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Abstract. In this paper, we introduce a graded bracket of forms on mul-
ticontact manifolds. This bracket satisfies a graded Jacobi identity as
well as two different versions of the Leibniz rule, one of them being a
weak Leibniz rule, extending the well-known notions in contact geom-
etry. In addition, we develop the multisymplectization of multicontact
structures to relate these brackets to the ones present in multisymplec-
tic geometry and obtain the field equations in an abstract context. The
Jacobi bracket also permits to study the evolution of observables and
study the dissipation phenomena, which we also address. Finally, we
apply the results to classical dissipative field theories.
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1. Introduction

The existence of brackets in classical field theory analogous to Poisson or
Jacobi brackets in mechanics [2,17,30,36] is of extreme importance. On the
one hand, they are useful to show the evolution of any observable quantity
and, on the other hand, they are the key to obtain the quantization of the
given system, following Dirac’s ideas. Indeed, the brackets bring the bridge
between the geometry of phase space and the algebra of observables.

To our knowledge, the geometric version of Poisson brackets were first
defined in Ref. [8] for the multisymplectic formalism of classical field theories,
just as a continuation of the study of abstract multisymplectic manifolds
carried in Ref. [9]. An important property of these brackets, already discussed
in the work by Cantrijn, Ibort and de Ledn, is that it induces a Lie algebra
structure on Qg (M)/dQ2(M), the space of Hamiltonian forms modulo exact
forms. These constructions have subsequently been used by other authors [4,
5,20,26], and more recently developed within a more general and geometrical
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framework [6,13,39] (see also a recent approach to classical field theories
based on smooth sets of fields [28]).

On the other hand, dissipative field theories have recently been described
by introducing the concept of multicontact structures [11,12], which general-
ize the usual contact ones. However, a bracket in multicontact field theories
analogue to the Jacobi bracket in contact geometry is yet to be defined and
studied. This is the first main goal of the present paper.

As we approached this problem, we discovered that a graded bracket
can be associated to an arbitrary differential form on any smooth manifold,
say © € Q"(M). The main ingredient is a special kind of multivector fields on
the given manifold, which we call infinitesimal conformal transformations of
the given form ©. This definition mimics the situation on contact manifolds
and their infinitesimal conformal transformations. These multivector fields
are then used to define the space of conformal Hamiltonian forms and the
corresponding graded Jacobi bracket. This bracket is graded-skew-symmetric
and satisfies the usual graded Jacobi identity (see Corollary 2.8). Further-
more, two different versions of the Leibniz rule appear: one corresponding to
the Gerstenhaber algebra structure [27] of infinitesimal conformal transfor-
mations (see Corollary 2.11) and a second one generalizing the weak Leibniz
rule present in contact geometry (see Proposition 2.12).

To study the relationship between these brackets and the graded Pois-
son brackets of multisymplectic geometry, we extensively develop a pre-multi-
symplectization procedure extending the one already known for contact struc-
tures which works on any manifold equipped with an n-form ©. An interest-
ing fact is that, as a consequence of our study, we can introduce a more
general definition of multicontact form that the previously one defined in
Refs. [10,12]). Indeed, an n-form © is called multicontact if the following
conditions hold:

ker; © Nker; dO = {0} and ker; dO # {0},
where
kery © ={v e TM: 1,0 =0} and kery dO = {v € TM: +,d© = 0},

being the conditions that guarantee that its canonical pre-multisymplecti-
zation (see Definition 3.5) is, in fact, a multisymplectization. It is worth
mentioning that the second property ker; dO© # {0}, besides avoiding the pos-
sibility that d® = 0 (which would recover the case of a (pre)-multisymplectic
form) is a technical condition that is used on several steps of our study.

The second main goal of the present paper is to define dynamics, namely
the action-dependent Hamilton-De Donder—Weyl equations on an arbitrary
multicontact manifold. Our approach is to identify the geometric objects that
generalize the Jacobi bivector field and the Reeb vector field of contact man-
ifolds. Indeed, we introduce the corresponding f mapping, which generalizes
both the bivector field and the Reeb vector field. This allows us to obtain a
new expression for the bracket of forms on a multicontact manifold similar
to the case of the Jacobi bracket in contact geometry.
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In order to introduce dynamics, several steps need to be made. First, we
make a finer definition of the Reeb multivector field so that contracting with
it is well defined for a wider family of forms. Second, we define the so-called
Hamiltonian subbundle of forms and identify then the good Hamiltonians,
which are the ones that allow for a definition of the dissipation form (see Ref.
[11]), which has now a more clear and simple definition. Now, given such a
good Hamiltonian, one can obtain the Hamilton-de Donder—Weyl equations;
more insights are obtained when the multicontact form is of variational type,
where a tensor-like obstruction for every Hamiltonian to be a good Hamilton-
ian is identified (see Theorem 5.15). We also consider the evolution of forms
and the notion of dissipated forms. The study ends with an application of
the above theory to dissipative field theories.

In order to give a more complete view, we want to comment that the
dissipative field equations can be described by other geometric structures,
called k-contact [19,22,24] and k-cocontact [32] in the same way that the
k-symplectic and k-cosymplectic geometries [18] describe the classical field
equations. Although the field equations are obtained with both formalisms,
there is no known definition of brackets in these cases, which leaves multi-
contact structures to be more suitable for the study of action-dependent field
theories. Up to our knowledge, the only brackets defined in the k-contact set-
ting was introduced in Ref. [19] for vector-valued functions in order to study
systems of ordinary differential equations.

The paper is structured as follows: Sect. 2 is devoted to define brackets
for arbitrary forms on a manifold. The multisymplectization method is de-
veloped in Sect. 3 to find the relations between these graded Jacobi brackets
and graded Poisson brackets. In this section, we also use the theory devel-
oped to motivate the definition of multicontact manifolds. We investigate the
definition of the # mapping on arbitrary multicontact manifolds in Sect. 4,
where we use it to give a different description of the brackets. These struc-
tures are then used in Sect. 5 to define dynamics on general multicontact
manifolds. Section 6 is devoted to apply the obtained results to the case of
classical dissipative field theories. The paper finishes with some conclusions
and further work.

Notation and conventions

We will use the following notations and conventions throughout the paper;
they are collected here to facilitate the reading:

— All manifolds are assumed % °°-smooth, finite dimensional, Hausdorff
and second countable.

— Finstein’s summation convention is assumed throughout the text, unless
stated otherwise.

~ V, M denotes the vector bundle of p-vectors on M, A’ TM.

- XP(M)=T (\/p M) denotes the space of all multivector fields of order

.
— A“ M denotes the vector bundle of a-forms on M, A\* T*M.
- QM) =T (\" M) denotes the space of all a-forms on M.
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— [, -] denotes the Schouten—Nijenhuis bracket on multivector fields. We
use the sign conventions of Ref. [31].

- Lya=dwwa— (—1)Puda, for U € XP(M), o € Q*(M) denotes the Lie
derivative along multivector fields. For a proof of its main properties,
we refer to Ref. [21].

— For a subbundle K C Vp M, and for a > p, we denote by

K" ={ae AM|ika=0}

the annihilator of order a of K.
— Similarly, for a subbundle S C A“ M, and p < a we denote by

S°P={Ue\/M|wS =0}
P
the annihilator of order p of S.
~ Given a form © € Q" (M), we denote ker, © = {u €\, M | 1,0 = 0}.
— Ry denotes R\ {0}.

2. Brackets Induced by a Differential n-Form

Let M be a finite dimensional smooth manifold and © € Q™ (M) be a smooth
n-form on M. The following definition is an extension of the so-called con-
formal infinitesimal symmetries in contact geometry.

Definition 2.1. For p < n, a multivector field X € XP(M) is said to be an
infinitesimal conformal transformation of © if there exists a multivector field
V € XP~1(M) such that

gx@ = Lv@,

where Zx© = dixO — (—1)P1xdO denotes the Lie derivative of © with
respect to the multivector field X (see Refs. [21,31,35] for details).

Remark 2.2. If p = 1 and X € X(M) is an infinitesimal conformal trans-
formation, we have that there exists a certain O-multivector field, namely a
function g € ¥*°(M), such that

ZxO0=g-0,
so that we recover the usual notion of an infinitesimal conformal symmetry.

A

Definition 2.3. A conformal Hamiltonian form is an (n — p)-form o € Q"7
(M) such that

tx,0 =—a,

for some infinitesimal conformal transformation X, € XP(M). The space of
conformal Hamiltonian a-forms is denoted by Q% (M, ©). If the form to be
used is clear form the context, we shall simply use Q% (M).
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Note that an (n — p)-form « is conformal Hamiltonian if and only if
there exist multivector fields X, € XP(M) and V,, € X~ (M) such that

1x,0 =—a« and x,dO = (=1)P"(da + 1y, ©). (2.1)

The following result will allow us to define a bracket on the space of conformal
Hamiltonian forms.

Theorem 2.4. Let a € Q" P(M) and f € Q"~9(M) be conformal Hamilton-
ian forms and let X, Vo, Xg and Vg be multivector fields satisfying

1x,0 = —a, tx,dO = (=1)P"(da + 1y, 0),

and
x,0=-8, Lx,dO = (—1)11(dB + 11,0) .
Then, the expression
~U[Xa,X5]©
only depends on o and B and is also a conformal Hamiltonian form.

Proof. Let us start by checking independence on the choice of multivector
fields. We have (see Ref. [21])

—Ux0. x50 = —(-1)PTVULy 1,0 + 1x, Lx, O
= —(—1)(p71)qfxabxﬁ@ + [’XﬁLVa@
= (=)@ V9, — Zx,)ix,0
= ()P Ly, — )8,
which implies that is independent on the choice of Xg,Vg. A symmetric
argument proves the same result for X, V.
To see that it is again a conformal Hamiltonian form, it is enough to

show that [X,, Xj3| is again an infinitesimal conformal transformation for ©.
Indeed,

"%XWXB]G = (_1)(p71)(q71)$Xa$X5@ - gXﬁgXa@
= (—1)(p_1)(q_1)fxabw,@ — Lx, v, 0
= L[XLY7V[3]@ + LVBZXQG — (_1)(17*1)01*1)(L[Xﬁ’vu]@ + LVQD%XL;@)
= UX,, V5O F vy, O — (_1)(p71)(q*1)(L[XB’VQ]@ + v, 1v,0)

= xa,v,)© — (—1)(p_1)(q_1)b[xﬁ,va]@
= LV®7
where
V = [Xa, Vg = (=1)P DV [Xp, V]
concluding that it is a conformal symmetry. O

Definition 2.5. The graded Jacobi bracket of two conformal Hamiltonian
forms «, 3 is

{a, 8} = _L[Xa,Xg]Gv
where X,, Xg are the conformal symmetries for each of these forms. Well-
definedness of this bracket follows from Theorem 2.4. For simplicity, we will
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refer to this bracket as the Jacobi bracket, provided there is no risk of con-
fusion.

The Jacobi bracket of conformal Hamiltonian forms defined by a differ-
ential n-form © € Q"(M) is a bilinear operation

Q% (M) @ Qb (M) — Q== (ar) .

