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Brackets in Multicontact Geometry and
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Abstract. In this paper, we introduce a graded bracket of forms on mul-
ticontact manifolds. This bracket satisfies a graded Jacobi identity as
well as two different versions of the Leibniz rule, one of them being a
weak Leibniz rule, extending the well-known notions in contact geom-
etry. In addition, we develop the multisymplectization of multicontact
structures to relate these brackets to the ones present in multisymplec-
tic geometry and obtain the field equations in an abstract context. The
Jacobi bracket also permits to study the evolution of observables and
study the dissipation phenomena, which we also address. Finally, we
apply the results to classical dissipative field theories.
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1. Introduction

The existence of brackets in classical field theory analogous to Poisson or
Jacobi brackets in mechanics [2,17,30,36] is of extreme importance. On the
one hand, they are useful to show the evolution of any observable quantity
and, on the other hand, they are the key to obtain the quantization of the
given system, following Dirac’s ideas. Indeed, the brackets bring the bridge
between the geometry of phase space and the algebra of observables.

To our knowledge, the geometric version of Poisson brackets were first
defined in Ref. [8] for the multisymplectic formalism of classical field theories,
just as a continuation of the study of abstract multisymplectic manifolds
carried in Ref. [9]. An important property of these brackets, already discussed
in the work by Cantrijn, Ibort and de León, is that it induces a Lie algebra
structure on ΩH(M)/dΩ(M), the space of Hamiltonian forms modulo exact
forms. These constructions have subsequently been used by other authors [4,
5,20,26], and more recently developed within a more general and geometrical
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framework [6,13,39] (see also a recent approach to classical field theories
based on smooth sets of fields [28]).

On the other hand, dissipative field theories have recently been described
by introducing the concept of multicontact structures [11,12], which general-
ize the usual contact ones. However, a bracket in multicontact field theories
analogue to the Jacobi bracket in contact geometry is yet to be defined and
studied. This is the first main goal of the present paper.

As we approached this problem, we discovered that a graded bracket
can be associated to an arbitrary differential form on any smooth manifold,
say Θ ∈ Ωn(M). The main ingredient is a special kind of multivector fields on
the given manifold, which we call infinitesimal conformal transformations of
the given form Θ. This definition mimics the situation on contact manifolds
and their infinitesimal conformal transformations. These multivector fields
are then used to define the space of conformal Hamiltonian forms and the
corresponding graded Jacobi bracket. This bracket is graded-skew-symmetric
and satisfies the usual graded Jacobi identity (see Corollary 2.8). Further-
more, two different versions of the Leibniz rule appear: one corresponding to
the Gerstenhaber algebra structure [27] of infinitesimal conformal transfor-
mations (see Corollary 2.11) and a second one generalizing the weak Leibniz
rule present in contact geometry (see Proposition 2.12).

To study the relationship between these brackets and the graded Pois-
son brackets of multisymplectic geometry, we extensively develop a pre-multi-
symplectization procedure extending the one already known for contact struc-
tures which works on any manifold equipped with an n-form Θ. An interest-
ing fact is that, as a consequence of our study, we can introduce a more
general definition of multicontact form that the previously one defined in
Refs. [10,12]). Indeed, an n-form Θ is called multicontact if the following
conditions hold:

ker1 Θ ∩ ker1 dΘ = {0} and ker1 dΘ �= {0},

where

ker1 Θ = {v ∈ TM : ιvΘ = 0} and ker1 dΘ = {v ∈ TM : ιvdΘ = 0} ,

being the conditions that guarantee that its canonical pre-multisymplecti-
zation (see Definition 3.5) is, in fact, a multisymplectization. It is worth
mentioning that the second property ker1 dΘ �= {0}, besides avoiding the pos-
sibility that dΘ = 0 (which would recover the case of a (pre)-multisymplectic
form) is a technical condition that is used on several steps of our study.

