM is a regular distribution of rank 2k,

(4) DC∩DS is a regular distribution of corank 2k, DC∩DR is a regular distribution

of rank k, and DS ∩ DR is a regular distribution of rank k,

(5) DC ∩ DR ∩ DS = {0}.

We call CC the contact codistribution, DC the contact distribution, DR the Reeb

distribution, CR the Reeb codistribution, CS the space-time codistribution and DS

the space-time distribution.

A manifold M endowed with a k-cocontact structure τ1, . . . , τk, η1, . . . , ηk ∈
Ω1(M) is a k-cocontact manifold.



June 22, 2026 10:24 WSPC/2972-4589 354-GM 2640001
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Note that condition DC ∩ DR ∩ DS = {0} implies that

T∗M = CC ⊕ CR ⊕ CS.

Remark 3.2. In the particular case k = 1, a 1-cocontact structure is given by two

one-forms τ, η, with dτ = 0. The conditions in Definition 3.1 mean the following: (1)

η 6= 0 everywhere, (2) τ 6= 0 everywhere, (4) τ∧η 6= 0, (5) ker τ̂∩ker η̂∩ker d̂η = {0},
which implies that ker d̂η has rank 0, 1 or 2, and (3) implies that ker d̂η has rank

2. Thus, a 1-cocontact structure coincides with the cocontact structure introduced

in [21] to describe time-dependent contact mechanics.

Lemma 3.3. The Reeb distribution DR and the space-time distribution DS are

involutive and, therefore, integrable.

Thus, the distribution DR∩DS is also involutive and therefore integrable. More-

over, the distribution DR ∩DC is also involutive and integrable. The following the-

orem characterizes a family of vector fields spanning the Reeb distribution DR.

Theorem 3.4. Let (M, τα, ηα) be a k-cocontact manifold. Then, there exists a

unique family Rx1 , . . . , R
x
k , R

s
1, . . . , R

s
k ∈ X(M) such that

ιRxαdηβ = 0, ιRxαη
β = 0, ιRxατ

β = δβα,

ιRsαdηβ = 0, ιRsαη
β = δβα, ιRsατ

β = 0.

The vector fields Rxα are called space-time Reeb vector fields. Vector fields Rsα
are called contact Reeb vector fields.

Moreover, the Reeb vector fields commute and span the Reeb distribution intro-

duced in Definition 3.1:

DR = 〈Rx1 , . . . , Rxk , Rs1, . . . , Rsk〉,

motivating its name.

The following proposition proves the existence of a special set of coordinates,

the so-called adapted coordinates.

Proposition 3.5. Consider a k-cocontact manifold (M, τα, ηα). Then, around

every point in M, there exist local coordinates (α, zI , sα) such that

Rxα =
∂

∂xα
, τα = dxα, Rsα =

∂

∂sα
, ηα = dsα − fαI (zJ)dzI ,

where the functions fαI only depend on the coordinates zI . These coordinates are

called adapted coordinates.

Example 3.6 (Canonical k-cocontact structure). Let Q be a smooth n-

dimensional manifold with coordinates (ya) and let k ≥ 1. Consider the product

manifold P∗ = Rk×⊕kT∗Q×Rk endowed with natural coordinates (xα; ya, pαa ; sα).
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We have the canonical projections

R Rk ×⊕kT∗Q× Rk R

⊕kT∗Q T∗Q

Rk ×Q× Rk

πα1 πα3

π2

π◦

πα2

πα

Let θ be the Liouville one-form on T∗Q with local expression in natural coordinates

θ = padya. Then, the family (τα, ηα) where τα = πα ∗1 dx with x the canonical

coordinate of R and ηα = dsα− πα ∗2 θ, is a k-cocontact structure onM. In natural

coordinates,

τα = dxα, ηα = dsα − pαadya.

Thus, the Reeb vector fields are Rxα = ∂/∂xα and Rsα = ∂/∂sα.

The following theorem is an upgrade of Proposition 3.5 and states the existence

of Darboux-like coordinates in a k-cocontact manifold provided the existence of a

certain subdistribution V ⊂ DC.

Theorem 3.7 (Darboux theorem for k-cocontact manifolds). Let

(M, τα, ηα) be a k-cocontact manifold with dimension dimM = k + n + kn + k

such that there exists an integrable subdistribution V ⊂ DC with rankV = nk.

Then, around every point of M there exist local coordinates (xα, ya, pαa , s
α), where

1 ≤ α ≤ k and 1 ≤ a ≤ n, such that, locally,

τα = dxα, ηα = dsα − pαadya.

Using these coordinates,

DR =

〈
Rxα =

∂

∂xα
, Rsα =

∂

∂sα

〉
, V =

〈
∂

∂pαa

〉
.

These coordinates are called Darboux coordinates of the k-cocontact manifold

(M, τα, ηα).

Taking into account the previous theorem, we can consider the manifold intro-

duced in Example 3.6 as the canonical model for k-cocontact structures.

3.1.2. k-Cocontact Hamiltonian systems

This section introduces the notion of k-cocontact Hamiltonian system and its

Hamilton–De Donder–Weyl equations. The existence of solutions to these equations

is proved. We provide local expressions of the Hamilton–De Donder–Weyl equations

for maps and k-vector fields in both the adapted and Darboux coordinates.
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Definition 3.8. A k-cocontact Hamiltonian system is a tuple (M, τα, ηα, h), where

(τα, ηα) is a k-cocontact structure on the manifold M and h : M→ R is a Hamil-

tonian function. Given a map ψ : D ⊂ Rk → M, the k-cocontact Hamilton–De

Donder–Weyl equations for the map ψ are
ιψ′αdηα =

(
dh− (LRxα

h)τα − (LRsα
h)ηα

)
◦ ψ,

ιψ′αη
α = −h ◦ ψ,

ιψ′ατ
β = δβα.

(3.1)

Now we are going to look at the expression in coordinates of the Hamilton–De

Donder–Weyl equations (3.1). Consider first the adapted coordinates (xα, zI , sα),

where t = (t1, . . . , tk) ∈ Rk. In these coordinates,

Rxα =
∂

∂xα
, τα = dxα, Rsα =

∂

∂sα
,

ηα = dsα − fαI (zJ)dzI , dηα =
1

2
ωαIJdzI ∧ dzJ ,

where ωαIJ =
∂fαI
∂zJ
− ∂fαJ

∂zI
. Consider a map ψ : D ⊂ Rk → M with local expression

ψ(t) = (xα(t), xI(t), sα(t)). Then

ψ′α =

(
xβ , zI , sβ ;

∂xβ

∂tα
,
∂zI

∂tα
,
∂sβ

∂tα

)
.

Then, the Hamilton–De Donder–Weyl equations in adapted coordinates read as

follows: 

∂xJ

∂tα
ωαJI =

(
∂h

∂xI
+
∂h

∂tα
fαI

)
◦ ψ,

∂sα

∂tα
− fαI

∂xI

∂tα
= −h ◦ ψ,

∂xα

∂tβ
= δαβ .

Furthermore, if the local expression in Darboux coordinates of a map ψ : D ⊂
Rk → M is ψ(t) = (xα(t), ya(t), pαa (t), sα(t)). Then, the Hamilton–De Donder–

Weyl equations in Darboux coordinates read

∂xβ

∂tα
= δβα,

∂ya

∂tα
=

∂h

∂pαa
◦ ψ,

∂pαa
∂tα

= −
(
∂h

∂ya
+ pαa

∂h

∂sα

)
◦ ψ,

∂sα

∂tα
=

(
pαa

∂h

∂pαa
− h
)
◦ ψ.
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Definition 3.9. Consider a k-cocontact Hamiltonian system (M, τα, ηα, h). The

k-cocontact Hamilton–De Donder–Weyl equations for a k-vector field X = (Xα) ∈
Xk(M) are 

ιXαdηα = dh− (LRxα
h)τα − (LRsα

h)ηα,

ιXαη
α = −h,

ιXατ
β = δβα.

(3.2)

A k-vector field solution to these equations is a k-cocontact Hamiltonian k-vector

field. We will denote this set of k-vector fields by XkHam(M).

Proposition 3.10. The k-cocontact Hamilton–De Donder–Weyl equations (3.2)

admit solutions. They are not unique if k > 1.

Consider a k-vector field X = (X1, . . . , Xk) ∈ Xk(M) with local expression in

adapted coordinates

Xα = Aβα
∂

∂xβ
+BIα

∂

∂zI
+Dβ

α

∂

∂sβ
.

Thus, Eqs. (3.2) in adapted coordinates read
Aβα = δβα,

BJαω
α
JI =

∂h

∂zI
+

∂h

∂sα
fαI ,

Dα
α − fαI BIα = −h.

On the other hand, consider a k-vector field X = (X1, . . . , Xk) ∈ Xk(M) with

local expression in Darboux coordinates

Xα = Aβα
∂

∂xβ
+Baα

∂

∂ya
+ Cβαi

∂

∂pβa
+Dβ

α

∂

∂sβ
.

Imposing Eqs. (3.2), we get the conditions

Aβα = δβα,

Baα =
∂h

∂pαa
,

Cααi = −
(
∂h

∂ya
+ pαa

∂h

∂sα

)
,

Dα
α = pαa

∂h

∂pαa
− h.