Remark 2.6. Notice that we may write {a, 8} = (=1)P~D(Lx —uy ) 3.
This formula resembles the Courant bracket used in the higher (or graded)
generalization of Dirac geometry (see Ref. [39]). In fact, in Sect. 4, we will
give a formula for the bracket in terms of the f-morphism (see Theorem
4.15), which is a generalization of the formula found in the generalization of
Dirac geometry (see Ref. [13] for the definition of the f-morphisms and the
expression of the Poisson brackets using them). A

Remark 2.7. Suppose © = n a contact form on M. Then, the previous bracket
generalizes the usual Jacobi bracket of contact geometry. Indeed, Eq. (2.1)
translates into
tx;m=—f and tx,dn=df — R(f)n,
where R denotes the Reeb vector field, the unique vector field satisfying tgn =
1, and trdn = 0. Definition 2.5 gives
{f,9} = X5, X1
which recovers the usual Jacobi bracket [14,15]. A

The following result follows from the properties of the Schouten—Nijenh-
uis bracket.

Corollary 2.8. Letaw € Q" P(M), B € Q" UM) andy € Q""" (M) be confor-
mal Hamiltonian forms. Then, the bracket of conformal Hamiltonian forms
is graded skew-symmetric and satisfies the graded Jacobi identity, namely

(1) {a7/6} = _(_1)(1)_1)((1_1){670‘}7
(ii) (=1)®P= V0" a, {8,9}} + (-1)" D@Dy {a, B}}+
(_1)(q—1)(p—1){ﬁ7 {77 a}'} =0.
Note that infinitesimal conformal transformations are closed under ex-
terior products, since
XX/\y@ = fybx@ + (—1)qby$Xe)
= (1P (4y 510 + 1x. L 0O) + (-1 ZxO,  (2.2)
where X € XP(M) and Y € X9(M). This motivates the following definition.

Definition 2.9. The cup product of conformal Hamiltonian forms is defined
as

aVp:.= _LXQ/\X[,@'

Note that the cup product of conformal Hamiltonian forms is well de-
fined since

aVp=ixa=(=1)lx j.

@ Springer



MJOM Brackets in Multicontact Geometry. .. Page 7 of 44 81

Remark 2.10. The cup product of two conformal Hamiltonian forms is again
conformal Hamiltonian, since X, A Xg is again an infinitesimal conformal
transformation. A

The cup product defines a bilinear operation
(M) @ Q (M) — Q4" (M),

which, using the properties of the Schouten—Nijenhuis bracket, is easily seen
to satisfy the following property.

Corollary 2.11. Given a € Qy; *(M), € Q3 /(M) and v € Q" (M), the
cup product satisfies the graded Leibniz rule

{o, BV A} ={a, B}V Ay + (=) VI8V {a,v}.
Furthermore,
Proposition 2.12. The Jacobi bracket satisfies the weak Leibniz rule, namely

Supp{a, 3} € Supp a N Supp 3,

for every pair of Hamiltonian forms a € Q%4 (M,0) and 8 € Q% (M,0),
where Supp « denotes the support of «.

Proof. Indeed, this follows by noting that if o or # vanish on an open subset,
so does their bracket, since we can choose X, or Xz to be zero on this subset.
O

This result, along with Corollary 2.8, motivates the name graded Jacobi
bracket given in Definition 2.5.

Observe that this endows the set of conformal Hamiltonian forms with
a structure of a Gerstenhaber algebra [27], and the map X — —tx© is a
Gerstenhaber algebra homomorphism between infinitesimal conformal trans-
formations and conformal Hamiltonian forms.

Remark 2.13. 1t is worth noting that, in the case where ©® = 7 defines a
contact form on M, the cup product f V g of two functions vanishes. Thus,
we only have the weak Leibniz rule in the contact case. A

Let us turn into discussing an immediate relation between the brackets
defined and the Poisson bracket defined by a multisymplectic form.

Definition 2.14. A pre-multisymplectic form on M is a closed (n + 1)-form
Q € Q"TY(M). A pre-multisymplectic form is said to be multisymplectic
or non-degenerate if the vector bundle map b: TM — A" M defined by
b(v) := 1, is a monomorphism.

Every closed form induces a bracket in a suitable subspace of forms,
which we define now.

Definition 2.15. Let (M, Q) with @ € Q""'(M) be a (pre-)multisymplectic
manifold. Then, a form a € Q*(M) is called (pre-)multisymplectic Hamilton-
ian if there exists a multivector field X, € X"~ %(M) such that tx_ Q = da.
We denote the space of multisymplectic Hamiltonian a-forms by Q% (M, £2).
If the form to be used is clear from the context, we simply write Q% (M).
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Remark 2.16. (Pre-)multisymplectic Hamiltonian forms are usually referred
to as Hamiltonian. We prefer to incorporate this longer name in order to
avoid confusion with conformal Hamiltonian forms. A

Definition 2.17. Let (M, (), where Q € Q"+1(M), be a pre-multisymplectic
manifold and let « € Q% P (M), 8 € Q@ *(M) be pre-multisymplectic Hamil-
tonian forms. Their Poisson bracket is defined as

{Oé,ﬂ}p = (_1)q71LXaAX;,\Q~

See Refs. [8,9,34] for further details on Poisson brackets in multisym-
plectic manifolds.

Remark 2.18. The Jacobi bracket associated to a differential n-form gener-
alizes the bracket of 1-forms in symplectic geometry (see Ref. [36]). Indeed,
let Q € Q"F1(M) be a multisymplectic form. Then, given multisymplectic
Hamiltonian forms & € Q7 (M, Q) and § € Qf (M, ), we have that their
Poisson bracket is given by
{a7B}P = (_1)‘171[’){5/\){597
where X5 € XP(M), X5 € X9(M) are multivector fields satisfying
ix,0=dd  and  1x Q= 3.

Then, both X5 and Xﬁ satisfy Lx Q0 = XXBQ = 0 and, in particular, they

define infinitesimal conformal transformations. Hence, da and dB may be
interpreted as conformal Hamiltonian forms in the sense of Definition 2.3 for
the multivector fields Xq5 = — X5 and X 4= X i1 with conformal factors
Vaa = 0 and VdB = 0, respectively. The Jacobi bracket of these two forms is
related to the Poisson bracket of multisymplectic geometry as follows:

{dd, dB} = —yx, x,)Q = — (1) 9Ly 1x O+ ix, Lx, O
= 7(71)(;071)‘13)(&@(59 = 7(71)(p71)quX&LXBQ
= (D)7 dex nx,
= d{a, B}p.

As a particular case, for n = 1, we obtain {df,dg} = d{f, g}p, where {f,g}p
is the Poisson bracket of two functions from symplectic geometry (see Ref.
[1,3]). Hence, we can think of the graded Jacobi bracket as a generalization
of the graded Poisson bracket. A

3. Multicontact Structures and Multisymplectization

In this section, we study further relations between Jacobi and Poisson brack-
ets generalizing a procedure known in contact geometry: symplectization.
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3.1. General (Pre-)multisymplectizations

Definition 3.1. An homogeneous (pre-)multisymplectic manifold is a pair
(M, T), where T € Q”(M) is such that @ = —dY defines a (pre-)multisym-
plectic form on M and such that there exists a vector field A, called a Liouville
vector field satisfying :nQ2 = —7.

Remark 3.2. In the case of symplectic geometry, a homogeneous symplec-
tic structure is simply an exact symplectic structure w = —dv, since there
always exists a vector field A such that taow = —v. However, the same obser-
vation does not hold in multisymplectic geometry since, in general, we cannot
guarantee the existence of a vector field A satisfying 1o = —7T. A

Let © be an n-form on a smooth manifold M.

Definition 3.3. Let 7: M — M be a (locally trivial) fiber bundle, where M
is endowed with a homogeneous (pre-)multisymplectic structure 2 = —d7Y.
Then, it is said to be a (pre-)multisymplectization of (M, ©) if it admits a
vertical Liouville vector field A with respect to the projection 7, and T = ¢-
7*0 for certain nowhere vanishing function ¢ € €>°(M), called the conformal
factor.

Remark 3.4. Notice that from tad(¢7*0) = ¢ 7%O, we must have A(¢)7*O
= ¢7*0, so that if © is nowhere zero, we necessarily obtain A(¢) = ¢. A
similar argument can be made for an n-form © that does not vanish on a
dense subset of M. JAN

Definition 3.5. The canonical (pre-)multisymplectization of (M, ©) is defined
as M x Ry, together with the homogeneous (pre-)multisymplectic structure
) = —d(2©), where z is the canonical coordinate in Ry . Notice that we can
take as Liouville vector field A := z% and as conformal factor ¢ := z.

Remark 3.6. A different choice of canonical multisymplectization could be
M x R, with nowhere vanishing conformal factor ¢(p,t) := ef. Both ap-
proaches are diffeomorphic (disregarding connected components), using the
exponential mapping. A

Proposition 3.7. Provided that ker; d© # {0}, the canonical (pre-)multis-
ymplectization of (M, 0), namely (M x Ry ,Q := —d(20)), is a non-degene-
rate homogeneous multisymplectic manifold if and only if

ker; © Nker; d® = {0} .
Proof. Suppose first that ker; © Nker; d® = {0} and let v € T(M x Ry)
such that ¢, = 0. Identifying T, o) (M x Ry) = T,M x T,Rx =T, M xR,

we can write 5
u=vt5-,
where v € T,M and v € R. Then, ¢,Q = 0 implies
dz A 1,0 — 2¢,dO — O = 0.

We will prove that v = 0 and v = 0. Contracting with % yields ¢,© = 0.
Now, since ker; d® # 0, taking w € ker; d© \ {0} and contracting by it we
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have —vt,© = 0, which implies v = 0, since w ¢ ker; ©. Finally, we must
have z,d® = 0 which implies ¢,d® = 0, given that z # 0. We conclude that
v =0, since v € ker; © Nker; dO = {0}.

Conversely, assume that —d(z©) defines a non-degenerate multisym-
plectic form. Consider v € TM such that ¢,© = 1,d® = 0. Then, identifying
T(M x Ry) = TM x TRy, we have ¢,d(z©) = 0, which implies u = 0, as
we wanted to see. 0

Let us turn back to the theory of arbitrary (pre-)multisymplectizations.
In particular, we will prove that every infinitesimal conformal transformation
on the base can be lifted to a homogenous multivector field on the (pre-
Jmultisymplectization.

Theorem 3.8. Let © be a nowhere vanishing n-form on M and let T: M —
M, with (M, —dY) a (pre-)multisymplectization of (M,®) with conformal
factor ¢ € ‘50"(]\7) Then, for every infinitesimal conformal transformation
X € XP(M) of ©, there exists a unique-up-to-ker, dY multivector field X €
f{p(ﬂ) such that

ZLET =0 and 7'*5(: =X.

To prove this result, we will need the existence of a particular Ehres-
mann connection on 7: M — M, namely a subbundle H C TM such that
ker dre@H = TM and H C ker d¢. The following lemma ensures the existence
of such a connection.

Lemma 3.9. There exists an Ehresmann connection H on 7: M — M such
that H C ker d¢.

Proof. Notice that we have ker d7 + ker d¢ = TM. Indeed, following Remark
3.4, we have d¢(A) = ¢, which implies d¢ # 0 and A & ker d¢. Hence,

rank ker d,¢ = dim M — 1.

Now, since A, ¢ kerd,¢, by a dimension comparison and using that A is
T-vertical, we must have

TM =kerdg @ (A) C kerd¢ + ker dr .

Furthermore, since ker d¢ + kerdr = TM. , we have that ker d¢ N kerdr has
constant rank and, therefore, ker d¢/(ker d¢ Nkerdr) — M is a well-defined
vector bundle. Notice that this induces a short exact sequence

0 — kerd¢g Nkerdr — kerd¢ — kerd¢/(kerdgp Nkerdr) — 0.