The second main goal of the present paper is to define dynamics, namely
the action-dependent Hamilton–De Donder–Weyl equations on an arbitrary
multicontact manifold. Our approach is to identify the geometric objects that
generalize the Jacobi bivector field and the Reeb vector field of contact man-
ifolds. Indeed, we introduce the corresponding � mapping, which generalizes
both the bivector field and the Reeb vector field. This allows us to obtain a
new expression for the bracket of forms on a multicontact manifold similar
to the case of the Jacobi bracket in contact geometry.
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In order to introduce dynamics, several steps need to be made. First, we
make a finer definition of the Reeb multivector field so that contracting with
it is well defined for a wider family of forms. Second, we define the so-called
Hamiltonian subbundle of forms and identify then the good Hamiltonians,
which are the ones that allow for a definition of the dissipation form (see Ref.
[11]), which has now a more clear and simple definition. Now, given such a
good Hamiltonian, one can obtain the Hamilton–de Donder–Weyl equations;
more insights are obtained when the multicontact form is of variational type,
where a tensor-like obstruction for every Hamiltonian to be a good Hamilton-
ian is identified (see Theorem 5.15). We also consider the evolution of forms
and the notion of dissipated forms. The study ends with an application of
the above theory to dissipative field theories.

In order to give a more complete view, we want to comment that the
dissipative field equations can be described by other geometric structures,
called k-contact [19,22,24] and k-cocontact [32] in the same way that the
k-symplectic and k-cosymplectic geometries [18] describe the classical field
equations. Although the field equations are obtained with both formalisms,
there is no known definition of brackets in these cases, which leaves multi-
contact structures to be more suitable for the study of action-dependent field
theories. Up to our knowledge, the only brackets defined in the k-contact set-
ting was introduced in Ref. [19] for vector-valued functions in order to study
systems of ordinary differential equations.

The paper is structured as follows: Sect. 2 is devoted to define brackets
for arbitrary forms on a manifold. The multisymplectization method is de-
veloped in Sect. 3 to find the relations between these graded Jacobi brackets
and graded Poisson brackets. In this section, we also use the theory devel-
oped to motivate the definition of multicontact manifolds. We investigate the
definition of the � mapping on arbitrary multicontact manifolds in Sect. 4,
where we use it to give a different description of the brackets. These struc-
tures are then used in Sect. 5 to define dynamics on general multicontact
manifolds. Section 6 is devoted to apply the obtained results to the case of
classical dissipative field theories. The paper finishes with some conclusions
and further work.

Notation and conventions

We will use the following notations and conventions throughout the paper;
they are collected here to facilitate the reading:

– All manifolds are assumed C∞-smooth, finite dimensional, Hausdorff
and second countable.

– Einstein’s summation convention is assumed throughout the text, unless
stated otherwise.

–
∨

p M denotes the vector bundle of p-vectors on M ,
∧p TM .

– Xp(M) = Γ
(∨

p M
)

denotes the space of all multivector fields of order
p.

–
∧a

M denotes the vector bundle of a-forms on M ,
∧a T∗M .

– Ωa(M) = Γ (
∧a

M) denotes the space of all a-forms on M .
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– [·, ·] denotes the Schouten–Nijenhuis bracket on multivector fields. We
use the sign conventions of Ref. [31].

– LUα = dιUα − (−1)pιdα, for U ∈ Xp(M), α ∈ Ωa(M) denotes the Lie
derivative along multivector fields. For a proof of its main properties,
we refer to Ref. [21].

– For a subbundle K ⊆ ∨
p M , and for a ≥ p, we denote by

K◦,a = {α ∈
a∧

M | ιKα = 0}
the annihilator of order a of K.

– Similarly, for a subbundle S ⊆ ∧a
M , and p ≤ a we denote by

S◦,p = {U ∈
∨

p

M | ιUS = 0}

the annihilator of order p of S.
– Given a form Θ ∈ Ωn(M), we denote kerp Θ = {u ∈ ∨p M | ιuΘ = 0}.
– R× denotes R \ {0}.