Proposition 3.11. Let X ∈ Xk(M) be an integrable k-vector field. Then X is a

solution to (3.2) if and only if every integral section of X satisfies the k-cocontact

Hamilton–De Donder–Weyl equations (3.1).
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It is worth noting that, as in the k-symplectic and k-contact cases, Eqs. (3.1)

and (3.2) are not completely equivalent since a solution to (3.1) may not be an

integral section of an integrable k-vector field X solution to Eqs. (3.2).

The following proposition provides an alternative way of writing the k-cocontact

Hamilton–De Donder–Weyl equations for k-vector fields.

Proposition 3.12. The k-cocontact Hamilton–De Donder–Weyl equations (3.2)

are equivalent to


LXαη

α = −(LRxα
h)τα − (LRsα

h)ηα,

ιXαη
α = −h,

ιXατ
β = δβα.

3.2. k-cocontact Lagrangian formalism

In this section, we devise the Lagrangian counterpart of the formulations intro-

duced in the previous section. We begin by introducing the geometric structures

of the phase bundle and defining the notion of second-order partial differential

equation. In second place, we develop the Lagrangian formalism and introduce the

k-cocontact Euler–Lagrange equations as the Hamilton–De Donder–Weyl of a k-

cocontact Lagrangian system.

3.2.1. Geometry of the phase bundle

The phase space for the Lagrangian counterpart of the k-cocontact formalism will

be the product bundle P = Rk × ⊕kTQ × Rk endowed with natural coordinates

(xα, ya, yaα, s
α). We have the natural projections

τα1 : P→ R, τα1 (x1, . . . , xk, vq1, . . . , vqk, s
1, . . . , sk) = xα,

τ2 : P→ ⊕kTQ, τ2(x1, . . . , xk, vq1, . . . , vqk, s
1, . . . , sk) = (vq1, . . . , vqk),

τα2 : P→ TQ, τα2 (x1, . . . , xk, vq1, . . . , vqk, s
1, . . . , sk) = vqα,

τα : ⊕k TQ→ TQ, τα(x1, . . . , xk, vq1, . . . , vqk, s
1, . . . , sk) = vqα,

τα3 : P→ R, τα3 (x1, . . . , xk, vq1, . . . , vqk, s
1, . . . , sk) = sα,

τ◦ : P→ Rk ×Q× Rk, τ◦(x
1, . . . , xk, vq1, . . . , vqk, s

1, . . . , sk)

= (x1, . . . , xk, q, s1, . . . , sk),
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which can be summarized in the following diagram:

R Rk ×⊕kTQ× Rk R

⊕kTQ TQ

Rk ×Q× Rk

τα1 τα3

τ2

τ◦

τα2

τα

Since the bundle τ2 : Rk×⊕kTQ×Rk → ⊕kTQ is trivial, the canonical structures

in ⊕kTQ, namely the canonical k-tangent structure (Jα) and the Liouville vector

field ∆, can be extended to Rk×⊕kTQ×Rk in a natural way. Their local expression

remain the same:

Jα =
∂

∂yaα
⊗ dya, ∆ = yaα

∂

∂yaα
.

These canonical structures can be used to extend the notion of second-order partial

differential equation (sopde) to the bundle Rk ×⊕kTQ× Rk:

Definition 3.13. A k-vector field Γ = (Γα) ∈ Xk(Rk × ⊕kTQ × Rk) is a second-

order partial differential equation or sopde if Jα(Γα) = ∆.

A straightforward computation shows that the local expression of a sopde reads

Γα = Aβα
∂

∂xβ
+ yaα

∂

∂ya
+ Caαβ

∂

∂yaβ
+Dβ

α

∂

∂sβ
.

Definition 3.14. Consider a map ψ : Rk → Rk×Q×Rk with ψ = (xα, φ, sα), where

φ : Rk → Q. The first prolongation of ψ to Rk ×⊕kTQ× Rk is the map ψ′ : Rk →
Rk ×⊕kTQ×Rk given by ψ′ = (xα, φ′, sα), where φ′ is the first prolongation of φ

to ⊕kTQ. The map ψ′ is said to be holonomic.

Let ψ : Rk → Rk × Q × Rk be a map with local expression ψ(r) =

(xα(r), ya(r), sα(r)), where r ∈ Rk. Then, its first prolongation has local expression

ψ′(t) =

(
xα(t), ya(t),

∂ya

∂tα
(t), sα(r)

)
.

Proposition 3.15. An integrable k-vector field Γ ∈ Xk(Rk × ⊕kTQ × Rk) is a

sopde if and only if its integral sections are holonomic.

It is important to point out that the product manifold Rk × ⊕kTQ × Rk does

not have a canonical k-cocontact structure, in contrast to what happens to the

manifold Rk ×⊕kT∗Q× Rk, where we do have a natural k-cocontact structure as

seen in Example 3.6. In what follows, we will show that, in favorable cases, given a
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Lagrangian function L defined on Rk×⊕kTQ×Rk one can build up a k-cocontact

structure.

3.2.2. k-Cocontact Lagrangian systems

Definition 3.16. A Lagrangian function on Rk×⊕kTQ×Rk is a function L : Rk×
⊕kTQ× Rk → R.

• The Lagrangian energy associated with the Lagrangian function L is the function

EL ∈ C∞(Rk ×⊕kTQ× Rk) given by EL = ∆(L)− L.

• The Cartan forms associated with the Lagrangian L are

θαL =
t
Jα ◦ dL ∈ Ω1

(
Rk ×⊕kTQ× Rk

)
,

ωαL = −dθαL ∈ Ω2
(
Rk ×⊕kTQ× Rk

)
,

where
t
Jα denotes the transpose of Jα.

• The contact forms associated with the Lagrangian L are

ηαL = dsα − θαL ∈ Ω1(Rk ×⊕kTQ× Rk).

• The couple (Rk ×⊕kTQ× Rk, L) is a k-cocontact Lagrangian system.

It is clear that dηαL = ωαL. The local expressions in natural coordinates

(xα, ya, yaα, s
α) of the objects introduced in the previous definition are

EL = yaα
∂L

∂yaα
− L,

θαL =
∂L

∂yaα
dya,

ηαL = dsα − ∂L

∂yaα
dya,

dηαL =
∂2L

∂xβ∂yaα
dya ∧ dxβ +

∂2L

∂yb∂yaα
dya ∧ dyb +

∂2L

∂ybβ∂y
a
α

dya ∧ dybβ

+
∂2L

∂sβ∂yaα
dya ∧ dsβ .

Definition 3.17. Given a Lagrangian function L : Rk × ⊕kTQ × Rk → R, the

Legendre map of L is its fiber derivative as a function on the vector bundle τ◦ : Rk×
⊕kTQ× Rk → Rk ×Q× Rk. That is, the Legendre map of a Lagrangian function
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L : Rk ×⊕kTQ× Rk → R is the map

FL : Rk ×⊕kTQ× Rk → Rk ×⊕kT∗Q× Rk

given by

FL(t, vq1, . . . , vqk, z) = (t,FL(t, ·, z)(vq1, . . . , vqk), z),

where FL(t, ·, z) denotes the Legendre map of the Lagrangian function with t and

z “frozen”.

In natural coordinates (xα, ya, yaα, s
α), the Legendre map has local expression

FL(xα, ya, yaα, s
α) =

(
xα, ya,

∂L

∂yaα
, sα
)
.

Proposition 3.18. The Cartan forms satisfy

θαL = (πα2 ◦ FL)∗θ, ωαL = (πα2 ◦ FL)∗ω,

where θ ∈ Ω1(T∗Q) and ω = −dθ ∈ Ω2(T∗Q) are the Liouville and symplectic

canonical forms of the cotangent bundle T∗Q.

The regularity of the Legendre map characterizes the Lagrangian functions

which yield k-cocontact structures on the phase bundle Rk ×⊕kTQ× Rk.

Proposition 3.19. Consider a Lagrangian function L : Rk × ⊕kTQ × Rk → R.

The following are equivalent:

(1) The Legendre map FL is a local diffeomorphism.

(2) The family (τα = dxα, ηαL) is a k-cocontact structure on Rk ×⊕kTQ× Rk.

Proof. Taking natural coordinates (xα, ya, yaα, s
α), we have

F2L(xα, ya, yaα, s
α) =

(
xα, ya,Wαβ

ij , s
α
)
, where Wαβ

ij =

(
∂2L

∂yaα∂y
b
β

)
.

The conditions in the proposition mean that the matrix W = (Wαβ
ij ) is everywhere

nonsingular.

Definition 3.20. A Lagrangian function L : Rk × ⊕kTQ × Rk → R is said to be

regular if the equivalent statements in Proposition 3.19 hold. Otherwise, L is said

to be singular. In addition, if the Legendre map FL is a global diffeomorphism, L

is a hyperregular Lagrangian.

Let (Rk×⊕kTQ×Rk, L) be a regular k-cocontact Lagrangian system. By The-

orem 3.4, the Reeb vector fields (RxL)α, (R
s
L)α ∈ X(Rk ×⊕kTQ×Rk) are uniquely



June 22, 2026 10:24 WSPC/2972-4589 354-GM 2640001
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given by the relations

ι(RxL)αdηβL = 0, ι(RxL)αη
β
L = 0, ι(RxL)αdxβ = δβα,

ι(RsL)αdηβL = 0, ι(RsL)αη
β
L = δβα, ι(RsL)αdxβ = 0.