Taking an arbitrary Euclidean structure on kerd¢ — M , we may define H
through a splitting of the previous short exact sequence. It suffices to take H
as the orthogonal complement of ker d¢ N ker dr with respect to the chosen
inner product. Indeed, by construction, it satisfies H Nkerdr = {0} and,
furthermore,

rank H = rank ker d¢ — rank(ker d¢ Nkerdr) = rankTM — rank ker dr,

so that H @ kerdr = TM , defining the desired Ehresmann connection and
finishing the proof. O
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An Ehresmann connection H on 7: M — M induces a map XP(M) —

XP(M) given by
U=Xi N AXpr—Ur =X A AX]E
where X/ is the unique vector field on M satisfying

X=X, and X!'cH.

Lemma 3.10. Let H be the Ehresmann connection from Lemma 3.9. Then,
for every X € XP(M) and o € Q%(M), we have

txn(dp AT ) = (=1)Pdp A T (Lx )
Proof. Suppose X = X; A -++ A X,, where X; € X(M). Then, X" = X}' A
-+ A X]. Notice that
txn(do AT ) = LXPA-AXD (dp AT a) = XA AXBLX] (do AT @)
= XpAAXE (dQS(X{Z)O‘ —dgp AT x @)
= —LXpAAXE (do AT ix,a),
where in the last equality, we have used that X} € ker d¢. Iterating the last
argument, we conclude that ¢xn(dé A 7*a) = (=1)Pde A 7* (tx ). O

Proof of Theorem 3.8. Let H be the Ehresmann connection from Lemma 3.9
and let X € XP(M) be an infinitesimal conformal transformation of ©. Define

X:=X"+AAY",

where Y € XP71(M) is a multivector field which is going to be specified
later. Notice that 7.X = X. We will look for Y such that 0 = ZXT =
—2%(¢ - 7*0). Using Lemma 3.10, we have
Lxnianyr(@-770) =dixnyanyn(@-770) = (=1)Pixnanyrd(¢- 7°0)

=d(¢7"(tx0)) — (=1)Pixnianyn (AP AT O + ¢77dO)

=dp AT (1x0) + dd(771x0O) —dd AT (1xO)

— (=1)"do(A)T"(ty ©) = (=1)¢7"(1xdO)

=7 Lx0O — (—1)Pdo(A)T* (1y O)

= (]57'* (fxg — (—1)pby®) 5
since dp(A) = ¢ (see Remark 3.4). Recall that X is an infinitesimal conformal
transformation and, hence, there exists a multivector field V' € XP~1(M) such
that £x© = 1y 0. Therefore, it is enough to take Y := (—1)PV to conclude

existence. _
Let us show uniqueness-up-to-ker, dY. Consider multivector fields X;,

)}2 such that % T = 0 and 7. X; = X. Then,
0= f)’ar = —(—l)pL}adT + dbib_’r
= —(—1)pLZdT + dLy(l((b . T*@)
=—(-D)Pix dY +d(¢ 7"x©).
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Hence,
0= L)Tld’r - L)~(2d'r = L)”Zliy(zdpf,
which finishes the proof. 0

Furthermore, we have that the lift of infinitesimal conformal transfor-
mations translates into a bracket preserving lift of conformal Hamiltonian
forms to (pre-)multisymplectic Hamiltonian forms.

Theorem 3.11. Let © be a nowhere vanishing n-form on M and let 7 M —
M, with (M, —dY), be a (pre-)multisymplectization of (M, ©) with conformal
factor ¢ € €°°(M). Then, the map
QP (M, 0) — QP(M,Q = —dY)
o —  (=1)PHg .
is well defined and, for every o € QY P(M,0) and € Q}; 1(M,©) it satis-
fies
{U(a), ¥(B)}p = ¥({a, BH)+(-1)"d¥(a V B).
Proof. Let o € Q% P(M,0) and let X, € XP(M),V, € XP~1(M) be multi-
vector fields such that

a=-—-1x,0 and Zx,0 =1y,0.
Take X € XP(M) to be the multivector field from Theorem 3.8. Then, we

have
L}(—dﬂr) = —Lgdrr = —(—l)de)?T + (—1):0.,%)7'1‘
()P i (o 770) = (~1)P () 77)

which proves that ¢ - da is Hamiltonian and hence 9 is well defined.

Consider o € Q *(M,0) and 3 € Q} 1(M,0). Let X4, Vo, X, V3 be
multivector fields such that

Oé:—LXa@, fxa@:LVa@, ﬂ:—LXB@), fX @:Lvﬂ@.

Defining H to be the Ehresmann connection from Lemma 3.9, following The-
orem 3.8, we can take as lift of X, and Xz

Xo=X"+(-1)PAAV, and  Xz=Xh+(-1)I1AAV;,

respectively. As we know from the previous calculation, these lifts are the
vector fields corresponding to the (pre-)multisymplectic Hamiltonian forms
U(a) = (-1)PTlp7*a and ¥(B) = ( 1)7*1¢ 7% 3. Therefore, using that

'Z}?(,A)N(ET = (- )qLX Zx T+ 92” T (see Ref. [21]), we have

{W(a), ¥(B)}p

B

1

q, -
[’Xu)(a)/\Xw(ﬂ)Q ( 1) LXOK/\ng"r

)
1)? ( XX, L Tdix, /\X[,T>
)
)

(-
(—
(1”( LX,,S,” T - 2% LXT+d(¢T Lx, AXQQ))
(-

11’( Lz T —d(o7 (a\/ﬁ))>7
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where in the last equality, we have used that £5 T = 0, being the definition
of the lift from Theorem 3.8. Now, using that

f}ﬁLfaT = (—1)(q_1)pL[)~(B,§a]T + (—1)(q_1)pb}a$§ﬁT
= (D Puz 0= (DU, x 0
= _(_1)(!1—1)11(;57.*{6’ Oé} )
we get

{U(a), ¥(B)}r

(—17 (-0« o (.0} —d (67" (a V 3)))
= (-1)P*p 7, B} + ()P (o7 (a v )
U({e, B}) + (=1)*d¥(a V),
which finishes the proof. O

Remark 3.12. In the case where © = 7 is a contact form, Theorem 3.11
translates into a map
U (M) —  €>°(M)
o= u(f)=9-f,
that satisfies
{(f), ¥(g)tr =VY({f g}),

since f V g = —tx,Ax,n = 0, so that we recover the usual case of symplecti-
zations of contact manifolds. A

More generally,

Proposition 3.13. Let © be a nowhere vanishing n-form on M and consider
a € Q% (M,0) and B € QY (M,0) with a+b < n. Then, the map ¥ defined
in Theorem 3.11 satisfies

{2(), ¥(B)}p = V({a, B}).
Proof. Notice that we have oV 3 = —1x,,x,0, and deg(Xao A Xg) = (n —
a)+ (n—b) = 2n — (a + b) > n, which implies o V 8 = 0, and finishes the
proof using the formula in Theorem 3.11. O

In the case of the canonical (pre-)multisymplectization, the previous
results translate into the following.

Corollary 3.14. For every conformal transformation of a nowhere vanishing
form ©, X € XP(M), there exists a unique-up-to-ker, d(z ©) multivector field
X € XP(M x Ry) such that
nX=X and ZL(20)=0.
Corollary 3.15. For a nowhere vanishing form, ©, the map
U: QY P(M) —  QFP(M xRy)
a — U(a) = (-1)PHz 7%
satisfies
{¥(), ¥(B)}p = ¥({e, B}) + (-1)'d¥(a v B),
for every a € QU P(M,0) and B € Qy 1(M,0).
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Theorem 3.11 may be expanded upon to give a formula relating higher
Jacobi identities. Before proving this, let us first give a couple of formulas
that we will find useful:

Lemma 3.16. Let © be a nowhere vanishing n-form on a smooth manifold
M. Let Xi,..., X, be infinitesimal conformal transformations of © with
conformal factor gi,...,gm € €°(M), respectively. Then, we may take as
conformal factor of X1 N\ -+ AN Xy, the following multivector field:

S ()X XA X A AKX A Ay A A Xy
1<i<j<m

+ D (D)X A AX A A X

1<i<m

Proof. As we know, the wedge product of infinitesimal conformal transfor-
mations is conformal again, by Eq. (2.2). Now, the formula follows from an
inductive reasoning. Indeed, the case m = 2 is clear from Eq. (2.2). Now, for
the inductive step, let us assume that the conformal factor of X; A---AX,,_1
is

U= Z (—1)m_1+i+j[Xi3Xj]/\X1/\"'/\j(\i/\"'/\)/(\j/\"'/\Xm—l
1<i<j<m—1
+ Y ()T X A AXGA A X
1<i<m-—1

Then, by applying again Eq. (2.2), we have that, denoting the conformal
factor of X1 A--- A X, by V:
V=[Xn,XiA  AXp ]+ gnXa A AXpo1 —UANX,,
= [Xm7X1 /\/\X’m—l] +ng1 /\/\X’m—l
— Y U)X XGIAX A A A AXG A A Xy
1<i<j<m—1
= > FD)"THGX A AXG A A Ky
1<i<m—1
= [Xm,Xl/\~~-/\Xm_1] +gmX1 A A X

+ Y FDTHX XGIAX A A A AXG A A Xy

1<i<j<m—1
+ > FD™HGX A AXGA A X
1<i<m—1
which is clearly equal to the desired expression. O
Lemma 3.17. Let Xy,..., Xy, be infinitesimal conformal transformations of

(M,0) and let T: M — M with (M —dY) a (pre-)multisymplectic manifold
be a multisymplectization with conformal factor ¢. Let H be the Ehresmann
connection of Lemma 3.9 and denote by X" its horizontal lift. Denote by X,
a lift of each vector field given by Theorem 3.8 and denote by U a lift of
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Xi N+ AN Xy, Then, we have
XiA-AXpy=U

L — h
+AAN D> (71)”371([Xi,Xj]/\Xl/\ou/\Xi/\”'/\Xj/\-~-/\Xm)
1<i<j<m

mod ker, dT .

Proof. Denote by g; the conformal factor of each X;. In light of the proof of
Theorem 3.8, we have

X; =X~ gA  modker; dY.
Then,
XiA - AXp = (X1 Ao A X))
. — h
+AA Z (—1)’gi(Xl/\n-/\Xi/\---/\Xm)

1<i<m

mod ker,, dT .

Let V denote the conformal factor of X3 A --- A X,,, given by Lemma 3.16.
Then, again using the same formula obtained in the proof of Theorem 3.8,
we have

U= (X1 A AXp)" +(=1)™AAV" modker, dT,

where
V=Y ()"™HXLXIAXIA AN AXG A A Xy
1<i<j<m
+ ) F)™HGX A AX A A X
1<i<m
from which the result follows. O

We are now ready to prove the refinement of Theorem 3.11.