2. Brackets Induced by a Differential n-Form

Let M be a finite dimensional smooth manifold and Θ ∈ Ωn(M) be a smooth
n-form on M . The following definition is an extension of the so-called con-
formal infinitesimal symmetries in contact geometry.

Definition 2.1. For p ≤ n, a multivector field X ∈ Xp(M) is said to be an
infinitesimal conformal transformation of Θ if there exists a multivector field
V ∈ Xp−1(M) such that

LXΘ = ιV Θ ,

where LXΘ = dιXΘ − (−1)pιXdΘ denotes the Lie derivative of Θ with
respect to the multivector field X (see Refs. [21,31,35] for details).

Remark 2.2. If p = 1 and X ∈ X(M) is an infinitesimal conformal trans-
formation, we have that there exists a certain 0-multivector field, namely a
function g ∈ C∞(M), such that

LXΘ = g · Θ ,

so that we recover the usual notion of an infinitesimal conformal symmetry.
�
Definition 2.3. A conformal Hamiltonian form is an (n − p)-form α ∈ Ωn−p

(M) such that
ιXα

Θ = −α ,

for some infinitesimal conformal transformation Xα ∈ Xp(M). The space of
conformal Hamiltonian a-forms is denoted by Ωa

H(M,Θ). If the form to be
used is clear form the context, we shall simply use Ωa

H(M).
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Note that an (n − p)-form α is conformal Hamiltonian if and only if
there exist multivector fields Xα ∈ Xp(M) and Vα ∈ Xp−1(M) such that

ιXα
Θ = −α and ιXα

dΘ = (−1)p+1(dα + ιVα
Θ) . (2.1)

The following result will allow us to define a bracket on the space of conformal
Hamiltonian forms.

Theorem 2.4. Let α ∈ Ωn−p(M) and β ∈ Ωn−q(M) be conformal Hamilton-
ian forms and let Xα, Vα,Xβ and Vβ be multivector fields satisfying

ιXα
Θ = −α , ιXα

dΘ = (−1)p+1(dα + ιVα
Θ) ,

and
ιXβ

Θ = −β , ιXβ
dΘ = (−1)q+1(dβ + ιVβ

Θ) .

Then, the expression
−ι[Xα,Xβ ]Θ

only depends on α and β and is also a conformal Hamiltonian form.

Proof. Let us start by checking independence on the choice of multivector
fields. We have (see Ref. [21])

−ι[Xα,Xβ ]Θ = −(−1)(p−1)qLXα
ιXβ

Θ + ιXβ
LXα

Θ

= −(−1)(p−1)qLXα
ιXβ

Θ + ιXβ
ιVα

Θ

= (−1)(p−1)q(ιVα
− LXα

)ιXβ
Θ

= (−1)(p−1)q(LXα
− ιVα

)β ,

which implies that is independent on the choice of Xβ , Vβ . A symmetric
argument proves the same result for Xα, Vα.

To see that it is again a conformal Hamiltonian form, it is enough to
show that [Xα,Xβ ] is again an infinitesimal conformal transformation for Θ.
Indeed,

L[Xα,Xβ ]Θ = (−1)(p−1)(q−1)LXα
LXβ

Θ − LXβ
LXα

Θ

= (−1)(p−1)(q−1)LXα
ιVβ

Θ − LXβ
ιVα

Θ

= ι[Xα,Vβ ]Θ + ιVβ
LXα

Θ − (−1)(p−1)(q−1)(ι[Xβ ,Vα]Θ + ιVα
LXβ

Θ)

= ι[Xα,Vβ ]Θ + ιVβ
ιVα

Θ − (−1)(p−1)(q−1)(ι[Xβ ,Vα]Θ + ιVα
ιVβ

Θ)