The local expressions of the Reeb vector fields are as follows:

(RxL)α =
∂

∂xα
−W ji

γβ

∂2L

∂xα∂ybγ

∂

∂yaβ
, (RsL)α =

∂

∂sα
−W ji

γβ

∂2L

∂sα∂ybγ

∂

∂yaβ
,

where W ij
αβ is the inverse of the Hessian matrix Wαβ

ij =
(

∂2L
∂yaα∂y

b
β

)
; that is,

W ij
αβ

∂2L

∂ybβ∂y
k
γ

= δakδ
γ
α.

3.2.3. k-Cocontact Euler–Lagrange equations

We have proved in the previous section that every regular k-cocontact Lagrangian

system (Rk × ⊕kTQ × Rk, L) yields the k-cocontact Hamiltonian system (Rk ×
⊕kTQ×Rk, τα = dxα, ηα, EL). Taking this into account, we can define as follows.

Definition 3.21. Let (Rk ×⊕kTQ× Rk, L) be a k-cocontact Lagrangian system.

The k-cocontact Euler–Lagrange equations for a holonomic map ψ : Rk → Rk ×
⊕kTQ× Rk are

ιψ′αdηαL =
(

dEL − (L(RxL)αEL)dxα − (L(RsL)αEL)ηαL

)
◦ ψ,

ιψ′αη
α
L = −EL ◦ ψ,

ιψ′αdxβ = δβα.

(3.3)

The k-cocontact Lagrangian equations for a k-vector field X = (Xα) ∈ Xk(Rk ×
⊕kTQ× Rk) are

ιXαdηαL = dEL − (L(RxL)αEL)dxα − (L(RsL)αEL)ηαL,

ιXαη
α
L = −EL,

ιXαdxβ = δβα.

(3.4)

A k-vector field X solution to Eqs. (3.4) is said to be a k-cocontact Lagrangian

vector field.

The next proposition states that, if the Lagrangian L is regular, the Lagrangian

equations (3.4) always have solutions, although they are not unique in general.

Proposition 3.22. Consider a regular k-cocontact Lagrangian system (Rk ×
⊕kTQ×Rk, L). Then, the k-cocontact Lagrangian equations (3.4) admit solutions.

They are not unique if k > 1.
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Consider a map ψ : Rk → Rk × ⊕kTQ × Rk with local expression in natural

coordinates ψ(r) = (xα(r), ya(r), yaα(r), sα(r)), where r = (r1, . . . , rk) ∈ Rk. Then,

Eqs. (3.3) for the map ψ read

∂xβ

∂rα
= δβα,

∂

∂rα

(
∂L

∂yaα
◦ ψ
)

=

(
∂L

∂ya
+
∂L

∂sα
∂L

∂yaα

)
◦ ψ,

∂(sα)

∂rα
= L ◦ ψ.

(3.5)

For a k-vector field X = (Xα) ∈ Xk(Rk × ⊕kTQ × Rk), with local expression in

natural coordinates

Xα = Aβα
∂

∂xβ
+Baα

∂

∂ya
+ Caαβ

∂

∂yaβ
+Dβ

α

∂

∂sβ
,

Eqs. (3.4) read

0 = Aβα − δβα, (3.6)

0 =
(
Bbα − ybα

) ∂2L

∂ybα∂s
β
, (3.7)

0 =
(
Bbα − ybα

) ∂2L

∂ybα∂x
β
, (3.8)

0 =
(
Bbα − ybα

) ∂2L

∂yaβ∂y
b
α

, (3.9)

0 =
(
Bbα − ybα

) ∂2L

∂ya∂ybα
+
∂L

∂ya
− ∂2L

∂xα∂yaα
− ∂2L

∂yb∂yaα
Bbα

− ∂2L

∂ybβ∂y
a
α

Cbαβ −
∂2L

∂sβ∂yaα
Dβ
α +

∂L

∂sα
∂L

∂yaα
, (3.10)

0 = L+
∂L

∂yaα
(Baα − yaα)−Dα

α. (3.11)

If the Lagrangian function L is regular, Eqs. (3.9) yield the conditions Baα = yaα,

namely the k-vector field X has to be a sopde. In this case, Eqs. (3.7) and (3.8)

hold identically, and Eqs. (3.6), (3.10) and (3.11) yield

Aβα = δβα,

∂L

∂ya
+
∂L

∂sα
∂L

∂yaα
=

∂2L

∂xα∂yaα
+

∂2L

∂yb∂yaα
ybα +

∂2L

∂ybβ∂y
a
α

Cbαβ +
∂2L

∂sβ∂yaα
Dβ
α,

Dα
α = L.

(3.12)
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If the sopde X is integrable, Eqs. (3.12) are the Euler–Lagrange equations (3.5)

for its integral maps. Thus, we have proved the following.

Proposition 3.23. Let L : Rk × ⊕kTQ × Rk → R be a regular Lagrangian and

consider a Lagrangian k-vector field X, namely a solution to Eqs. (3.4). Then X is

a sopde and if, in addition, X is integrable, its integral sections are solutions to

the k-cocontact Euler–Lagrange equations (3.3).

The sopde X is called an Euler–Lagrange k-vector field associated with the

Lagrangian function L.

Remark 3.24. In the case k = 1, we recover the cocontact Lagrangian formalism

presented in [21] for time-dependent contact Lagrangian systems.

3.3. k-cocontact Hamiltonian formalism

Now, the developments stated in Sec. 3.1.2 are used to develop the Hamiltonian

formalism for action-dependent field theories in this formulation.

In the k-cocontact formulation, action-dependent Hamiltonian field theories is

developed in the product bundle P∗ = Rk × ⊕kT∗Q × Rk endowed with natural

coordinates (xα, ya, paα, s
α). Then, regular or k-cocontact Hamiltonian field theories

take place in the canonical k-cocontact manifold (Rk×⊕kT∗Q×Rk, τα, θα), giving

a Hamiltonian function H ∈ C∞(Rk ×⊕kT∗Q× Rk).

Remark 3.25 (The canonical k-cocontact Hamiltonian system associated

with a k-cocontact Lagrangian system). Let (Rk × ⊕kTQ × Rk, L) be a k-

cocontact Lagrangian system. If the Lagrangian function L is regular or hyperreg-

ular, the Legendre map FL is a (local) diffeomorphism between Rk ×⊕kTQ× Rk
and Rk × ⊕kT∗Q × Rk such that FL∗ηα = ηαL. In addition, there exists, at least

locally, a function h ∈ C∞(Rk × ⊕kT∗Q × Rk) such that h ◦ FL = EL. Then,

we have the k-cocontact Hamiltonian system (Rk ×⊕kT∗Q×Rk, ηα, h), for which

FL∗(RxL)α = Rxα and FL∗(RsL)α = Rsα. If Γ is an Euler–Lagrange k-vector field

associated with the Lagrangian function L in Rk×⊕kTQ×Rk, we have that the k-

vector field X = FL∗Γ is a k-cocontact Hamiltonian k-vector field associated with

h in Rk ×⊕kTQ× Rk, and conversely.

4. Multicontact Field Theories

The multicontact formulation is the most general geometric framework for describ-

ing action-dependent field theories. It was first introduced in [22, 23], although a

more general definition of multicontact structure has recently been proposed in [24].

(You can find all the details on this structure and its applications in these refer-

ences.)

4.1. Multicontact structures

First, following [24], we define.
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Definition 4.1. Let M be a differentiable manifold. A form Θ ∈ Ωk(M), with

dimM > k, is a multicontact form in M if:

(1) ker Θ ∩ ker dΘ = {0}, and

(2) ker dΘ 6= {0}.

Then, the pair (M,Θ) is said to be a multicontact manifold.

The properties of this kind of structure have been studied in [24]. Nevertheless,

as is already the case with multisymplectic structures [27, 66], the existence of

adapted or Darboux coordinates is not guaranteed for these multicontact forms,

unless additional conditions are imposed [22].

Thus, let M with dimM = k + N be a manifold, with N ≥ k ≥ 1; and let

Θ, ω ∈ Ωk(M) be two k-forms with constant ranks. Given a regular distribution

D ⊂ TM, consider the C∞(M)-module of sections Γ(D) and, for every m ∈ N,

define the set of m-forms in M vanishing by the vector fields in Γ(D); that is,

Am(D) :=
{
α ∈ Ωm(M) | ιZα = 0 for every Z ∈ Γ(D)

}
=
{
α ∈ Ωm(M) |Γ(D) ⊂ kerα

}
,

where kerα = {Z ∈ X(M) | ιZα = 0} (it is the 1-ker of a form α ∈ Ωm(M), with

m > 1).

Definition 4.2. The Reeb distribution associated with the pair (Θ, ω) is the dis-

tribution DR ⊂ TM defined as

DR =
{
Z ∈ kerω | ιZdΘ ∈ Ak(kerω)

}
.

The set of sections of the Reeb distribution is denoted by R := Γ(DR), and its

elements R ∈ R are called Reeb vector fields. If kerω has a constant rank, then

R =
{
R ∈ Γ(kerω) | ιRdΘ ∈ Ak(kerω)

}
.