Theorem 3.18. Let © be a nowhere vanishing n-form on M and let T: M —
M be a (pre-)multisymplectization, with (M, —dTY) a (pre-)multisymplectic
manifold, with nowhere vanishing conformal factor ¢ € ‘50"(]\7) Denote by
U, =W the map from Theorem 3.11. For m > 2, define

Uyt Q1 (M, 0)2™ — Q=™ (M)
as (g, ...;qm) i =¢ -7 (1 V- Vay,) and
Cot QU (M, —dX)®™ — Q=™ (M)

by bm (B, - -y Bm) == —txs Anxp, AL Then, for every ai,...,am € Qz_l
(M, 0), we have

Lo (T(r), .., Ulayy,)) = (=)™ AT, (a1, ..., )

+ Z (—l)i+j+1\11m,1({ai,aj},ah...,ai,...,aj7...,am)
1<i<j<m
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Proof. Indeed, by definition, denoting by X; the infinitesimal conformal trans-
formation associated to «ay, and by X; their respective lifts, we have

ém(\y(al), [SPI \I/(O[m>) = _L)m(l/\-u/\)ﬁfmd’r ,
which by Lemma 3.17, we may write as
Lo (T(ar), ..., U(ay)) = —tpdY
)i+
+ Z 7 A/\([X,i,Xj]/\Xl/\~-/\)?1;/\~~-/\5(;,\,,,/\Xm)h)dT,

1<i<j<m
where U denotes a lift of X1 A --- A X,,,. Since Zy YT = 0, we have

o (W(a1)), ... \If(am)):(q)mdwr

+
+ Z )" T L[Xi/\Xj]/\ni(\iA-uA}(\jA---Xmg
1<i<j<m
= (_1)md (¢ ' T*LXI/\“'/\XnL@)
+
+ Z )T L[XiAXj]/\nJ?,-/\m/\)?j/\~~-Xm9
1<i<j<m
= (=)™ d (¢ -7 (1 V-V am))
+ Z 1) i, aj} Vag - Va; Ve Va; Ve Vag)
1<z<]<m
from which the result follows. O

Remark 3.19. Notice that the previous result implies that we may find an
Loo-algebra morphism between the Lie algebra Q7 '(M,0) and the Lo-
algebra Q"H_I(M7 —dT):

U, QY (M, 0)2™ — Q- Y(M, —dY),
in the sense presented in Ref. [7, Proposition 3.8]. Indeed, we may change the

sign convention of ¥,, and ¢,, inductively so that the relation in Theorem
3.18 reads as

O (1), U (u)) = =AW, (aq, . . ., )
+ ) (DT ({o a1,

1<i<j<m

041,...7622‘,...,aj7...,0zm),
for some Zm = £/, and (Iv/m =+V,,. A

Remark 3.20. In Ref. [37], Vitagliano introduces higher codimensional ver-
sions of contact manifolds that he calls ‘multicontact manifolds’. He intro-
duces an L.-algebra associated to a particular distribution of codimension
n on a manifold M, say H. When the line bundle C' — M defined by

O—{ae/n\M:H—{feTM:Lga_O}}g/n\M

is trivial (to see details, we refer to the cited article), the distribution H
may be thought as H = ker; ©, for a nowhere vanishing form © € Q"(M),
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namely some trivializing section of C'. Then, Theorem 3.18 gives an Loo-
algebra isomorphism between the algebra introduced by Vitagliano and the
Lie algebra of conformal Hamiltonian (n — 1)-forms. Indeed, a symmetry of
the distribution H is nothing but a conformal symmetry of ©. A

3.2. Multisymplectizations of Multicontact Manifolds

Let us first define what a multicontact manifold is. Proposition 3.7 motivates
the following:

Definition 3.21. A multicontact manifold is a pair (M, ©) such that
ker; © Nker; d® = {0} and ker; dO© # {0} .

Remark 3.22. The condition ker; d© # {0} ensures that the canonical pre-
multisymplectization of a multicontact manifold (M, ©) is non-degenerate
and, furthermore, it is a property that will be heavily used in the sequel. A

Remark 3.23. Definition 3.21 recovers the notion of contact form when deal-
ing with 1-forms. Indeed, let n € Q'(M) such that

ker; n Nkery dnp = {0} and ker; dn # {0}.

First notice that M is necessarily odd dimensional. Indeed, dimker;n =
dim M — 1 so that dimker; dp = 1. Since codim ker; dn is necessarily even
dimensional, dim M must be odd. Now, notice that the map

b: TM — M
v pdn+n(v)
defines a vector bundle isomorphism. Indeed, it is enough to show that it
defines a monomorphism of vector bundles. Consider v € TM such that

todn +n(v) -7 =0.
Contracting again by v yields n(v)? = 0, which implies n(v) = 0. Hence, we
have ¢,dn = 0, which gives v € ker; n N ker; dn and, hence, v = 0. Therefore,
b defines a vector bundle isomorphism and thus, n defines a contact form. A

Remark 3.24. As we mentioned, in Ref. [37], Vitagliano introduced higher
codimensional versions of contact manifolds. This notion is different from ours
since, in the cited paper, a multicontact manifold is a manifold equipped with
a maximally non-integrable distribution of codimension n, which is called a
multicontact structure of degree n. However, here we are considering differ-
ential forms, not distributions. In this sense, our notion generalizes the one
introduced in Refs. [11,12]. Nevertheless, we may still find a natural connec-
tion between the two concepts when the maximally non-integrable distribu-
tion arises as the 1-kernel of a particular n-form © € Q"(M) (see Remark
3.22). Let © be a nowhere vanishing n-form on M and define H := ker; ©.
Then if H is maximally non-integrable, we have ker; © Nker; d® = {0}. The
latter condition ker; dO© # {0} is not necessarily satisfied. A

Remark 3.25. A different generalization of contact manifold is that one of
k-contact manifold (see Refs. [24,32]), which (in terms of distributions, see
Ref. [19]) is a multicontact manifold of degree k in the sense of Vitagliano
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(M, H) (see Remark 3.22) that around every point admits & locally defined
linearly independent symmetries. When the k-contact structure H is both co-
orientable and polarizable (see Ref. [19]), we have that H = (n1,...,m)%1,
for certain family of k independent 1-forms n*. Then, one may find a set of
Darboux coordinates around every point on M, (s“,yj,pg) for 1 < pu<n
and 1 < j < k (notice that this introduces restrictions on the dimension of
M) such that
N =ds* — pl'dy’.
In this scenario, if k > 1, we have that the n-form © € Q"(M x R¥) defined
by
O =n"Ad" 'z, =ds" Ad"z, - plidy' Ad" Ty,

where 2# denotes the canonical set of coordinates on R* and

d" "tz = (—1)Fdat A A dzi A -+ Ada™,
is a multicontact form, as a quick computation shows. A

The theory of (pre-)multisymplectizations is greatly simplified when
dealing with multisymplectizations of multicontact manifolds. First notice
that a multicontact n-form © is necessarily nowhere vanishing. Indeed, if
©|, = 0, then ker; ©|, = T, M which would yield {0} = ker; ©|,Nker; dO|, =
ker; d®|, # {0}, giving a contradiction.

Proposition 3.26. Let 7: M — M be a fiber bundle with at least 1-dimensional
fibers, where (M,Q = —d(¢7*0)) is a homogeneous multisymplectic mani-
fold for some nowhere vanishing function ¢ € CKOO(M) Then, its Liouville
vector field A is vertical.

Proof. Indeed, denoting T = ¢ - 70, the condition tA2 = —7 translates
into
do(A) - 70 —dd AN AT O+ ¢ iaT"dO = ¢ - 77O . (3.1)

Let p € M, and let Y € %(M) be a vertical vector field with Y|, # 0.
Then, since € is a non-degenerate multisymplectic form, ¢ty |, # 0, that is,
do(Y)|, - 70|, # 0, and, thus, d¢(Y)|, # 0. Contract by ¥ on Eq. (3.1) to
get dp(Y) - ea7*© = 0. Since d¢(Y)|, # 0, we must have to7*0|, = 0. Since
p is arbitrary, we conclude that tAo7*© = 0 everywhere.

Now, let Y € EE(M) be a projectable vector field such that 7.Y € ker d©
with Y|T(p) # 0. Contracting by it in Eq. (3.1) and using that to7*© = 0,
we get dp(A) - ¥4, yO = ¢7*1,,yO and, since 7.Y| ;) # 0 and ker; © N
ker; d® = 0, we have 7.Y|,(,) & ker; ©. This implies that d¢(A)|, = ¢(p)
and, since p is arbitrary, we conclude that ¢(A) = ¢.

Finally, notice that the two previous equalities imply tA7*d® = 0 and,
together with tA7*© = 0, we have 7,A = 0, since ker; © N ker; d© = {0},
concluding the proof. O

Remark 5.27. From Remark 3.4, we know that for a multisymplectization
7: M — M of a multicontact manifold (M, ©) with conformal factor ¢, we

have A(¢) = ¢. A
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In fact,

Proposition 3.28. If7: M— Misa multisymplectization of the multicontact
manifold (M, ®), then the fibers are necessarily 1-dimensional.

Proof. LetY € %(M ) be an arbitrary vertical vector field. We will show that
Y = %A. Indeed, notice that

ty v ,d(67°0) =Y ($)7°0 ~ Y (¢)T°0 = 0.

Now, since the form —d(¢ 7*0) is non-degenerate, we must have Y = —Y((f) A,

finishing the proof. U

The main ingredient used in the proof of Theorem 3.8 was the existence
of the connection given in Lemma 3.9. If 7: M — M is a multisymplectization
of a multicontact manifold (M, ©) with conformal factor ¢ € €>°(M), then,

by Proposition 3.28, the connection given by Lemma 3.9 is actually H =
ker d¢. In particular, we get a well-defined horizontal lift:

XP(M) — XP(M).
Furthermore, we have the following characterization:

Theorem 3.29. Let (M,0) be a connected multicontact manifold and let 7:
M — M be a connected multisymplectization with conformal factor ¢ €
%O"(l/\\j) Assume that ker d¢ defines a complete Ehresmann connection, nam-
ely a connection such that the horizontal lift preserves completeness of vector
fields. Then, there exist

(i) a covering space m: ¥ — M;

(ii) an open interval I C R such that 0 & I;

(iii) a diffeomorphism ®: L x I — M over the tdentity on M such that ¢po®

1s the projection onto 1.

Before proving the Theorem, let us give a sufficient condition for a local
diffeomorphism ¥ — M to define a covering space.

Lemma 3.30. Let w: ¥ — M be a surjective local diffeomorphism. Assume
that for every path ~v: [0,1] — M and for every x € 7=(v(0)), there exists a
lift of the path 7: [0,1] — ¥ with ¥(0) = x. Then, w: ¥ — M is a covering
space.

Proof. Consider x € M and let U 3 x be an open neighborhood diffeomorphic
to R™. Let V be some connected component of 7=1(U). Let us prove that

mly: V—=U

defines a diffeomorphism. Indeed, it is enough to show that it is bijective.
Let us first prove surjectivity. Take T € V and denote = := 7(z) € U. Let
y € U. Since U is path connected, there exists a smooth path ~: [0,1] — U
such that v(0) = z and (1) = y. By hypothesis, there exists a lift 7: [0,1] —
> such that 7(0) = 7, and with 71 o5 = v o 7. Since Im7 is connected and
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Imy NV # 0, we have Im%y C V, given that V is connected. Now, we have
7(7(1)) = v(7(7(1))) = y, which shows that 7|y : V — U is surjective.
Finally, let us show that it is injective. Suppose there are 1,75 € V
with 7(Z1) = 7(Z2). Since V is open and connected, it is path connected
and there exists a smooth path 7: [0,1] — ¥ with ¥(0) = Z; and J(1) = Z».
This map projects onto a loop v = w o~ in U. Since, by definition U is
diffeomorphic to R™, then there exists a smooth loop homotopy 7; such that
~vo = v and 7 is a constant path. Lifting these paths to paths 7; satisfying
7:(0) = Z1, by continuity we must have 3;(1) = Zo. Taking t = 1, since 7 is
constant, so is 41, which implies Z; = T, finishing the proof. O

Proof of Theorem 3.29. From Proposition 3.28, we have that all fibers are
necessarily of dimension 1 and, from Proposition 3.26, we conclude that the
Liouville vector field A generates ker dr. Define I := Im ¢, which is a con-
nected and open subspace of R, namely an open interval. Take ¢ € I and
define ¥ := ¢~ 1(c).