= ι[Xα,Vβ ]Θ − (−1)(p−1)(q−1)ι[Xβ ,Vα]Θ
= ιV Θ ,

where
V = [Xα, Vβ ] − (−1)(p−1)(q−1)[Xβ , Vα] ,

concluding that it is a conformal symmetry. �

Definition 2.5. The graded Jacobi bracket of two conformal Hamiltonian
forms α, β is

{α, β} := −ι[Xα,Xβ ]Θ ,

where Xα,Xβ are the conformal symmetries for each of these forms. Well-
definedness of this bracket follows from Theorem 2.4. For simplicity, we will
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refer to this bracket as the Jacobi bracket, provided there is no risk of con-
fusion.

The Jacobi bracket of conformal Hamiltonian forms defined by a differ-
ential n-form Θ ∈ Ωn(M) is a bilinear operation

Ωa
H(M) ⊗ Ωb

H(M) −→ Ωa+b−(n−1)
H (M) .

Remark 2.6. Notice that we may write {α, β} = (−1)(p−1)q (LXα
− ιVα

) β.
This formula resembles the Courant bracket used in the higher (or graded)
generalization of Dirac geometry (see Ref. [39]). In fact, in Sect. 4, we will
give a formula for the bracket in terms of the �-morphism (see Theorem
4.15), which is a generalization of the formula found in the generalization of
Dirac geometry (see Ref. [13] for the definition of the �-morphisms and the
expression of the Poisson brackets using them). �
Remark 2.7. Suppose Θ = η a contact form on M . Then, the previous bracket
generalizes the usual Jacobi bracket of contact geometry. Indeed, Eq. (2.1)
translates into

ιXf
η = −f and ιXf

dη = df − R(f)η ,

where R denotes the Reeb vector field, the unique vector field satisfying ιRη =
1, and ιRdη = 0. Definition 2.5 gives

{f, g} = −ι[Xf ,Xg]η ,

which recovers the usual Jacobi bracket [14,15]. �
The following result follows from the properties of the Schouten–Nijenh-

uis bracket.

Corollary 2.8. Let α ∈ Ωn−p(M), β ∈ Ωn−q(M) and γ ∈ Ωn−r(M) be confor-
mal Hamiltonian forms. Then, the bracket of conformal Hamiltonian forms
is graded skew-symmetric and satisfies the graded Jacobi identity, namely

(i) {α, β} = −(−1)(p−1)(q−1){β, α},
(ii) (−1)(p−1)(r−1){α, {β, γ}} + (−1)(r−1)(q−1){γ, {α, β}}+

(−1)(q−1)(p−1){β, {γ, α}} = 0.

Note that infinitesimal conformal transformations are closed under ex-
terior products, since

LX∧Y Θ = LY ιXΘ + (−1)qιY LXΘ

= (−1)p(q−1)
(
ι[Y,X]Θ + ιXLY Θ

)
+ (−1)qιY LXΘ , (2.2)

where X ∈ Xp(M) and Y ∈ Xq(M). This motivates the following definition.

Definition 2.9. The cup product of conformal Hamiltonian forms is defined
as

α ∨ β := −ιXα∧Xβ
Θ .

Note that the cup product of conformal Hamiltonian forms is well de-
fined since

α ∨ β = ιXβ
α = (−1)pqιXα

β .
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Remark 2.10. The cup product of two conformal Hamiltonian forms is again
conformal Hamiltonian, since Xα ∧ Xβ is again an infinitesimal conformal
transformation. �

The cup product defines a bilinear operation

Ωa
H(M) ⊗ Ωb

H(M) ∨−−→ Ωa+b−n
H (M) ,

which, using the properties of the Schouten–Nijenhuis bracket, is easily seen
to satisfy the following property.