Note that kerω ∩ ker dΘ ⊂ DR. Furthermore, if ω ∈ Ωk(M) is a closed form

and has a constant rank, then R is involutive.

Definition 4.3. The pair (Θ, ω) is a special multicontact structure on M if ω ∈
Ωk(M) is a closed form, and we have the following properties:

(1) rank kerω = N .

(2) rankDR = k.

(3) rank(kerω ∩ ker Θ ∩ ker dΘ) = 0.

(4) Ak−1(kerω) = {ιRΘ |R ∈ R}.

Then, the triple (M,Θ, ω) is said to be a special multicontact manifold, (Θ, ω) is a

special multicontact structure, and Θ ∈ Ωk(M) is a special multicontact form onM.
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The following proposition presents an essential characteristic of special multi-

contact structures.

Proposition 4.4. Let (M,Θ, ω) be a special multicontact manifold, then there

exists a unique 1-form σΘ ∈ Ω1(M), called the dissipation form, satisfying

σΘ ∧ ιRΘ = ιRdΘ for every R ∈ R.

And, using this form, we introduce the following.

Definition 4.5. Let σΘ ∈ Ω1(M) be the dissipation form. We define the operator

d : Ωm(M)→ Ωm+1(M)

β 7→ dβ = dβ + σΘ ∧ β.

The multicontact structures corresponding to action-dependent field theories

arising from the Herglotz variational principle (see [43]) satisfy the following addi-

tional requirement.

Definition 4.6. Let (M,Θ, ω) be a multicontact manifold satisfying

ιXιY Θ = 0 for every X,Y ∈ Γ(kerω).

Then (M,Θ, ω) is a variational multicontact manifold and (Θ, ω) is said to be a

variational multicontact structure.

The next theorem states the existence of canonical coordinates for these last

kinds of multicontact structures.

Theorem 4.7. Given a special multicontact manifold (M,Θ, ω); around every

point p ∈ M, there exists a local chart of adapted coordinates (U ;xµ, uI , sµ, )

(1 ≤ µ ≤ k, 1 ≤ I ≤ N − k) such that

kerω =
〈 ∂

∂uI
,
∂

∂sµ

〉
, DR =

〈 ∂

∂sµ

〉
,

and the coordinates (xµ) can be chosen such that

ω|U = dx1 ∧ · · · ∧ dxk ≡ dkx,

(and so we shall do henceforth). In addition, if (P,Θ, ω) is a variational multicontact

manifold, then the local expression of the multicontact form is

Θ|U = H(xν , uJ , sν)dkx+ fµI (xν , uJ)duI ∧ dk−1xµ + dsµ ∧ dk−1xµ,

where dk−1xµ = ι ∂
∂xµ

dkx. Furthermore, in these coordinates,

σΘ|U =
∂H

∂sµ
dxµ.

Moreover, we have the following local characterization of the Reeb vector fields.
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Proposition 4.8. If (M,Θ, ω) is a special multicontact manifold, in the above

coordinate chart, there exists a unique local basis {Rµ} of R such that

(ιRµΘ)|U = dk−1xµ.

Moreover, [Rµ, Rν ] = 0.

Finally, to establish the relation between multicontact and special multicontact

structures, we need following result.

Lemma 4.9. Let (M,Θ, ω) be a special multicontact manifold. Then

(1) ker Θ ⊂ kerω.

(2) Moreover, if (M,Θ, ω) is a variational multicontact manifold (see Defini-

tion 4.6), then

ker Θ⊕DR = kerω.

Proof. First, note that the condition 4 of a special multicontact structure in Defi-

nition 4.3 implies that, for every (m−1)-form α that vanishes by the contraction of

any element of kerω, there exists a Reeb vector field R ∈ Γ(DR) such that ιRΘ = α.

(1) Assume that at a point p ∈ M there exists an element Yp ∈ TpM such that

Yp ∈ ker Θp but Yp /∈ kerωp. Then, there exists a (m − 1) form α at p that

vanishes by the contraction of any element of kerωp such that ιYpα 6= 0. Let

R ∈ DR such that ιRΘ = α, at p. Then

0 = ιYpιRpΘp = ιYpαp,

which is a contradiction.

(2) Due to the previous item and the definition of the Reeb distribution, clearly

ker Θ +DR ⊂ kerω.

Fix a point p ∈ M and let Yp ∈ kerωp. Then ιYpΘp vanishes by the action

of any element of kerωp, because it is variational. Then, there exists R ∈ DR

such that ιRpΘp = ιYpΘp. In particular, ι(Yp−Rp)Θp = 0. Therefore, we can

decompose Yp = (Yp−Rp)+Rp as a sum of an element of ker Θp and an element

of DR
p . Finally, ker Θp ∩DR

p = {0} due to [22, Lemma 3.5].

Then, taking this lemma into account, we have the following result:

Proposition 4.10. If (M,Θ, ω) is a special multicontact manifold, then (M,Θ)

is a multicontact manifold.

4.2. Multicontact Lagrangian formalism

Next, we describe the Lagrangian action-dependent field theories using multicontact

structures.
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4.2.1. Geometry of the phase bundle

Consider a bundle π : E → M , where M is an orientable k-dimensional manifold

with volume form ωM ∈ Ωm(M), and let J1π → E → M be the corresponding

first-order jet bundle. If dimM = k and dimE = n+k, then dim J1π = nk+n+k.

Natural coordinates in J1π adapted to the bundle structure are (xµ, ya, yaµ) (µ =

1, . . . , k; a = 1, . . . , n), and are such that ωM = dx1 ∧ · · · ∧ dxk =: dkx.

In the multicontact Lagrangian formalism for action-dependent field theo-

ries, the configuration bundle of the theory is E ×M
∧k−1

(T∗M) → M , where∧k−1
(T∗M) denotes the bundle of (k − 1)-forms on M . The corresponding phase

bundle is P = J1π ×M
∧k−1

(T∗M). Natural coordinates in P are (xµ, ya, yaµ, s
µ),

and dimP = 2k+ n+ nk. Moreover, we also have the natural projections depicted

in the following diagram:

As Λk−1(T∗M) is a bundle of forms over M , it is endowed with a canonical

structure, its “tautological form” θ ∈ Ωk−1(Λk−1(T∗M)), which is defined as usual,

and whose local expression, in natural coordinates, is θ = sµ dk−1xµ.

Definition 4.11. The form S := τ∗1 θ ∈ Ωk−1(P) is called the canonical action

form of P.

Its expression in coordinates is also S = sµ dk−1xµ.

Definition 4.12. A section ψ : M → P of the projection τ : P →M is said to be

a holonomic section in P if the section ψ := ρ ◦ψ : M → J1π is holonomic in J1π;

that is, there is a section φ : M → E of π such that ψ = j1φ. It is customary to write

ψ = (ψ, s) = (j1φ, s), where s : M →
∧k−1

(T∗M) is a section of the projection

τ◦ :
∧k−1

(T∗M) → M ; then, we also say that ψ is the canonical prolongation of

the section φ := (φ, s) : M → E ×M
∧k−1

(T∗M) to P.

Now, consider the set Xk(P), of multivector fields in P (see Appendix A for

details).

Definition 4.13. A k-multivector field Γ ∈ Xk(P) is a holonomic k-multivector

field or a sopde in P if it is τ -transverse, integrable, and its integral sections are

holonomic on P.
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The local expression of a sopde in P, satisfying the transversality condition

ιXω = 1, is

X =

k∧
µ=1

( ∂

∂xµ
+ yaµ

∂

∂ya
+ F aµν

∂

∂yaν
+ gνµ

∂

∂sν

)
, (4.1)

and its integral sections are solutions to the system of second-order partial differ-

ential equations:

yaµ =
∂ya

∂xµ
, F aµν =

∂2ya

∂xµ∂xν
.

Remark 4.14. The first-order jet bundle J1π is endowed with a canonical struc-

ture, which is called the canonical endomorphism, and is a (1, 2)-tensor field in J1π,

denoted J . Its local expression in natural coordinates of J1π is

J =
(
dya − yaµdxµ

)
⊗ ∂

∂yaν
⊗ ∂

∂xν

(see [34, 76]). As P = J1π×M Λk−1(T∗M) is a trivial bundle, this canonical struc-

ture can be extended to P in a natural way. This extension is denoted with the

same notation J , and has the same coordinate expression.

Then, a direct calculation in coordinates leads to the following characterization

of sopde multivector fields.

Proposition 4.15. An integrable k-multivector field X ∈ Xm(P) is a sopde if and

only if

ιXJ = 0, (4.2)

where ιXJ denotes the natural inner contraction between tensor fields.

Remark 4.16. The τ -transverse decomposable k-multivector fields satisfying con-

dition (4.2), whose local expression is (4.1), are usually referred to as semi-

holonomic multivector fields.

4.2.2. Multicontact Lagrangian systems

Physical information in field theories is introduced by means of Lagrangian den-

sities. A Lagrangian density is a k-form L ∈ Ωk(P); hence L = Ldkx, where

L ∈ C∞(P) is the Lagrangian function and dkx is also the local expression of the

form ω := τ∗ωM .