Let us prove that m := 7|s,: ¥ — M is a covering space. Let us first
check that it is a surjection. Define

Ui={zecM|ceco(r ' (x)} and Vi={zeM|cgo(r ' (x)}.

Clearly, M =U UV, UNV =0, U # () and V is open. If we prove that U
is open as well, surjectivity will follow from connectedness of M. Let x € U
and take a compact neighborhood K of x. An arbitrary vector field X €
X (M) with support contained in K is complete and, using completeness of
the Ehresmann connection defined by ker de, its horizontal lift X" will be
complete as well. Let 3, ¥, with t € R be the global flows of X and X",
respectively. Since X"(¢) = 0, the diffeomorphisms 9/ : M — M induce
diffeomorphisms

NS YR )

Noting that m o 1! = ¢! o 7 and that by an adequate choice of a vector field
X, we can set 1!(x) = y, for any y in a neighborhood of z, we conclude
that U is open, and that 7 is surjective. Finally, since the Ehresmann con-
nection defined by ker d¢ is complete, w: ¥ — M satisfies the hypotheses of
Lemma 3.30 and, therefore, it is a covering space. Notice that using a similar
argument, and the fact that M is connected, we can prove that ¢ defines a
diffeomorphism between any connected component of a fiber 77!(z) and I.
Finally, define

d:YxI — M
(z,t) — ¢y (1)

where Y, is the connected component of 77 !(7(x)) that contains . It is
clearly bijective. The proof will be finished once we show that it is smooth
and that it defines a local diffeomorphism. To show that it is smooth, let us
show that its inverse ¥ := ®~! is smooth. Indeed, notice that

0

¢*A = ta7
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so that the flow of A, which we denote by ¥2, satisfies ¢(¢2 () = el¢(x).
Therefore, the inverse is given by
UM — S x I
z = Wioglel-toglo(@) (%) $())
which is clea/r\l/y smooth. To show that it is a local diffeomorphism, notice
that for x € M, we have

0
()« kerdy¢ = kerdya ¢ and @A = tor
Since TM = kerd¢ @ (A), we conclude ¥, TM = TY x TI, proving that it
is a diffeomorphism. O

More generally, when kerd¢ does not define a complete Ehresmann
connection, we can prove the following:

Theorem 3.31. Let (M, O) be a connected multicontact manifold and T: M —
M be a connected multisymplectization with conformal factor ¢ € CKOO(JT/[/)
Assume that for every smooth curve y: [0,1] — M, there exists a smooth lift
~:10,1] — M passing through any point in the fiber 7=1(y(0)). Then, there
exist

(i) a covering space w: X — M;

(ii) an open interval I C R such that 0 & I;

(iii) an open embedding V' M — X x I over the identity on M such that the

map ¢ o \1’71|1m\p is the projection onto I.

Before proving this result, we need the following lemma.

Lemma 3.32. Define F to be the foliation defined by (A), the distribution
generated by the Lji(/mville vector field. Then, there exists aimooth manifold
structure on X = M /F so that the canonical projection p: M — ¥ defines a
submersion.

Proof. First notice that, since ¢ is nowhere vanishing and A(¢) = ¢ (see
Remark 3.4), we have that ¢ defines a submersion onto its image. Let € M
and X, := ¢~ (¢(x)), which is a submanifold since ¢(x) is a regular value of ¢.
Notice that the restriction p[y, : ¥; — ¥ defines an homeomorphism between
an open neighborhood of z in ¥, U,, and an open neighborhood of p(z) in
3, Vi Let ¢, : R™ — U, be a parametrization of U, and define the induced
parametrization of V, as ¢, := p o ¢,. We will show that the collection
Z := {(Vo,3z),# € M} defines an atlas on X. Indeed, let us show that
coordinate changes are smooth. Consider y € M such that VyNU, # 0. Now,
since p, A = t2 denoting by ¢* the flow of A, we have ¢(1 (2)) = e¢(x). If
¢, is a parametrization of £, on (p|s, ) ™' (VzNV,), then wl%glﬂy)\*logw(r)l 0Py
is a parametrization of ¥, on (p|s,)~(V.NV,). Therefore, if ¢, is a different
parametrization, the coordinate change (p'y_logﬁz = @;1 Owﬁgw(yﬂ,long” 0Py
is smooth, proving the claim. Furthermore, from the construction, it is easy
to see that p defines a submersion. 0
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Proof of Theorem 3.31. Since the distribution generated by A is 1-dimensi-
onal, it is involutive. Let F denote the associated foliation and define

Y:=M/F.

Notice that 7.(A) = {0} (since A is vertical) so that we have an induced
map 7: 3 — M, which is a local diffeomorphism. Furthermore, since M has
the path lift property, so does 3 (by projection) and, therefore, using Lemma
3.30, m: XX — M defines a covering space. Finally, it is enough to define

d: M — Yx I
z — (p(z), ¢(2)),

which is clearly an embedding. O

4. The #-Mapping

Every contact manifold (M,7) has an underlying Jacobi structure, namely a
pair (A, E) consisting of a bivector and vector field, respectively, such that

[A,A]=2EAA and [A,E]=0.

Then, there is an induced map fa: T*M — TM given by #o(a) = 1o A and
the Jacobi bracket of two functions f,g € €°°(M) can be written as

{f,9} = vaapdg + E(9)f — E(f)g. (4.1)

The Jacobi structure may be interpreted as a linearized version of the Ja-
cobi brackets on a contact manifold, and studying one or the other are com-
plete equivalent. Consequently, recent research has been devoted to study the
equivalent analogue of Poisson and Dirac structures from classical mechanics
to classical field theories (see Refs. [6,7,13,39]), thus looking for a linearized
version of the (now graded) Poisson brackets. The vector bundle map £, is
generalized to a vector bundle map

f: 2" — TM,
where Z™ is a vector subbundle of A" M and f is skew-symmetric, namely

)P = —lpa,
for every «,3 € Z™. In this section, we define the analogue of the previous
f mapping when dealing with a multicontact manifold (M, ©), where © has
now arbitrary order n. We draw inspiration from the theory of Dirac—Jacobi
bundles, a common generalization of Jacobi and pre-contact manifolds in-
troduced by Vitagliano in Ref. [38]. Most notably, instead of dealing with
subbundles Z® C A" M, we need to work with subbundles

n—1 n

zrc N Mo \M
and maps
f: 2" — TM o R.
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Let us first introduce some elementary operations on the bundles of
pairs of forms and multivector fields
a+1

/\MEB/\M YM@leM.

For the particular cases p = 0 and p = 1, we understand \/, M = M x R
and \/_; M = M x {0}. In these bundles, there is a well-defined contraction,

namely for (a,3) € A°M @& \*T' M and (U,V) € V,M@&V, | M, we set
a+1—p
vwo vy, B) = (wo,wp+ (-1)"wa) /\ Me /\ M.
Analogously, we define the wedge product, for (Uy,V7) € \/p M@ \/p_1 M
and (Uz,V2) e/ MaV,_ M
(U1, Vi) A (U2, Vo) i= (Ur AUz, Vi AU + (-1)PVe ATH) € \/ M@ \/ M.
pt+q pt+q—1
Proposition 4.1. The wedge product and contraction defined above satisfy the
following equalities:
(i) For (Ui,V1) e V, M@V, ;M and (Uz,V2) € VM &V, M, we
have
(U1, Vi) A (Uz, V2) = (=1)P*(Uz, V2) A (U1, V1) .
(i) For (U, Vi) €V, M&V,_, M, (Us, Vs) € V, M@V, , M and (o 5) €
A M & N M, we have
L(UQ,VQ)L(UI,\@)(avﬁ) = L(Ul,VI)A(Uz,Vg)(Oé’ﬁ) .

Proof. Both statements follow from a straight-forward computation. O
Let 271 := (@)@ (d0) C A" M @& N\"™" M and define fora = 1,...,n,
Za = [/Vn+17a M@ana M (Zn+1)

= <L(UV)(@ de) e \/ Mo \/ M>

n+l—a
We have the following description of the previous subspaces:

Lemma 4.2. Fora=1,...,n, we have

za:{(m@,wd@ﬂv@ ve \/ MVe\/ }
n+l—a

and, fora=1,...,n—1:
Z% = LT]VIEBRZG’JFI = <L(X’7.)(Ot,ﬂ)2 (Oé,ﬁ) S zaotl , XeTM,re R> .
Proof. The first equality follows easily from the definition:

Z% = (v (©,dO) e \/ M@\/M
n+l—a
= ((tyO,wdO + (=1)"1yO : \/ Mo \/ M)
n+l—a
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The second equality follows similarly, particularizing in the case where both
U and V are decomposable. O

We will assume throughout the rest of the section that the subspaces
Z® define subbundles, for every a =1,...,n.

Remark 4.3. One immediate application of the introduction of the previous
subbundles is the following: an a-form o € Q%(M) is conformal Hamiltonian
if and only if (—a, (—1)"*17%da) € Z9*L. Indeed, in light of Eq. (2.1), we
have
—a=1x,0,
(_1)n+1fada =1x,dO + (—l)niaLVa@.

A
Remark 4.4. One may remove the signs in the condition (—a, (—1)"*1~%da)
€ Z¢ by introducing a different sign convention in the definition of the sub-

bundles. We prefer to work with the presented convention, as it simplifies the
computations to come. A

We are now ready to introduce the definition of the f-mapping;:

Definition 4.5. The E—mapping is the unique vector bundle map
12" S TMeR
satisfying a = LE(Q)(@, d®), for every a € Z™.

Proposition 4.6. The E—mapping is well defined.

Proof. The proof follows if we show that if for certain X € TM and r € R,
we have
tx0 =0, txd®+1r0 =0,

then X = 0 and r = 0. Indeed, recall that ker; d® # 0 so, by contracting
by an element 0 # Y € ker; dO in the second equation, we have r 1y © = 0.
Since ker; © Nker; dO = {0}, we necessarily have Y ¢ ker; O, so that » = 0.
Therefore, tx©® = 0 and txd® = 0. Using again ker; © Nker; d® = {0}, we
conclude X = 0. g

Remark 4.7. Notice that for a conformal Hamiltonian (n — 1)-form o €
Q"1 (M), we have

/ﬂ\(_aa da) = (Xom (_1)n_1Va) )
where V,, € €°°(M) is the conformal factor. A

Hence, we may recover both the conformal Hamiltonian vector field and
the conformal factor using the H—mapping. Therefore, it is convenient to find
a generalization to degrees a < n. First notice that E is skew-symmetric, in
the following sense:

Proposition 4.8. For every a € Z™ and 3 € Z", we have

G)P = ~lp)2-
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Proof. Indeed, it is enough to show Y )oz = 0, which follows from

B(a)® = %) () (@ de) = G (o) N a)(e de) =

where in the last two equalities, we have used Proposition 4.1. O

Now, to obtain the graded version of E, we need to introduce the follow-
ing subbundles. For p = 1,...,n, define

Ky = (2P)"P = {Ue\/M@ \V M Lua=0,van”} :

P p—1
Now, we may obtain the E maps as follows:

Definition 4.9. By Lemma 3.10, we know that Z® is generated by elements
of the type tza, with U € \/,,_ M @/ M and & € Z%. We define the

extensions

n—1l—a

hz ( V eV )/Knm

n+l—a
on such elements as ﬁa(LUoz) = ﬁ(a) AU+ Kp41-4, and extend by linearity
to Z9.
We only need to check well-definedness:
Proposition 4.10. The E—maps of Definition 4.9 are well defined.