Corollary 2.11. Given α ∈ Ωn−p
H (M), β ∈ Ωn−q

H (M) and γ ∈ Ωn−r
H (M), the

cup product satisfies the graded Leibniz rule

{α, β ∨ γ} = {α, β} ∨ γ + (−1)(r−1)qβ ∨ {α, γ} .

Furthermore,

Proposition 2.12. The Jacobi bracket satisfies the weak Leibniz rule, namely

Supp{α, β} ⊆ Suppα ∩ Suppβ ,

for every pair of Hamiltonian forms α ∈ Ωa
H(M,Θ) and β ∈ Ωb

H(M,Θ),
where Suppα denotes the support of α.

Proof. Indeed, this follows by noting that if α or β vanish on an open subset,
so does their bracket, since we can choose Xα or Xβ to be zero on this subset.
�

This result, along with Corollary 2.8, motivates the name graded Jacobi
bracket given in Definition 2.5.

Observe that this endows the set of conformal Hamiltonian forms with
a structure of a Gerstenhaber algebra [27], and the map X 
→ −ιXΘ is a
Gerstenhaber algebra homomorphism between infinitesimal conformal trans-
formations and conformal Hamiltonian forms.

Remark 2.13. It is worth noting that, in the case where Θ = η defines a
contact form on M , the cup product f ∨ g of two functions vanishes. Thus,
we only have the weak Leibniz rule in the contact case. �

Let us turn into discussing an immediate relation between the brackets
defined and the Poisson bracket defined by a multisymplectic form.

Definition 2.14. A pre-multisymplectic form on M is a closed (n + 1)-form
Ω ∈ Ωn+1(M). A pre-multisymplectic form is said to be multisymplectic
or non-degenerate if the vector bundle map � : TM → ∧n

M defined by
�(v) := ιvΩ is a monomorphism.

Every closed form induces a bracket in a suitable subspace of forms,
which we define now.

Definition 2.15. Let (M,Ω) with Ω ∈ Ωn+1(M) be a (pre-)multisymplectic
manifold. Then, a form α ∈ Ωa(M) is called (pre-)multisymplectic Hamilton-
ian if there exists a multivector field Xα ∈ Xn−a(M) such that ιXα

Ω = dα.
We denote the space of multisymplectic Hamiltonian a-forms by Ωa

H(M,Ω).
If the form to be used is clear from the context, we simply write Ωa

H(M).
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Remark 2.16. (Pre-)multisymplectic Hamiltonian forms are usually referred
to as Hamiltonian. We prefer to incorporate this longer name in order to
avoid confusion with conformal Hamiltonian forms. �
Definition 2.17. Let (M,Ω), where Ω ∈ Ωn+1(M), be a pre-multisymplectic
manifold and let α ∈ Ωn−p

H (M), β ∈ Ωn−q
H (M) be pre-multisymplectic Hamil-

tonian forms. Their Poisson bracket is defined as

{α, β}P = (−1)q−1ιXα∧Xβ
Ω .

See Refs. [8,9,34] for further details on Poisson brackets in multisym-
plectic manifolds.

Remark 2.18. The Jacobi bracket associated to a differential n-form gener-
alizes the bracket of 1-forms in symplectic geometry (see Ref. [36]). Indeed,
let Ω ∈ Ωn+1(M) be a multisymplectic form. Then, given multisymplectic
Hamiltonian forms α̃ ∈ Ωn−p

H (M,Ω) and β̃ ∈ Ωn−q
H (M,Ω), we have that their

Poisson bracket is given by

{α̃, β̃}P = (−1)q−1ιXα̃∧X
β̃
Ω ,

where Xα̃ ∈ Xp(M),Xβ̃ ∈ Xq(M) are multivector fields satisfying

ιXα̃
Ω = dα̃ and ιX

β̃
Ω = dβ̃ .