Definition 4.17. The Lagrangian form associated with L is the form

ΘL = −ιJdL − L+ dS ∈ Ωk(P).

In natural coordinates, the coordinate expression of this form reads

ΘL = − ∂L

∂yaµ
dya ∧ dk−1xµ +

(
∂L

∂yaµ
yaµ − L

)
dkx+ dsµ ∧ dk−1xµ, (4.3)



June 22, 2026 10:24 WSPC/2972-4589 354-GM 2640001
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where the local function EL := ∂L
∂yaµ

yaµ−L is called the Lagrangian energy associated

with L.

Then, the following property holds [22].

Proposition 4.18. For a Lagrangian function L ∈ C∞(P), the Lagrangian form

ΘL is a special (variational) multicontact form in P (and hence (ΘL, ω) is a special

(variational) multicontact structure) if and only if the Hessian matrix (Wµν
ij ) =(

∂2L
∂yaµ∂y

b
ν

)
is regular everywhere.

Thus, we define as follows.

Definition 4.19. A Lagrangian function L ∈ C∞(P) is said to be regular if

the equivalent conditions of Proposition 4.18 hold. Otherwise, L is a singular

Lagrangian.

Definition 4.20. If L ∈ C∞(P) is a regular Lagrangian function, the triad

(P,ΘL, ω) is called a multicontact Lagrangian system.

For a multicontact Lagrangian system (P,ΘL, ω), as L is regular, there exists

the inverse (W ab
µν) of the Hessian matrix, namely W ab

µν
∂2L

∂ybν∂y
c
γ

= δac δ
γ
µ. Then, from

Lemma 4.8, a simple calculation in coordinates leads to the following expression for

the Reeb vector fields (RL)µ ∈ RL:

(RL)µ =
∂

∂sµ
−W ba

γν

∂2L
∂sµ∂ybγ

∂

∂yaν
.

Furthermore, bearing in mind Proposition 4.4 and Eq. (4.3), we obtain

σΘL = − ∂L
∂sµ

dxµ. (4.4)

Finally, we construct the form

dΘL = dΘL + σΘL ∧ΘL = dΘL −
∂L

∂sν
dxν ∧ΘL.

For a multicontact Lagrangian system (P,ΘL, ω), the Lagrangian field equations

are derived from the generalized Herglotz Variational Principle [43], and are stated

alternatively as follows.

Definition 4.21. Let (P,ΘL, ω) be a multicontact Lagrangian system.

(1) The multicontact Lagrangian equations for holonomic sections ψ : M → P are

ψ∗ΘL = 0, ψ∗ιXdΘL = 0, for every X ∈ X(P), (4.5)

or, equivalently, for the canonical prolongation ψ(k) (see Appendix A)

ιψ(k)(ΘL ◦ψ) = 0, ιψ(k)(dΘL ◦ψ) = 0. (4.6)
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(2) The multicontact Lagrangian equations for holonomic multivector fields XL ∈
Xk(P) are

ιXLΘL = 0, ιXLdΘL = 0. (4.7)

These holonomic multivector fields are called the Euler–Lagrange multivector

fields associated with L.

Recall that holonomic multivector fields are τ -transverse. Note also that

Eqs. (4.7) and the τ -transversality condition, ιXLω 6= 0, hold for every multi-

vector field of the equivalence class {XL} (that is, for every X′L = fXL, with

f non-vanishing; see Appendix A). Then, the condition of τ -transversality can

be imposed simply by asking ιXLω = 1.

Theorem 4.22. Let (P,ΘL, ω) be a multicontact Lagrangian system.

(1) The multicontact Lagrangian field equations for multivector fields (4.7) have

solutions on P. (The solutions are not unique if k > 1.)

(2) Every k-multivector field XL that is solution to Eqs. (4.7) is semi-holonomic.

(3) If XL is a holonomic multivector field (a sopde) solution to the Lagrangian

equations (4.7), then its integral sections are the solutions to the multicontact

Euler–Lagrange field equations for holonomic sections (4.5) or (4.6).

Proof. In a natural chart of coordinates of P, a τ -transverse and locally decom-

posable k-multivector field satisfying ιXLω = 1, has the local expression

XL =

k∧
µ=1

(
∂

∂xµ
+ (XL)aµ

∂

∂ya
+ (XL)aµν

∂

∂yaν
+ (XL)νµ

∂

∂sν

)
,

and, bearing in mind the local expressions (4.3) and (4.4), we have that

dΘL = d

(
− ∂L

∂yaµ
dya ∧ dk−1xµ +

( ∂L
∂yaµ

yaµ − L
)

dkx

)

−
(
∂L

∂sµ
∂L

∂yaµ
dya − ∂L

∂sµ
dsµ
)
∧ dkx.

Then, Eqs. (4.7) lead to

0 = L+
∂L

∂yaµ
((XL)aµ − yaµ)− (XL)µµ, (4.8)

0 = ((XL)aµ − yaµ)
∂2L

∂yaµ∂s
ν
, (4.9)

0 = ((XL)aµ − yaµ)
∂2L

∂yaµ∂x
ν
,

0 = ((XL)aµ − yaµ)
∂2L

∂ybν∂y
a
µ

, (4.10)
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204 J. Gaset Rifà, X. Rivas & N. Román-Roy

0 = ((XL)aµ − yaµ)
∂2L

∂yb∂yaµ
+
∂L

∂yb
− ∂2L

∂xµ∂ybµ
− ∂2L

∂sν∂ybµ
(XL)νµ

− ∂2L

∂ya∂ybµ
(XL)aµ −

∂2L

∂yaν∂y
b
µ

(XL)aµν +
∂L

∂sµ
∂L

∂ybµ
, (4.11)

and a last group of equations which are identities when they are combined with the

above ones. If XL is a sopde, then it is semi-holonomic and,

yaµ = (XL)aµ, (4.12)

therefore, (4.9)–(4.10) hold identically, and (4.8) and (4.11) give

(XL)µµ = L,

∂L

∂yb
− ∂2L

∂xµ∂ybµ
− ∂2L

∂ya∂ybµ
yaµ −

∂2L

∂sν∂ybµ
(XL)νµ −

∂2L

∂yaν∂y
b
µ

(XL)aµν = − ∂L
∂sµ

∂L

∂yaµ
.

(4.13)

Finally, for the holonomic integral sections ψ(xν) = (xµ, ya(xν), ∂y
a

∂xµ (xν), sµ(xν))

of XL, the last equations transform into

∂sµ

∂xµ
= L ◦ψ,

∂

∂xµ

(
∂L

∂ybµ
◦ψ
)

=

(
∂L

∂yb
+
∂L

∂sµ
∂L

∂ybµ

)
◦ψ, (4.14)

which are the coordinate expression of the Lagrangian equations (4.5) or (4.6) for

holonomic sections. Equations (4.14) are called the Herglotz–Euler–Lagrange field

equations.

If L is a regular Lagrangian, Eqs. (4.10) lead to the semi-holonomy condition

(4.12) and, in addition, Eqs. (4.13) always have solution since the Hessian matrix(
∂2L

∂ybν∂y
a
µ

)
is regular everywhere. The solution is not unique, unless k = 1.

Observe that all these equations are the same as those obtained in the k-

cocontact Lagrangian formulation of non-conservative field theories [71] and also

match those of the k-contact Lagrangian formalism when the Lagrangian function

does not depend on the space-time variables xµ [40, 42].

4.3. Multicontact Hamiltonian formalism

The Hamiltonian formulation of action-dependent first-order field theories is based

on the Hamiltonian multisymplectic formalism of standard classical field theories.

4.3.1. Geometry of the phase bundle

Consider a bundle π : E → M , where M is an orientable k-dimensional manifold

with volume form ωM ∈ Ωm(M). Let Mπ ≡ Λk2T∗E denote the bundle of k-

forms on E vanishing by contraction with two π-vertical vector fields which, in field
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theories, is called the extended multimomentum bundle. It is endowed with natural

coordinates (xν , ya, pνa, p) adapted to the bundle structure Mπ → E → M , and

such that ωM = dkx; so dim Mπ = nk + n + k + 1. Consider also the quotient

manifold J1∗π = Mπ/π∗ΛkT∗M (π∗ΛkT∗M is the bundle of π-basic k-forms on

E), which is called the restricted multimomentum bundle. Its natural coordinates

are (xµ, ya, pµa), and so dim J1∗π = nk + n+ k.

Then, for the Hamiltonian formalism of action-dependent field theories, in the

regular case, consider the bundles

P̃ =Mπ ×M Λk−1(T∗M), P∗ = J1∗π ×M Λk−1(T∗M),

which have natural coordinates (xµ, ya, pµa , p, s
µ) and (xµ, ya, pµa , s

µ), respectively.

We have the natural projections depicted in the following diagram:

SinceMπ and Λk−1(T∗M) are bundles of forms, they have canonical structures,

their “tautological forms” Θ ∈ Ωk(Mπ), called the Liouville form of Mπ (see,

for instance, [17, 36] for its definition), and θ ∈ Ωk−1(Λk−1(T∗M)) whose local

expressions are

Θ = pµadya ∧ dk−1xµ + p dkx, θ = sµ dk−1xµ.