Proof. Indeed, suppose that there was a sequence of pairs U; € \/,,_, M &
V, 1.oM and o' € Z" such that (y,a’ = 0 (sum intended), then we will
show that N

ﬁ(o/) N Ui S Kn+1—a s
which will end the proof. Indeed, let 1y, 3 € Z"+1~¢ for certain V € Voot M@
Va_oM and 3 € Z°. Using the properties of Proposition 4.1 and the skew-
symmetry of Proposition 4.8, we have

Hanynu, (VB) = it (W B) = (1) v ig o 8

1)(n+1—a)~a

= (—1)aLUivaa(ﬁ)Oéi = (- W) (LUiai)

which vanishes by hypotheses and shows that E(ai)/\UZ- € Knt1-q,as g€ 2",
VeV, i.Ma&\, , is arbitrary, and vy generates Zntl=ae finishing the
proof. O

Remark 4.11. Notice that

K, = {w.v) Ve V@ 16) =0}

p—1
:{( \/MEB\/M U € ker,©,ydO = (— 1)”LV®},
p—1

and then, given the description of the ﬁ—mappings above, for every a € Z%,
we have a = L&a(a)(@, do) A
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Remark 4.12. There is a well-defined contraction ¢[y,vy @, for

ve( VeV [

and @ € 2%, with p < a. Indeed, for pairs (U,V) € K, we have ((y,yya& = 0,
as a quick comprobation shows (using Lemma 4.2 (ii)). A

This last remark implies that we also get a graded-skew-symmetry gen-
eralizing Proposition 4.8. Indeed, the proof is a similar computation to that
performed in Proposition 4.10:

Proposition 4.13. For o € Z% and 8 € Z°, we have
" — (_1)(nt1-a)(n+1-d)
Fo(@f = (1) Gy

Proof. Using the description given in Definition 4.9, it is suffices to show it for
decomposable elements (e, and ¢y 3 for certain U € \/,_ MaV, , .M,
VeV, ,M®V,_,_,Mand a,3 € Z". Indeed, again using Proposition
4.1 and Proposition 4.8,

e (0 B) = e B) =t (1500 (v )
)" bLUL\/LE(a)ﬁ = (—l)n_l_bLUva'ﬁ‘(ﬁ)Oé

— (-
= ()" wig v
=(-
= (-

)

n b+(n—a)-(n+1-b m
1) +1=b+(n—a)-(n+1 )LH(B)AV (jj(a) /\U)
)

(n+1—a)-(n+1— b)
! Iib(bvﬁ) (LUa) ’

which proves the result. 0
Remark 4.14. Actually, using some straight-forward computations, we may

show that the formula given in Definition 4.9 is actually the unique possible
family of maps

Ha:zaﬁ( V sV )/K

n+l—a

that satisfy the graded-skew-symmetry of Proposition 4.13. Indeed, if it sat-
isfies graded skew symmetry, for « € 2%, U € \/, M @\ M and
B € Znt1=e we should have

_1)(n717a) alﬁ

n—1l—a

By = ( e = (=1 eetinmae
=(-1)%wu

which implies

LULEn«#l—a(B)OL
(B)a = Wia)B = Gayavh>

fnt1-

Faliwa) =8(a) AU + Kpyy_a,

as the equality holds for arbitrary 3 € Z»*+1=9, In fact, this is a generalization
of the study some of the authors performed in Ref. [13]. A
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Now, that we have the graded version of the E—mapping, we can ob-
tain the Hamiltonian multivector field and conformal factor of an arbitrary
conformal Hamiltonian form o € Q% (M) as

EaJrl(_O‘» (_1)n+1_ada) = (Xa, (-1)"Va) + Kn—a .
Also, by introducing the following generalization of the Schouten—Nijenhuis
bracket for pairs (U, Vi) € XP(M) @ XP~'M and (U, Vo) € X9(M) @
X971 (M):
(U1, 1), (U2, Va)] i= ([Ur, Us), (—=1)P U, Vo] = (=1)P™ D (U, VA))
c prrqfl(M) o xp+q72(M) ,

we get have that and we may write the bracket in terms of these E—mappings,
and that § maps the previous Schouten—Nijenhuis bracket into the graded
Jacobi bracket

Theorem 4.15. Let o € Q% (M) and 8 € Q4 (M) be conformal Hamiltonian
forms. Then, the following holds:

(i) We may express the bracket with the /]j\—maps as
(@V B, (~)H B)) = 65, g 1yesssqg)(—as (~1)" 17 da)
+(0,(=1)***d (a v §)).
(ii) The E—map satisfies the following bracket preserving formula:
Hatb—(n—1)(—{a, 8}, (-1)*T*d{a, B}) = [ﬁa(*av(*1)"“7“(104),&1;(*[37(*U"Hfbdﬂ)] :

Proof. Using Eq. (2.1), both follow from a straight-forward computation. [

5. Multicontact Field Equations

In this section, we study a possible definition of multicontact field equations
in a particular, but still quite general, subclass of multicontact manifolds.
We look for equations that not only are dependent on the geometry, but
also depend on a choice of Hamiltonian, as is usually done in symplectic
and contact mechanics. In contact mechanics, the evolution equation of the
motion determined by a Hamiltonian H € €°°(M) on a contact manifold
(M,n) is given by
9= Xulg) = {H.g} — R(H)g. (5.1)

where R is the Reeb vector field defined by n and {H, g} denotes the usual
Jacobi bracket.

In our case, a Hamiltonian will be a suitable n-form h € Q"(M), and
the evolution of conformal Hamiltonian (n — 1)-forms will be given by

P*(da) = —R(da) - h — 1x_dh — (trdh) A«
=—(%x, +R(a))h— (trdh) Na+d (tx h),

where R is the Reeb multivector field, a generalization of the Reeb vector
field, and ¢ : X — M is a smooth map from an n-dimensional manifold to
the multicontact manifold (M, ©). Using Remark 2.6, extending the domain
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of definition of brackets to n-forms, the previous equation may be interpreted
as

Y*(da) = {h,a} — (trdh) Na+d (tx h) ,

which clearly generalizes Eq. (5.1).
All over this section, we will assume that ker; d© defines a vector sub-
bundle of constant rank.

5.1. General Multicontact Hamilton—de Donder—Weyl Equations and Varia-
tional Multicontact Manifolds

Throughout this subsection, we assume n > 1. Let us first define the Reeb
multivector field. One first attempt would be to set R as the unique n-
multivector field up to ker,, © N ker,, dO such that :x® = 1 and 1xdO = 0.
However, a finer definition can be made. Let bg denote contraction by O,
namely

bo: kery dO — A" M
v > 1,0.

Notice that it defines a monomorphism. Then, we may interpret its inverse
bélz Imbg — ker; dO as a tensor

o € kery dO ® (Imbe)* = ker; dO @ (\/ M /(Im b@)w—l) .
n—1

Definition 5.1. Define the Reeb multivector field as R := %bél, interpreted
as a tensor taking values in the vector bundle above.

Proposition 5.2 will explain why R is a finer choice than defining R
modulo ker,, © N ker,, d® by the equations 1g® = 1 and 1xdO, which will
also justify the choice for the name multivector. First, notice that we have a
well-defined mapping

¢: ker, dO ® (\/nf1 M/(Im b@)ovn—l) — V, M/K,
R® (U + (Imbe)>"~1) — RAU + K,
where K,, = ker,, © Nker,, dO, since ker; dO A (Imbg)*" ! C K,,.

Proposition 5.2. We have gb(ﬁ) =R.

Proof. Let R; denote a basis for ker; dO© and define o; := tg,©. Then, R =
1R; ® u' and we have ¢(R) = - R; A u’ which clearly satisfies

L¢(ﬁ)d@:0 and 0=1.

Ly(R)
O

We now aim to define contraction by R on a suitable family of n-forms,
which will be later identified as the Hamiltonians, objects that will define the
dynamics.
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Remark 5.3. Let

U=U®&]|V+ (Imbg)>"*] € ker; dO® ® (\/ M/(Im b@)"v"—l) )
n—1

For a suitable a-form «, we want to define the contraction (ya as wyiya.
We can guarantee well-definedness when « is such that txe,a = 0, for every
K € (Imbg)>"~! and every u € ker; dO. This last condition is equivalent to
«a satisfying vy i, € Imbe, for every u € ker;dO© and V € \/,_, M, as a
simple exercise in multilinear algebra shows. AN

Definition 5.4. Define the Hamiltonian subbundle H C /\" M as

H:{he/n\M ‘ LTMhCImb@}.

A Hamiltonian is a section h € I'(H), that is, an n-form h such that tpyh C
Im b@.

Now, let h € T'(H) be a Hamiltonian. In order to define the dynamics,
we will need to evaluate tzdh, where the contraction is obtained with any
representative of R in ker; dO® /\n71 M. Remark 5.3 motivates the following
definition:

Definition 5.5. A Hamiltonian h € T'(H) is called a good Hamiltonian if
tker; dodh CH.

For a good Hamiltonian, a fundamental object is the dissipation 1-form

which is defined as
op = (-1)""n-1zdh.

Remark 5.6. Both the sign and the factor of n are introduced to recover the
original definition found in [11] (see Lemma 5.25). A

Then, we can define the Hamilton—-de Donder—Weyl equations for a map
: X — M, where X is and n-dimensional manifold, as

Y (O4+h)=0 and Ve(d+opN)(©+h) =0, VEeX(M).

Remark 5.7. Notice that these equations generalize the ones introduced in
Ref. [11]. Indeed, denoting by ©), = © + h, the equations now read as

P*O=0 and ¢*,dO, =0, VEe€X(M)
where d = d4+opA. A local computation in the case of fiber bundles 7: ¥ — X
may be found in Section 6. A

In order to discuss dissipation phenomena (dissipated forms), it will be
useful for us to have an explicit formula for the evolution of a conformal
Hamiltonian (n — 1)-form a € Q% '(M) in terms of the Hamiltonian h and
the dissipation 1-form oj. This is given by the following:

Theorem 5.8. Let h € T'(H) be a good Hamiltonian, let o € Q7 (M) be
a conformal Hamiltonian form and let ¢v: X — M be a solution of the
Hamilton—de Donder—Weyl equations defined by h. Then,

P*(da) =" (-R(do)h —tx, dh —op AN+ op Ax h) .
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Proof. Indeed, we know that ¢*ie(d +opA\)(© + h) = 0, for every £ € X(M).
Let £ = X, where X, is a vector field satisfying
tx,0 = —a and 1x,d0 =da — R(da)O.
Then, we obtain
" (da — R(da)O+ix, dh+0r(Xo)O+or A+ op(Xo)h —on Atx, h) =0
which, using that ¥*© = —¢*h, implies
Y (da+ R(da)h + tx, dh+op Ao —op Aix, h) =0,
finishing the proof. O
Corollary 5.9. Under the hypotheses of Theorem 5.8, if X, takes values in
(Imbg)°, we have
P*(da) = " (-R(da)h — tx, dh —op AN ) .
Proof. Clearly, since h takes values in H, which is defined as the subbundle

of forms that vanish when contracted by an element of (Imbg)°?!, so that
LXah =0. O

A natural question to ask is what are the conditions that guarantee
that every possible choice of Hamiltonian is a good Hamiltonian. Consider
h € T'(H), R € ker; d® and v € TM. Abusing of notation, let us denote by
R and v extensions to global vector fields. Then, trdh takes values in H if
and only if ¢,.gdh takes values in Imbg. We have the following:

tytrdh = 1, LRI — tydigh = Lriyh — R h — tudirh .