Then, both Xα̃ and Xβ̃ satisfy LXα̃
Ω = LX

β̃
Ω = 0 and, in particular, they

define infinitesimal conformal transformations. Hence, dα̃ and dβ̃ may be
interpreted as conformal Hamiltonian forms in the sense of Definition 2.3 for
the multivector fields Xdα̃ = −Xα̃ and Xdβ̃ = −Xβ̃ , with conformal factors
Vdα̃ = 0 and Vdβ̃ = 0, respectively. The Jacobi bracket of these two forms is
related to the Poisson bracket of multisymplectic geometry as follows:

{dα̃,dβ̃} = −ι[Xα̃,X
β̃
]Ω = −(−1)(p−1)qLXα̃

ιX
β̃
Ω + ιX

β̃
LXα̃

Ω

= −(−1)(p−1)qLXα̃
ιX

β̃
Ω = −(−1)(p−1)qdιXα̃

ιX
β̃
Ω

= (−1)q−1dιXα̃∧X
β̃
Ω

= d{α̃, β̃}P .

As a particular case, for n = 1, we obtain {df,dg} = d{f, g}P , where {f, g}P

is the Poisson bracket of two functions from symplectic geometry (see Ref.
[1,3]). Hence, we can think of the graded Jacobi bracket as a generalization
of the graded Poisson bracket. �

3. Multicontact Structures and Multisymplectization

In this section, we study further relations between Jacobi and Poisson brack-
ets generalizing a procedure known in contact geometry: symplectization.



MJOM Brackets in Multicontact Geometry. . . Page 9 of 44    81 

3.1. General (Pre-)multisymplectizations

Definition 3.1. An homogeneous (pre-)multisymplectic manifold is a pair
(M̃,Υ), where Υ ∈ Ωn(M̃) is such that Ω = −dΥ defines a (pre-)multisym-
plectic form on M and such that there exists a vector field Δ, called a Liouville
vector field satisfying ιΔΩ = −Υ.

Remark 3.2. In the case of symplectic geometry, a homogeneous symplec-
tic structure is simply an exact symplectic structure ω = −dυ, since there
always exists a vector field Δ such that ιΔω = −υ. However, the same obser-
vation does not hold in multisymplectic geometry since, in general, we cannot
guarantee the existence of a vector field Δ satisfying ιΔΩ = −Υ. �

Let Θ be an n-form on a smooth manifold M .

Definition 3.3. Let τ : M̃ → M be a (locally trivial) fiber bundle, where M̃
is endowed with a homogeneous (pre-)multisymplectic structure Ω = −dΥ.
Then, it is said to be a (pre-)multisymplectization of (M,Θ) if it admits a
vertical Liouville vector field Δ with respect to the projection τ , and Υ = φ ·
τ∗Θ for certain nowhere vanishing function φ ∈ C∞(M̃), called the conformal
factor.

Remark 3.4. Notice that from ιΔd(φ τ∗Θ) = φ τ∗Θ, we must have Δ(φ)τ∗Θ
= φ τ∗Θ, so that if Θ is nowhere zero, we necessarily obtain Δ(φ) = φ. A
similar argument can be made for an n-form Θ that does not vanish on a
dense subset of M . �
Definition 3.5. The canonical (pre-)multisymplectization of (M,Θ) is defined
as M × R×, together with the homogeneous (pre-)multisymplectic structure
Ω = −d(z Θ), where z is the canonical coordinate in R×. Notice that we can
take as Liouville vector field Δ := z ∂

∂z and as conformal factor φ := z.

Remark 3.6. A different choice of canonical multisymplectization could be
M × R, with nowhere vanishing conformal factor φ(p, t) := et. Both ap-
proaches are diffeomorphic (disregarding connected components), using the
exponential mapping. �
Proposition 3.7. Provided that ker1 dΘ �= {0}, the canonical (pre-)multis-
ymplectization of (M,Θ), namely (M ×R×,Ω := −d(z Θ)), is a non-degene-
rate homogeneous multisymplectic manifold if and only if

ker1 Θ ∩ ker1 dΘ = {0} .