Definition 4.23. The canonical (special) multicontact form of P̃ is

Θ̃ := −%̃ ∗1 Θ + d(τ̃ ∗1 θ). (4.15)

In natural coordinates of P̃, the expression of this form is

Θ̃ = −pµadya ∧ dk−1xµ − p dkx+ dsµ ∧ dk−1xµ.

4.3.2. Multicontact Hamiltonian systems

Definition 4.24. Let h : P∗ → P̃ be a section of p̃. It is locally determined by

a function H ∈ C∞(U), U ⊂ P∗, such that h(xµ, ya, pµa , s
µ) = (xµ, ya, pµa , p =
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−H(xν , yb, pνb , s
ν), sµ). The elements h and H are called a Hamiltonian section and

its associated Hamiltonian function.

Then the Hamiltonian form associated with h is defined by

ΘH := h∗Θ̃ = −(%̃1 ◦ h)∗Θ + d(τ∗1θ).

It is a variational multicontact form, and the triad (P∗,ΘH, ω = (τ̄ ◦ p̃)∗ωM ) is

called a multicontact Hamiltonian system.

Obviously, ΘH is a special (variational) multicontact form. In natural coordi-

nates of P, the expression of this form is

ΘH = −pµadya ∧ dk−1xµ +H dkx+ dsµ ∧ dk−1xµ,

and the dissipation form is expressed as

σH =
∂H

∂sµ
dxµ. (4.16)

Definition 4.25. Given a multicontact Hamiltonian system (P∗,ΘH, ω), the field

equations can alternatively be stated as follows:

(1) The multicontact Hamilton–de Donder–Weyl equations for sections ψ : M →
P∗:

ψ∗ΘH = 0, ψ∗ιY dΘH = 0, for every Y ∈ X(P∗), (4.17)

or, equivalently,

ιψ(k)(ΘH ◦ψ) = 0, ιψ(k)(dΘH ◦ψ) = 0. (4.18)

(2) The multicontact Hamilton–de Donder–Weyl equations for τ -transverse and

integrable multivector fields XH ∈ Xk(P∗):

ιXHΘH = 0, ιXHdΘH = 0. (4.19)

Equation (4.19) and the τ -transversality condition hold for every multivector

field of the equivalence class {XH}, and the transversality condition can be

imposed by asking ιXHω = 1.

In natural coordinates, for a τ -transverse, locally decomposable multivector field

XH ∈ Xk(P∗),

XH =

k−1∧
µ=0

(
∂

∂xµ
+ (XH)aµ

∂

∂ya
+ (XH)νµa

∂

∂pνa
+ (XH)νµ

∂

∂sν

)
, (4.20)

if it is a solution to Eq. (4.19), bearing in mind the local expression Eq. (4.16),

these field equations lead to

(XH)µµ = pµa
∂H

∂pµa
−H, (XH)aµ =

∂H

∂pµa
, (XH)µµa = −

(
∂H

∂ya
+ pµa

∂H

∂sµ

)
,

together with a last group of equations which are identities when the above ones are

taken into account. Then, the integral sections ψ(xν) = (xµ, ya(xν), pµa(xν), sµ(xν))
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of the integrable solutions XH of (4.19) are the solutions to Eqs. (4.17) or (4.18)

which read as

∂sµ

∂xµ
=

(
pµa

∂H

∂pµa
−H

)
◦ψ, ∂ya

∂xµ
=
∂H

∂pµa
◦ψ, ∂pµa

∂xµ
= −

(
∂H

∂ya
+ pµa

∂H

∂sµ

)
◦ψ,

and are called the Herglotz–Hamilton–de Donder–Weyl equations for action-

dependent field theories. These equations are compatible in P∗.
Observe that these equations are the same as those obtained in the k-cocontact

Hamiltonian formulation of non-conservative field theories and also lead to those

of the k-contact Hamiltonian formalism when the Hamiltonian function does not

depend on the space-time variables xµ [40, 42].

Remark 4.26 (The canonical multicontact Hamiltonian system asso-

ciated with a multicontact Lagrangian system). Let L ∈ Ωk(P) be a

Lagrangian density with L = Lω.

First, denote FLs : J1π → J1∗π the Legendre map associated with the restric-

tion of the Lagrangian function L ∈ C∞(P) to the fibers of the projection τ1
(recall diagram 4.1). Informally, it is obtained considering L with sµ “frozen”,

which is denoted Ls ∈ C∞(J1π). Then, the restricted Legendre map associated

with the Lagrangian function L ∈ C∞(P) is the map FL : P → P∗ given by

FL := (FLs, IdΛk−1(T∗M)). It is locally given by

FL(xµ, ya, yaµ, s
µ) =

(
xµ, ya,

∂L

∂yaµ
, sµ
)
.

Similarly, the extended Legendre map associated with L is the map F̃L : P → P̃
given by F̃L := (F̃Ls, IdΛk−1(T∗M)). Its local expression is

F̃L(xµ, ya, yaµ, s
µ) =

(
xµ, ya,

∂L

∂yaµ
, L− yaµ

∂L

∂yaµ
, sµ
)
.

It is not difficult to prove that L is a regular Lagrangian function if and only if

the Legendre map FL is a local diffeomorphism. In particular, L is said to be

hyperregular if FL is a global diffeomorphism.

Therefore, if L is a hyperregular Lagrangian function, we can define the Hamil-

tonian section h := F̃L ◦ FL−1, and construct the corresponding multicontact

Hamiltonian system (P∗,ΘH, ω), which is called the canonical multicontact Hamil-

tonian system associated with the multicontact Lagrangian system (P,ΘL, ω). If

L is regular, this construction is local. Bearing in mind the coordinate expressions

(4.3), (4.4), and (4.16), we obtain that FL∗ΘH = ΘL and FL∗dΘH = dΘL.

5. Relationship Between Multicontact, k-Cocontact and k-Contact

Structures

For the relation among multisymplectic, k-cosymplectic and k-symplectic structures

in classical field theories, see [20, 69] (see also [29, 30]).
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The relation among the multicontact, the k-cocontact and the k-contact struc-

tures for action-dependent field theories is done for the particular situation where

π : E →M is the trivial bundle Rk ×Q→ Rk.

5.1. The Hamiltonian case

A previous result needed to establish this relation is as follows.

Proposition 5.1. (1) The manifold Mπ ≡ Λk2T∗(Rk × Q) is diffeomorphic to

Rk × R×⊕kT∗Q.

(2) As a consequence, J1π∗ is diffeomorphic to Rk ×⊕kT∗Q.

Proof. (1) For t ∈ Rk, let it : Q ↪→ Rk × Q be the canonical embedding given by

it(q) = (t, q), and ρ
Q

: Rk ×Q→ Q the canonical submersion. Then, we can define

the map

Ψ̄: Λk2T∗(Rk ×Q)→ Rk × R×⊕kT∗Q

ξ(t,q) 7→ (t, p, ξ1
q , . . . , ξ

k
q ),

where, for X ∈ X(Q),

ξαq (X) = ξ(t,q)

(
∂

∂x1

∣∣∣
(t,q)

, . . . ,
∂

∂xα−1

∣∣∣
(t,q)

, (it)∗Xq,
∂

∂xα+1

∣∣∣
(t,q)

, . . . ,
∂

∂xk

∣∣∣
(t,q)

)
,

p = ξ(t,q)

(
∂

∂x1

∣∣∣
(t,q)

, . . . ,
∂

∂xk

∣∣∣
(t,q)

)
(observe that xα and p are now global coordinates in the corresponding fibers

and, then, the global coordinate p can be identified with the natural projection

p : Rk×R×⊕kT∗Q→ R). The inverse of Ψ̄, at a point (t, p, ξαq ) ∈ Rk×R×⊕kT∗Q

is given by

ξ(t,q) = p dkx|(t,q) + (ρ
Q

)∗(t,q)ξ
α
q ∧ dk−1xα|(t,q).

Thus, Ψ̄ is a diffeomorphism (locally Ψ̄ is written as the identity).

(2) Bearing in mind the identification of Λk(T∗M) with R, this is a straightfor-

ward consequence of the above item since

J1π∗ =Mπ/π∗ΛkT∗M ' (Rk × R×⊕kT∗Q)/R ' Rk ×⊕kT∗Q.

Note that Λk−1(T∗M) can be identified with Rk, and therefore, taking into

account the above proposition, we can write

P̃ =Mπ ×M Λk−1(T∗M) ' Rk × R×⊕kT∗Q× Rk,

P∗ = J1π∗ ×M Λk−1(T∗M) ' Rk ×⊕kT∗Q× Rk = P∗.
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The following diagram contains the projections and embeddings that we will use

next.

The embeddings ι̃,  and ̃ are given by the zero-sections:

ι̃(xα, ya, pαa , s
α) = (xα, p = 0, ya, pαa , s

α),

 (ya, pαa , s
α) = (xα = 0, ya, pαa , s

α),

̃ (ya, pαa , s
α) = (xα = 0, p = 0, ya, pαa , s

α).

5.1.1. Relationship between the canonical structures of

P̃ =Mπ ×M Λk−1(T∗M) and P ∗ = ⊕kT∗Q× Rk

If the manifold P̃ =Mπ×M Λk−1(T∗M) is diffeomorphic to Rk×R×⊕kT∗Q×Rk,

then it is a trivial bundle over Rk. Therefore, the canonical vector fields ∂
∂xα ∈ X(Rk)

can be extended to vector fields in P̃, which have the same coordinate expressions.