Clearly, by definition, (g ,1h takes values in Imbg. This implies that ZLre,h—
tyde gh measures the extent to which h fails to be a good Hamiltonian. Define
Yo: T'(H) x I'(ker; dO) x X(M) — Q"1 (M)/T'(Imbe)

(h,R,v) —  ZLrtoh — 1,degh.

This map is €°°(M)-linear in both R and v but, unfortunately, fails to be
€¢°°(M)-linear in h, in general. Therefore, it induces a map (which, abusing
of notation, is denoted by o as well)

n—1

vo:'(H) x (ker; d® @ TM) — /\ M/Irnb@,
so that we have the following;:

Corollary 5.10. Let (M,©) be a multicontact manifold. Then, every h € T'(H)
is a good Hamiltonian if and only if vo vanishes identically.

Although g can be difficult to compute in complete generality, if we re-
strict the study to a particular subclass of multicontact manifolds, g induces
a tensor which is much easier to manage.

Definition 5.11. A multicontact manifold (M, ©) is called variational if

L/\Z(kerl d@)@ =0.
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Proposition 5.12. Let (M, ©) be a variational multicontact manifold and h €
F(H) Then, Lker; d@h =0.

Proof. Indeed, let v € TM and R € ker; dO. Then,
tytrh = —tRriyh = —LRLR O,

for certain R’ € ker; d©. Now, since © is variational, trAr'©® = 0, which
finishes the proof. O

Proposition 5.12 implies that, for variational multicontact manifolds, we

may write
vo(h, R,v) = Lriyh = trdiyh

and, now, it is ¥°°(M)-linear on every component. Indeed, it suffices to
observe that

vo(fh,R,v) = vo(h, R, fv) = fye(h,R,v) + R(f)tyh modImbg

= fyo(h,R,v) modImbe,

where in the last equality, we have used t,h € Imbg (see Definition 5.4).
Hence, it induces a vector bundle map

n—1
vo: H @ ker; dO @ TM — /\M/Imb@.

However, we can obtain a much simpler tensor that also measures the
extent to which Hamiltonians fail to be good Hamiltonians. Indeed, notice
that t,h = tg/©, for some R’ € ker; dO and we may write vo(h, R,v) =
trder/©. This induces the following definition:

Definition 5.13. Let (M, ©) be a variational multicontact manifold. Then, its
distortion is defined as the following map
Co: I'(ker; dO®) ® I'(ker; dO®) — Q"1 (M) /T (Imbg)
R®R — trdip©.

Proposition 5.14. For a variational multicontact manifold, Co defines a sym-
metric vector bundle map

n—1
Co: ker; d® @ ker; d® — A\ M /Imbe .
Proof. Tt is clearly €°° (M )-linear on its first component. Therefore, it suffices
to show that it is symmetric to conclude the result. Indeed,
tpdtp'® = LR LR O — LrLrdO = 1g. LR O
= ZLr1RO — [ R)O
= trdtg® — g/ RO .
Notice that [R', R] takes values in ker; d©, and so ([r: g]© takes values in
Imbg, concluding that Cg is symmetric and finishing the proof. O
Concluding, we have

Theorem 5.15. Let (M, ©) be a variational multicontact manifold such that
ker; d® has constant rank. Then, every Hamiltonian is a good Hamiltonian
if and only if its distortion vanishes.
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5.2. Dissipated Forms

In contact dynamics, a fundamental concept is that of dissipated quantity [23],
which is a function g € (M) satisfying § = Xu(g9) = —R(H)g. Recently,
in Ref. [33], the concept was generalized to the multicontact formulation of
field theories.

Definition 5.16. Let (M, ©) be a multicontact manifold and let h € I'(H) be
a good Hamiltonian. Then, a form a € Q% (M) is said to be dissipated, if

Y*(da) = —op A a,

for every v solution of the multicontact Hamilton—de Donder—Weyl equations
determined by h.

Remark 5.17. Notice that Definition 5.16 recovers the usual notion of dissi-
pated quantity of contact mechanics (see Ref. [15]). Indeed, in the context of
contact mechanics, the dissipation 1-form reads as %—Igdt (see Refs. [11,12])
so that the condition on a function f € € (M) to be dissipated is for a

curve v: R — M to satisfy
. 0H

or equivalently, f = —%% : °

Remark 5.18. The definition of dissipated form that can be found in Ref.
[33] is not quite the same as Definition 5.16. Indeed, in the cited article, a
differential form a € Q*(M) is called dissipated if ¥* (aa) = 0, for every
map ¢: X — M satisfying ¥*© = 0 and 9*1ed® = 0, where £ € X(M)
is an arbitrary vector field and da = da + o A a, o denoting a particular
1-form, which only depends on the multicontact form ©. This last form is
also called the dissipation form, but does not completely correspond to the
notion introduced in this text (see Refs. [11,12]).

In our setting, the dissipation form depends upon a choice of Hamilton-
ian, h, and this choice induces an operator do = da+ 0, A, which allows us
to write the condition for a form to be dissipated as ¥* (aha) = 0, for every
solution of Hamilton—de Donder—-Weyl equations v or, equivalently, for any
smooth map 1: X — M satisfying ¢* (© + h) = 0 and ¥*1edy, (© + h) = 0.
Hence, we recover the definition presented in Ref. [33] if we work with the
form ©; = © + h, instead of interpreting O to fix geometry and A to define
the dynamics. It can then be shown that oy, is the dissipation form associated
to Oy in the sense of Ref. [11,12] (see Lemma 5.25). A

In the case of Hamiltonian forms, we can obtain a condition to identify
dissipated forms, which will be useful in the sequel to find a subalgebra of
dissipated forms. Indeed, using Theorem 5.8, we have the following:

Proposition 5.19. Let o € Q’Iffl(M). Then, if
—(Zx, +R(da))h+ (d+opA)tx h =0,

then « is a dissipated (n — 1)-form.
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Remark 5.20. Notice that if X,, takes values in (Imbg)®?, then tx_h = 0 and
therefore, the equation in Proposition 5.19 simplifies to — (ZLx_, + R(da)) h =
(Z which in the case of mechanics simplifies to —(X;(H)+%LH) = {f,H} = 0.

A natural question to ask is if dissipated forms are closed under Jacobi
bracket. As we know the vector field associated to {«, 8} is [Xq, Xg]. Also, a
quick computation shows R(d{c, 8}) = X (R(dS)) — X5(R(da)). Therefore,
after a simple, but rather lengthy computation, we get

— (Lx.. x5 + R(A{a, B}) h+ (d+ onN)iix, x b
= (Zx, + R(d)) (= (Zx, + R(AB)) b+ (d + onA) tx,h)
—(Zx, +R(dP)) (— (Lx, +R(da)) h+ (d+ onA) tx, h)
+(d+on)Lxax,h+ Lxzon Nix h— Lx,0n Nixsh
+ R(dB)(d + on)ix, h — R(da)(d + on)ix,h.
As a corollary, we obtain the following:

Corollary 5.21. Let « and (8 be conformal Hamiltonian (n — 1)-forms such
that

—(Zx, +R(da))h=0  and  —(Lx, +R(dF))h=0.
If both X, and X take values in (Imbg)>t, then {«, B} is a dissipated form.

Proof. Tt is enough to notice that all terms vanish from the last expression
and use Proposition 5.19. O

5.3. Multisymplectization of the Dynamics

Given a contact manifold, say (M,n), and a Hamiltonian H € €°°(M),
we can define the homogeneous Hamiltonian on its canonical symplectization
(M := MxR,,—d(zn)) as H(p, z) := zH(p). Then, the symplectic dynamics
of H defined by the Hamiltonian vector field Xy € .’{(M ) are 7-related
with the contact dynamics defined by the (contact) Hamiltonian vector field
Xpg € X(M). Furthermore, the evolution of observables are conveniently
related (see Ref. [29]). We now study this relationship in the general setting
presented in this paper.

First, let us recall the notion of multisymplectic Hamilton—De Donder—
Weyl equations.

Definition 5.22. Let (M7 Q) be a multisymplectic manifold and h € Q"(]T/.f)
be an arbitrary form (which we refer to as the Hamiltonian). Then, a map
{E : X — M from an n-dimensional manifold X to M. , is said to satisfy the
multisymplectic Hamilton—-De Donder—Weyl equations if

G (2-1) =0, ¥eex(MI).

Now, we may prove the following characterization of whether solutions
may be lifted or projected under certain assumption on the maps ¢: X — M,
related to the transversality of the maps to be considered. For instance, when
the multicontact structure comes from a fibered manifold 7: ¥ — X (see
Sect. 5), this is immediately ensured.
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Theorem 5.23. Let (M,0©) be a wariational multicontact manifold and let
(M, Q) denote its canonical multisymplectization. Given a good Hamiltonian
h € Q*(M), define the associated homogeneous Hamiltonian as h(p,z) :=
z7*h(p). Then, we have the following:

(i) Let 12: X — M be a solution to the multisymplectic Hamilton—De

Donder—Weyl equations defined by h such that, if we denote 1) := T o 1;,
we have

n—1
N\ X =@ (10): £ Ekerd®)  and
Rlucx) = € @ (1 (U0) + (mbe)*™ ) |

for certain & € ker; dO and U; € X"~ 1(X). Then ¢ := TO’(ZZ X —M
18 a solution of the multicontact Hamilton—De Donder—Weyl equations
defined by h.

(ii) Conversely, let v: X — M be a solution of the multicontact Hamilton—
De Donder-Weyl equations defined by h such that

n—1
N\ X =@ (1¢0): { kerd®)  and

Rlypx) =€ @ (€.(U;) + (Imbe )" 1)
for certain £ € ker; dO© and U; € X"~ 1(M). Then there is a lift

M
A
T
A
X —v=>M
iatisfying the multisymplectic Hamilton—De Donder—Weyl equations for

h if and only if there is a function g € €°°(X) such that
1/)*O'h = dg .
In this case, the lift can be written as zz = (¢, e9).
(iil) Finally, under the same hypotheses, there is a correspondence between

the evolution of observables, namely for a € Q% (M) conformal Hamil-
tonian, defining a(p, z) := z7*a(p), we have

Y*(da) = (¥*z) - ¥* (op ANa+da) .

Remark 5.24. Notice that Theorem 5.23 implies that there is a correspon-
dence between closed forms on solutions in the homogeneous multisymplectic
setting and dissipated forms in the multicontact setting. A

Before proving the Theorem, let us first prove an useful formula:

Lemma 5.25. Let (M, 0) be a variational multicontact manifold and let :
X — M be a map from an n-dimensional manifold X, such that there exists
U; € X" 1(X) and ¢ € X(M) taking values in ker d© for which

Rlypx) =€ ® <¢*(Ui) + (Im b@)o’"*l)
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Then, for every & € ker d® and every good Hamiltonian h € Q™(M), we have
Y (on N 1g©) = ™ (Ledh).