Proof. Suppose first that ker1 Θ ∩ ker1 dΘ = {0} and let u ∈ T(M × R×)
such that ιuΩ = 0. Identifying T(p,a)(M ×R×) = TpM × TaR× ∼= TpM ×R,
we can write

u = v + γ
∂

∂z
,

where v ∈ TpM and γ ∈ R. Then, ιuΩ = 0 implies

dz ∧ ιvΘ − zιvdΘ − γΘ = 0 .

We will prove that v = 0 and γ = 0. Contracting with ∂
∂z yields ιvΘ = 0.

Now, since ker1 dΘ �= 0, taking w ∈ ker1 dΘ \ {0} and contracting by it we
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have −γιwΘ = 0, which implies γ = 0, since w �∈ ker1 Θ. Finally, we must
have z ιvdΘ = 0 which implies ιvdΘ = 0, given that z �= 0. We conclude that
v = 0, since v ∈ ker1 Θ ∩ ker1 dΘ = {0}.

Conversely, assume that −d(z Θ) defines a non-degenerate multisym-
plectic form. Consider v ∈ TM such that ιvΘ = ιvdΘ = 0. Then, identifying
T(M × R×) = TM × TR×, we have ιud(z Θ) = 0, which implies u = 0, as
we wanted to see. �

Let us turn back to the theory of arbitrary (pre-)multisymplectizations.
In particular, we will prove that every infinitesimal conformal transformation
on the base can be lifted to a homogenous multivector field on the (pre-
)multisymplectization.

Theorem 3.8. Let Θ be a nowhere vanishing n-form on M and let τ : M̃ →
M , with (M̃,−dΥ) a (pre-)multisymplectization of (M,Θ) with conformal
factor φ ∈ C∞(M̃). Then, for every infinitesimal conformal transformation
X ∈ Xp(M) of Θ, there exists a unique-up-to-kerp dΥ multivector field X̃ ∈
Xp(M̃) such that

L
X̃

Υ = 0 and τ∗X̃ = X .

To prove this result, we will need the existence of a particular Ehres-
mann connection on τ : M̃ → M , namely a subbundle H ⊆ TM̃ such that
ker dτ⊕H = TM̃ and H ⊆ ker dφ. The following lemma ensures the existence
of such a connection.

Lemma 3.9. There exists an Ehresmann connection H on τ : M̃ → M such
that H ⊆ ker dφ.

Proof. Notice that we have ker dτ +ker dφ = TM̃ . Indeed, following Remark
3.4, we have dφ(Δ) = φ, which implies dφ �= 0 and Δ �∈ ker dφ. Hence,

rank ker dpφ = dim M̃ − 1 .

Now, since Δp /∈ ker dpφ, by a dimension comparison and using that Δ is
τ -vertical, we must have

TM̃ = ker dφ ⊕ 〈Δ〉 ⊆ ker dφ + ker dτ .

Furthermore, since ker dφ + ker dτ = TM̃ , we have that ker dφ ∩ ker dτ has
constant rank and, therefore, ker dφ/(ker dφ ∩ ker dτ) → M is a well-defined
vector bundle. Notice that this induces a short exact sequence

0 −→ ker dφ ∩ ker dτ −→ ker dφ −→ ker dφ/(ker dφ ∩ ker dτ) −→ 0 .

Taking an arbitrary Euclidean structure on ker dφ → M̃ , we may define H
through a splitting of the previous short exact sequence. It suffices to take H
as the orthogonal complement of ker dφ ∩ ker dτ with respect to the chosen
inner product. Indeed, by construction, it satisfies H ∩ ker dτ = {0} and,
furthermore,

rankH = rank ker dφ − rank(ker dφ ∩ ker dτ) = rankTM̃ − rank ker dτ,

so that H ⊕ ker dτ = TM̃ , defining the desired Ehresmann connection and
finishing the proof. �
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An Ehresmann connection H on τ : M̃ → M induces a map Xp(M) →
Xp(M̃) given by

U = X1 ∧ · · · ∧ Xp 
−→ Uh := Xh
1 ∧ · · · ∧ Xh

p ,

where Xh
i is the unique vector field on M̃ satisfying

τ∗Xh
i = Xi and Xh

i ∈ H .