Then, following the same pattern as in the proof of the item 1 of Proposition

5.1 and starting from the canonical special multicontact form Θ̃ ∈ Ωk(P̃) given in

(4.15), we can define the forms ηα ∈ Ω1(⊕kT∗Q× Rk) by

ηα = (−1)α−1̃ ∗
(
ι( ∂

∂xk

) . . . ι( ∂

∂xα+1

)ι( ∂

∂xα−1

) . . . ι( ∂
∂x1

)Θ̃)
= −̃∗

(
ι( ∂

∂xk

) . . . ι( ∂
∂x1

)(Θ̃ ∧ dxα)
)
. (5.1)

In coordinates, we have,

Θ̃ ∧ dxα = (−1)k−1
(
− pαadya ∧ dkx+ dsα ∧ dkx

)
.

Then

− ̃∗
(
ι( ∂

∂xk

) . . . ι( ∂
∂x1

)(Θ̃ ∧ dxα)
)

= (−1)k ̃∗
(
ι( ∂

∂xk

) . . . ι( ∂
∂x1

)(− pαadya ∧ dkx+ dsα ∧ dkx
))

= −pαadya + dsα.

Therefore, {ηα} is the canonical k-contact structure in P ∗ = ⊕kT∗Q× Rk.
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Conversely, starting from the k-contact structure {ηα} in P ∗ = ⊕kT∗Q×Rk we

can obtain the canonical special multicontact form in P̃ ' (Rk×R×⊕kT∗Q)×Rk,

by doing

Θ̃ = pω + ν̃∗ηα ∧ ι( ∂
∂xα

)ω = pdkx+ ν̃∗ηα ∧ dk−1xα. (5.2)

The Reeb vector fields are the same for both structures and are
{

∂
∂sα

}
.

In summary, we have proved the following.

Theorem 5.2. The canonical special multicontact form on P̃ ' Rk×R×⊕kT∗Q×
Rk and the contact forms of the canonical k-contact structure on P ∗ = ⊕kT∗Q×Rk
are related by (5.1) and (5.2).

5.1.2. Relationship between the structures of P∗ = J1∗π ×M Λk−1(T∗M) and

P ∗ = ⊕kT∗Q× Rk

If µ : P̃ ' Rk ×R×⊕kT∗Q×Rk → P∗ ' Rk ×⊕kT∗Q×Rk is a trivial bundle, we

can take a global Hamiltonian section h : Rk×⊕kT∗Q×Rk → Rk×R×⊕kT∗Q×Rk,

specified by a (global) Hamiltonian function H ∈ C∞(P∗), and then define the

(non-canonical) special multicontact form ΘH ∈ Ωk(P∗) given in (4.16). Therefore,

following the same pattern as in the above section, we can obtain the forms ηα ∈
Ω1(⊕kT∗Q× Rk) given as follows:

ηα = (−1)α−1∗
(
ι( ∂

∂xk

) . . . ι( ∂

∂xα+1

)ι( ∂

∂xα−1

) . . . ι( ∂
∂x1

)ΘH)
= −∗

(
ι( ∂

∂xk

) . . . ι( ∂
∂x1

)(ΘH ∧ dxα)
)
, (5.3)

that define the canonical k-contact structure in P ∗ = ⊕kT∗Q× Rk.

Conversely, starting from the k-contact structure {ηα} in P ∗ = ⊕kT∗Q×Rk we

can obtain the canonical special multicontact form in P̃ ' (Rk×R×⊕kT∗Q)×Rk,

by doing

ΘP = −H ω + ν∗ηα ∧ ι( ∂
∂xα

)ω = −H dkx+ ν∗ηα ∧ dk−1xα. (5.4)

The Reeb vector fields are the same for both structures and are
{

∂
∂sα

}
.

Thus, we have proved the following result.

Theorem 5.3. The special multicontact form on P∗ ' Rk ×⊕kT∗Q×Rk and the

contact forms of the canonical k-contact structure on P ∗ = ⊕kT∗Q×Rk are related

by (5.3) and (5.4).
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5.1.3. Relationship between the canonical structures of

P̃ =Mπ ×M Λk−1(T∗M) and P∗ = Rk ×⊕kT∗Q× Rk

From the canonical special multicontact form Θ̃ ∈ Ω1(P̃) we define the forms ηα ∈
Ω1(P∗) as in (5.1); that is,

ηα = (−1)α−1 ı̃ ∗
(
ι( ∂

∂xk

) . . . ι( ∂

∂xα+1

)ι( ∂

∂xα−1

) . . . ι( ∂
∂x1

)Θ̃), (5.5)

whose coordinate expressions are ηα = dsα−pαadya. In addition, we also define the

forms

τα = (−1)k−α ı̃ ∗
(
ι( ∂

∂xk

) . . . ι( ∂

∂xα+1

)ι( ∂

∂xα−1

) . . . ι( ∂
∂x1

)ι( ∂
∂p

)dΘ̃
)

(5.6)

(recall that p denotes the global canonical coordinate in R). Observe also that,

since p denotes the global canonical coordinate in R, the 1-forms τα = dxα are

canonically defined on Rk ×⊕kT∗Q× Rk.

Conversely, from the forms {ηα} of the k-cocontact structure in P∗ = Rk ×
⊕kT∗Q× Rk we can obtain the canonical special multicontact form in P̃ ' (Rk ×
R×⊕kT∗Q)× Rk similarly to (5.2).

In this way, we have proved the following.

Theorem 5.4. The canonical special multicontact form on P̃ ' Rk×R×⊕kT∗Q×
Rk and the forms of the canonical k-cocontact structure on P∗ = Rk ⊕k T∗Q×Rk
are related by (5.2), (5.5) and (5.6).

The (contact) Reeb vector fields are the same for both structures and are
{

∂
∂sα

}
,

and the space-time Reeb vector fields in P∗ are
{

∂
∂xα

}
.

5.1.4. Relationship between the (non-canonical) structures of

P∗ = J1∗π ×M Λk−1(T∗M) and P∗ = Rk ×⊕kT∗Q× Rk

First, observe that, in this particular situation, the manifolds P∗ and P∗ are canoni-

cally identified with Rk×⊕kT∗Q×Rk. Then, as in the above two sections, we obtain

that, starting from the (non-canonical) special multicontact form ΘH ∈ Ωk(P∗)
given in (4.16), we get the forms

ηα = −ι( ∂

∂xk

) . . . ι( ∂
∂x1

)(ΘH ∧ dxα), (5.7)

and the 1-forms τα = dxα are canonically defined.

Conversely, the special multicontact form in P∗ ' Rk×⊕kT∗Q×Rk is obtained

from the forms {ηα} of the k-cocontact structure in P∗ = Rk ×⊕kT∗Q×Rk as in

(5.2), without the pullback of ν̃.

So, we have the following.

Theorem 5.5. The special multicontact form on P∗ ' Rk ×⊕kT∗Q×Rk and the

forms of the canonical k-cocontact structure on P∗ = Rk ⊕k T∗Q× Rk are related

by (5.2) and (5.7), and the 1-forms τα are canonically defined.
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5.2. The Lagrangian case

As in the Hamiltonian case, now we have the canonical identifications

P = Jπ ×M Λk−1(T∗M) ' Rk ×⊕kTQ× Rk ' P,

and the natural embedding

ı : P = ⊕kTQ× Rk ↪−→ Rk ×⊕kTQ× Rk.

Therefore, following the same patterns as in Secs. 5.1.2 and 5.1.4, we obtain the

following.

Theorem 5.6. Let L be an “autonomous” Lagrangian function; namely, L =

L(ya, yaα, s
α) and EL its associated Lagrangian energy. The Lagrangian multicontact

form on P ' Rk ×⊕kTQ× Rk and the contact forms of the Lagrangian k-contact

structure on P = ⊕kTQ× Rk are related as follows:

ηαL = ı∗
(
ι( ∂

∂xk

) . . . ι( ∂

∂xα+1

)ι( ∂

∂xα−1

) . . . ι( ∂
∂x1

)ΘL)
= −ı∗

(
ι( ∂

∂xk

) . . . ι( ∂
∂x1

)(ΘL ∧ dxα)
)
,

ΘL = −EL ω + κ∗2θ
α ∧ ι( ∂

∂xα

)ω = −EL dkt+ κ∗2θ
α ∧ dk−1xα,

where κ2 : Rk ×⊕kTQ× Rk → ⊕kTQ× Rk is the canonical submersion.

Theorem 5.7. Let L be a “non-autonomous” Lagrangian function; that is, L =

L(xα, ya, yaα, s
α) and EL its associated Lagrangian energy. The Lagrangian multi-

contact form on P ' Rk × ⊕kTQ × Rk and the contact forms of the Lagrangian

k-cocontact structure on P = Rk ×⊕kTQ× Rk are related as follows:

ηαL = −ι( ∂

∂xk

) . . . ι( ∂
∂x1

)(ΘL ∧ dxα),

ΘL = −EL ω + κ∗2θ
α ∧ ι( ∂

∂xα

)ω = −EL dkt+ κ∗2θ
α ∧ dk−1xα,

and the 1-forms τα are canonically defined.