Proof. Let £ be a basis for ker; dO, let U; be multivector fields as in the
hypothesis and let £ = a;£° € ker dO. Then, indeed, we have

V* (on A e®) = (=1)" " tn - (tpdh) A Y™ (1e©)

(=1)""'n (e ¥” (terdh)) AY™ (10)

n- " (tgidh) A" (g, ,)10)

W (1g:dh) - 0 = ¥* (1gdh)

which finishes the proof. O

Remark 5.26. Lemma 5.25 relates the definition for the dissipation 1-form
given in this paper with the one presented in Ref. [11]. Indeed, it is a gener-
alization. A

Proof of Theorem 5.23. (i) Taking £ = % on M, we verify immediately

that @Z satisfies 1;*7* (©+ h) =0, given that 1; satisfies the multisym-
plectic Hamilton—De Donder—Weyl equations, so that ¢* (© + h) = 0.
Now, let us write

0= 0% e = " (dz A e (O + h) — dz(€)(O© 4 h) — 21¢(O + 1))
— % (dz A e (O + h) — z1¢ (A + dh)) . (5.2)

In particular, taking £ € ker d©, we find, in light of Proposition 5.12
and the definition of Hamiltonian, that

P (dz A 1e©®) = 9" (2 Ledh) .

Letting f := 1"z, we may write the above equality as % ANY* (,eO) =

Y*(tedh). We are now going to show that

d
¢*0h:l7

f

which will conclude the proof, after substituting in Eq. (5.2). Indeed,
by Lemma 5.25, we have

(1/1*0'h — d]‘f) N 1/)*L5@ =0,

for every £ € kerd®. Since, by hypotheses, (¥*1:0: £ € kerd®) =

A""' X, we have
d
(’l)[}*o'h f) /\OLZO,

for every a € /\ni1 X, which implies the desired equality, finishing the
proof.

(ii) Tt is straight-forward to prove the converse, following the same reasoning
as in (i).
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(iii) It follows in a straight-forward manner, using the fact that ¢*(dz) =
¥ (2) - ¢ on.
O

Remark 5.27. Notice that Theorem 5.23 (iii) implies that there is a corre-
spondence between conserved forms (forms that are closed on solutions) in
the multisymplectic setting and dissipated forms in the multicontact setting,
provided that ¢ *oy, is exact. A

Remark 5.28. The notion of lifting solutions to the canonical multisymplecti-
zation may be generalized to an arbitrary multisymplectization 7: M— M
with nowhere vanishing conformal factor ¢ € € (]T/f ) by introducing the ho-
mogenous Hamiltonian b= ¢ - 7*h. Under the same technical requirement,
statement (i) of Theorem 5.23 follows in a straight-forward manner and so
does (iii), using Theorem 3.29. Of course, in full generality, (ii) fails to be

true since there may not even be a lift w X — M. A

6. Dissipative Field Theories

In this section, we apply the constructions developed along this paper to the
case of dissipative field theories.

Let 7: Y — X be a fiber bundle (or, more generally, a fibration). The
extended phase space of action-dependent field theories is defined as (see
Refs. [11,12,25])

n n—1
M:=A\ve A\ X,

2
where A5 Y denotes the bundle of 2-horizontal n-forms on ¥ and /\ni1 X de-
notes the bundle of (n— 1)-forms on X. We can find a canonical multicontact
form on M given by

0=doy ' - oy,

where ©F and ©’ ' denote the canonical Liouville forms on A, Y and
/\"_1 X, respectively. If (z*,y*) denote fibered coordinates on m:Y — X,
then we have canonical coordinates (z*,y",p,pl’, s*) on M. Indeed, any ele-
ment in A} Y (respectively, in A" ' X) can be locally written as

pd"z + p dy Ad" Lz (respectively std"tz,),
where d"z = dz!' A --- Adz™ and d” le, =1 o d"zx

9
The coordinate expression of the canomcal multlcontact form and its
exterior differential under this choice read

O =ds" A d"flxu —pd"z — p} Pyt Ad™ 1z
dO = —dp Ad"z — dp}' Ady* Ad" T,

Therefore, we have

9 L0 0 9
kerl(—) = <6yl —D; 85“’8pf> and ker1 de = <> R
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which implies that © defines a multicontact structure.

As we showed in Sect. 5, the best behaved conformal Hamiltonian
forms are those whose infinitesimal conformal transformation takes values
in (Imbg)°!. In our case,

n—1

b : ker; dO — /\ M

and has image (d""'z,), so that Imbg is the space of horizontal forms with
respect to the fibered structure M — X. In particular, (Imb)°! is the ver-
tical distribution. Let us study those Hamiltonian forms under the previous
multicontact structure with vertical infinitesimal conformal transformation
with respect to the projection M — X.

Proposition 6.1. Let n > 1 and X € X(M) be a vertical infinitesimal confor-
mal transformation. Then, its local expression is

v I3
X:<F5“+G”—p”aG> 0 96" 0

) R

oF oG* 0 oF oG+ 0
+< s”++Fp§‘> +< B+ +Fp>

Ayt Ay’ ot o Oxh ap’
H oG*
where F is independent of s*, p and pl', and G* satisfies — =0
op ops

Proof. Let

0 .0 0 0
X=A'—+B—+C'—+D—.
Osht * Oyt T opt! + Op

3

Then,

dex® =d (A*d" ey, — pi' B'd" ' y,)

9Ar 9B\ ., 0 N

(A* — pg»‘Bj) dp? Ad"ta, + 9

o9 (A* — pé»‘Bj) dpnd™tz,

" apr

+ (A" — pz-‘Bj) ds” Ad" 'z,

osv
and

1xd® = —Dd"z — Czﬂdyz A dnilxu + Bidpf A\ dnilxu s
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so that, if X defines an infinitesimal conformal transformation, £x© = f-©
for certain f € €°°(M) and we must have

0AH laBl n 0 j L i n—
(o v~ 2) v (s (4 - i)~ ) nart

0 : ,
+ <5p’-’ (A* —pi'B7) + 553@) dpf Ad" ',

0 ; n—
Jrafp (A“—p;‘Bj)dp/\d 19:/L

+ 557 (A“ — p;-‘Bj) ds” A d”flmH
= f(ds* Ad"'a, — pd"x — plidy' Ad" T Mxy,)
. .10 ot : . :
Contracting with e A i, both sides of the equality, we obtain
n ds "l
1 0 ,
f= o A —mBY)

Comparing the terms with ds”, we conclude that A* — p?Bj = Fs#* + GH,

where F and G* are independent of s”. In particular, C!' = gj:, s+ %55 +pi'F

and D = gﬁ st + %25 + pF. Since the term with dp must vanish, both F
and G* are independent of p and since the term with dpy must vanish, we

arrive at the condition

OF oG+ -
st + =—0bB".
Opy Iy
Taking v # p, we conclude that F' is independent of pi' so we are left with
the equation %ﬁ: = —0*B*, proving the result. O

Then, using Proposition 6.1, we conclude the following

Corollary 6.2. A Hamiltonian form a € Q?fl(M) with vertical infinitesimal
conformal transformation has the following local expression:
a=(—Fs'— G“)d”_lm# ,

where F' = F(x,y), and G* satisfies %ﬁ; = of %g; .

In Table 1, the reader can find some elementary examples of conformal
Hamiltonian forms, their associated infinitesimal conformal transformations,
and conformal factors. The Jacobi brackets of each possible pair can be found
in Table 2.

Now, our goal is to write the evolution of the previous Hamiltonian
forms with a fixed Hamiltonian (and hence fixed dynamics) using the studied
geometry. Intrinsically, a Hamiltonian is given by a Hamiltonian section

n n n—1 n n—1
h: /\Y//\YEB ANX—M=AYao A\X,
2 1 2

which then induces a multicontact structure on AJ Y/ ALY @ A"~ X using
O), = h*O. As stated in the previous section, we prefer to work with the
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Table 1. Elementary examples of conformal Hamiltonian forms

Form Infinitesimal conformal transformation Conformal factor
n—1 o n_o o
std" "y, —st 5 — Dy " ~ Pop -1
in—1 i 0 )
y'd" Ty, *ay ast  ap” 0
pf d”’lx“ By7 0
n—1 o)
d" =, ~Der 0

Table 2. Jacobi brackets of the elementary examples

{.7_} Sudn—lxy yjdn—lxl/ p;(dn—lxy dn_ll‘y
s“d"‘lxu 0 yd" e, 0 d”_lxH
yidnflx“ fyidnflxu 0 ‘ 5§d"’1:c,, 0
pid e, 0 —§ld" e, 0 0
d”_lxﬂ —d"_lxu 0 0 0

canonical multicontact structure on M and think of the Hamiltonian as h =
7%0,—0, where 7: M — ALY Y/ A} YON" ™" X denotes the projection, hence
fixing the geometry. The canonical coordinates on N Y/ N[ Yo A" X are
(xt,y", pt', s*) and, hence, the local expression of the Hamiltonian section
will be p = —H (z#, y, p!', s"), so that

On =ds* ANd" 'z, + Hd"z — pl'dy* Ad" 'z,

and

h=(p+H)d"z.
This implies that his a good Hamiltonian, in the sense of Sect. 5, so that it
could define the following dynamics for some ¢: X — M:
P (O+h)=0 and P e(d+op,N)(O©+h) =0, VEeX(M),

where oy, is the associated dissipation 1-form, which takes the expression
op = %dx“. To obtain the local expression of the Hamilton—de Donder—
Weyl equations, we will use Corollary 5.9 and the conformal Hamiltonian
forms of the previous table. Employing Theorem 5.8, a direct computation
yields

0H
Qp*(dS“ /\dn_l.’I}M> — ,(/}* ((pyap# _ )d".’L‘) ;

. (OH .,
w(aps”)

OH OH
* M n—1 Y iy O n
G (dpt A AP ,) = ( (ayi +asupi)d a:) |
In particular, if we look for sections ¢: X — M, we obtain the so-called mul-
ticontact Hamilton—-de Donder—Weyl equations for dissipated field theories

w*(dyz A dn_ll‘u)
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[11,22,25]:
Ost :pyai 0y’ _ aiH oplt _ O0H 87pr
dxr P Opt'’ oz opl'’ dzk dyt  Ost?

7. Conclusions and Further Work

In this article, we defined and studied brackets induced by an arbitrary n-
form, as well as the relation of these brackets with the usual bracket appearing
in multisymplectic geometry through the process of multisymplectization (see
Theorem 3.11 and Theorem 3.18). Finally, we computed the Jacobi bracket of
some conformal Hamiltonian forms present in the multicontact formulation of
action-dependent field theories. The definition and properties of these bracket
open a few possible directions for research:

(i) With the introduction of the # morphism, one could do a preliminary
classification of the submanifolds of a multicontact manifold, defining
isotropic, coisotropic and Legendrian submanifolds (just as it is done
in Jacobi manifolds is general). A study of these and some possible
“Graded Jacobi structures” or “Higher Jacobi structures” would be of
interest to understand the underlying structure of the brackets.

(ii) Although we investigated a possible formulation of dynamics using the
# and Reeb morphisms, an explicit description of the equations using
Jacobi brackets would be of interest. This would allow for a description
of reduction, both coisotropic and by symmetries.

(iii) We also propose as a research topic the relation between the multi-
contact formulation of action-dependent field theories and the contact
infinite dimensional formulation using a space-time splitting. It should
be the case that when integrated, the Jacobi bracket of (n — 1)-forms
recovers the usual Jacobi bracket of contact geometry.

(iv) We want to compare the current definition of multicontact form with
previous multicontact definitions, and try to obtain a multicontact struc-
ture from a given k-contact [22] or k-cocontact [32] (see similar results
for multisymplectic forms and k-cosymplectic structures [16]).
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