6. Relation with Other Kinds of Multicontact Structures

For completeness, we briefly comment on the relations between the structures stud-

ied in this paper and other similar structures present in the literature.

A higher-dimensional version of contact distributions was proposed in [79].

There, a distribution D ⊂ TM is called multicontact if it is maximally non-

integrable. That is, the only vector field X ∈ Γ(D) with the property that

[X,Y ] ∈ Γ(D) for all Y ∈ Γ(D) is X = 0. This definition is so general that one

cannot even assume that, locally, it is the kernel of a k-contact structure. To ensure

this, it is necessary to introduce an additional condition: the existence of a fam-

ily of symmetries of the distribution. The relation between k-contact geometry and
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maximally non-integrable distributions has been studied in [33]. Given a k-contact

structure in M, consider the distribution DC defined in 2.1. Then, [33, Theorem

3.6] states that DC is maximally non-integrable. The converse is not true (see

[33, Theorem 3.13] for a counterexample). The hypothesis needed for a maximally

non-integrable distribution to be associated with a k-contact structure is shown in

[33, Theorem 3.14].

We proceed to study the relation between k-cocontact and multicontact struc-

tures with maximally non-integrable distributions.

Proposition 6.1. Let (M, ηα, τα) be a k-cocontact manifold. Then DS ∩ DC is

maximally non-integrable.

Proof. Consider X ∈ Γ(DS ∩ DC) such that [X,Y ] ∈ Γ(DS ∩ DC) for all Y ∈
Γ(DS ∩ DC). Then

0 = ι[X,Y ]η
α = −ιY ιXdηα.

By a dimensional-counting argument,

(DS ∩ DC)⊕DR = TM. (6.1)

Since ιRιXdηα = 0, for every R ∈ Γ(DR), we conclude that ιXdηα vanishes by

the action of all tangent vector fields. Therefore, ιXdηα = 0, for every α and

X ∈ Γ(DR). In light of (6.1), it must be X = 0.

Proposition 6.2. Let (M,Θ, ω) be a variational multicontact manifold. Then

ker Θ is maximally non-integrable.

Proof. Consider X ∈ Γ(ker Θ) such that [X,Y ] ∈ Γ(ker Θ) for all Y ∈ Γ(ker Θ).

Then

0 = ι[X,Y ]Θ = −ιY ιXdΘ.

Moreover, if R ∈ Γ(DR), then ιRιXdΘ = 0 because X ∈ ker Θ ⊂ kerω. Therefore,

ιXdΘ vanishes by the action of the elements of ker Θ and DR, which, by Lemma

4.9, are all the elements of kerω. Consequently, X ∈ Γ(DR). Since we also have

X ∈ Γ(ker Θ), then X = 0 according to the third condition of special multicontact

structures Definition 4.3 and Lemma 4.9.

A non-variational special multicontact structure does not lead, in general, to

a maximally non-integrable distribution. For instance, consider M = R7 with

the globally defined coordinates (x, y, q, px, py, sx, sy) and the special multicontact

structure

ω = dx ∧ dy, Θ = (dsx − pxdq) ∧ dy − (dsy − pydq) ∧ dx+ dpx ∧ dq.

In this case, ker Θ = kerω ∩ ker Θ =
〈
∂
∂py

〉
, that is not maximally non-integrable.
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7. Conclusions and Outlook

The covariant geometrical description of conservative classical field theories is

well established, relying on finite-dimensional structures such as k-symplectic, k-

cosymplectic and multisymplectic geometries, among others, which extend tradi-

tional symplectic geometry. For action-dependent (non-conservative) field theories,

analogous frameworks, inspired by the aforementioned structures, are provided by

k-contact, k-cocontact and multicontact structures, which extend contact geometry.

This work begins by reviewing the definitions and core features of these new geo-

metric structures, including k-contact, k-cocontact and multicontact (distinguishing

different types of the latter), and Hamiltonian systems on each case. This foundation

enables a finite-dimensional covariant geometrical description of action-dependent

regular classical field theories in both Lagrangian and Hamiltonian formalisms.

In the same way as in the k-(co)symplectic and multisymplectic formalisms,

in action-dependent field theories, the multicontact formulation is more general

than the k-(co)contact versions. This is because, unlike in the k-(co)contact case,

multiphase bundles are not always trivial. Moreover, the k-symplectic and k-contact

formulations are restricted to autonomous field theories. From a physical point of

view, whenever we have Darboux-type coordinates, the local description of the three

formalisms is equivalent.

The main contribution of the paper is the study of the relationships among

these types of structure, specifically in the case where the phase bundles of the field

theories are trivial. We have also compared these structures with existing alternative

definitions of multicontact structures.

This research opens avenues for future extension to singular (almost-regular)

action-dependent classical field theories.

Appendix A. Multivector Fields

This appendix provides a review on the theory of multivector fields. See [15, 16, 35,

61, 65] for more details.

Let M be an N -dimensional differentiable manifold. The k-multivector fields

in M (k ≤ N) are the sections of the k-multitangent bundle
∧k

TM :=
k︷ ︸︸ ︷

TM∧ · · · ∧ TM; that is, the skew-symmetric contravariant tensor fields of order

k in M. The set Xk(M) consists of all these multivector fields. In particular, X ∈
Xk(M) is a locally decomposable multivector field if there exist X1, . . . , Xk ∈ X(U)

such that X|U = X1 ∧ · · · ∧Xk.

Locally decomposable k-multivector fields are locally associated with k-

dimensional distributions D ⊂ TM, and this splits Xk(M) into equivalence classes

{X} ⊂ Xk(M) which are made of locally decomposable multivector fields associ-

ated with the same distribution. If X,X′ ∈ {X} then, for U ⊂ M, there exists

a non-vanishing function f ∈ C∞(U) such that X′ = fX on U . In particular, an
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integrable multivector field is a locally decomposable multivector field whose asso-

ciated distribution is integrable; that is, involutive.

If Ω ∈ Ωk(M) and X ∈ Xk(M), the contraction between X and Ω is the natural

contraction between tensor fields; in particular, it gives zero when m < k, and if

m ≥ k, and for locally decomposable multivector fields is

ιXΩ|U := ι(X1∧···∧Xk)Ω = ιXk . . . ιX1Ω.

Now, let % : M→ M be a fiber bundle, where M is an oriented manifold with

volume form ωM ∈ Ωk(M). A multivector field X ∈ Xk(M) is %-transverse if, for

every β ∈ Ωk(M) such that β%(p) 6= 0, at every point p ∈M, we have (ιX(%∗β))p 6=
0. Then, if X ∈ Xk(M) is integrable and %-transverse, its integral manifolds are

local sections of the projection % : M→M .

Therefore, the canonical prolongation of a section ψ : U ⊂ M →M to ΛkTM
is the section ψ(k) : U ⊂ M → ΛkTM defined as ψ(k) := ΛkTψ ◦ YωM ; where

ΛmTψ : ΛkTM → ΛkTM is the natural extension of ψ to the corresponding mul-

titangent bundles, and YωM ∈ Xk(M) is the unique k-multivector field on M such

that ιYωM
ω = 1. Then, ψ is an integral section of X ∈ Xm(M) if and only if

X ◦ψ = ψ(m).

Thus, if (U ; zi) is a chart of coordinates in M, and xα are the coordinates in

Rk; given a decomposable multivector field X = X1∧· · ·∧Xk, with local expression

Xα = Xi
α
∂
∂zi , a section ψ : M →M, with ψ = (ψα), is an integral map of X if it

satisfies the set of partial differential equations

∂ψi

∂xα
= Xi

α ◦ ψ. (A.1)

In addition, the stronger integrability condition [Xα, Xβ ] = 0, for every α, β =

1, . . . , k, must be imposed; and this is precisely the integrability condition of the

PDE (A.1) (see [63]).
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[26] M. de León and M. Láınz-Valcázar, Contact Hamiltonian systems, J. Math. Phys.
60(10) (2019) 102902, doi:10.1063/1.5096475.

[27] M. de León, D. Mart́ın de Diego and A. Santamaŕıa-Merino, Tulczyjew triples and
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218 J. Gaset Rifà, X. Rivas & N. Román-Roy
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thesis, Universitat Politècnica de Catalunya (2021).

[71] X. Rivas, Nonautonomous k-contact field theories, J. Math. Phys. 64(3) (2023)
033507, doi:10.1063/5.0131110.

[72] X. Rivas, N. Román-Roy and B. M. Zawora, Symmetries and Noether’s theorem for
multicontact field theories, Lett. Math. Phys. 115 (2025) 108, doi:10.1007/s11005-
025-01995-0

[73] X. Rivas and D. Torres, Lagrangian–Hamiltonian formalism for cocontact systems,
J. Geom. Mech. 15(1) (2023) 1–26, doi:10.3934/jgm.2023001.

[74] N. Román-Roy, Multisymplectic Lagrangian and Hamiltonian formalisms of classical
field theories, SIGMA Symmetry Integrability Geom. Methods Appl. 5 (2009) 100,
doi:10.3842/SIGMA.2009.100.



June 22, 2026 10:24 WSPC/2972-4589 354-GM 2640001
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