Lemma 3.10. Let H be the Ehresmann connection from Lemma 3.9. Then,
for every X ∈ Xp(M) and α ∈ Ωa(M), we have

ιXh(dφ ∧ τ∗α) = (−1)pdφ ∧ τ∗(ιXα) .

Proof. Suppose X = X1 ∧ · · · ∧ Xp, where Xi ∈ X(M). Then, Xh = Xh
1 ∧

· · · ∧ Xh
p . Notice that

ιXh(dφ ∧ τ∗α) = ιXh
1 ∧···∧Xh

p
(dφ ∧ τ∗α) = ιXh

2 ∧···∧Xh
p
ιXh

1
(dφ ∧ τ∗α)

= ιXh
2 ∧···∧Xh

p
(dφ(Xh

1 )α − dφ ∧ τ∗ιX1α)

= −ιXh
2 ∧···∧Xh

p
(dφ ∧ τ∗ιX1α) ,

where in the last equality, we have used that Xh
1 ∈ ker dφ. Iterating the last

argument, we conclude that ιXh(dφ ∧ τ∗α) = (−1)pdφ ∧ τ∗(ιXα). �
Proof of Theorem 3.8. Let H be the Ehresmann connection from Lemma 3.9
and let X ∈ Xp(M) be an infinitesimal conformal transformation of Θ. Define

X̃ := Xh + Δ ∧ Y h ,

where Y ∈ Xp−1(M) is a multivector field which is going to be specified
later. Notice that τ∗X̃ = X. We will look for Y such that 0 = L

X̃
Υ =

−L
X̃

(φ · τ∗Θ). Using Lemma 3.10, we have

LXh+Δ∧Y h(φ · τ∗Θ) = dιXh+Δ∧Y h(φ · τ∗Θ) − (−1)pιXh+Δ∧Y hd(φ · τ∗Θ)

= d(φτ∗(ιXΘ)) − (−1)pιXh+Δ∧Y h(dφ ∧ τ∗Θ + φτ∗dΘ)

= dφ ∧ τ∗(ιXΘ) + φd(τ∗ιXΘ) − dφ ∧ τ∗(ιXΘ)

− (−1)pdφ(Δ)τ∗(ιY Θ) − (−1)pφτ∗(ιXdΘ)

= φτ∗LXΘ − (−1)pdφ(Δ)τ∗(ιY Θ)

= φτ∗ (LXΘ − (−1)pιY Θ) ,

since dφ(Δ) = φ (see Remark 3.4). Recall that X is an infinitesimal conformal
transformation and, hence, there exists a multivector field V ∈ Xp−1(M) such
that LXΘ = ιV Θ. Therefore, it is enough to take Y := (−1)pV to conclude
existence.

Let us show uniqueness-up-to-kerp dΥ. Consider multivector fields X̃1,

X̃2 such that L
X̃i

Υ = 0 and τ∗X̃i = X. Then,

0 = L
X̃i

Υ = −(−1)pι
X̃i

dΥ + dι
X̃i

Υ

= −(−1)pι
X̃i

dΥ + dι
X̃i

(φ · τ∗Θ)

= −(−1)pι
X̃i

dΥ + d(φ · τ∗ιXΘ) .
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Hence,
0 = ι

X̃1
dΥ − ι

X̃2
dΥ = ι

X̃1−X̃2
dΥ ,

which finishes the proof. �

Furthermore, we have that the lift of infinitesimal conformal transfor-
mations translates into a bracket preserving lift of conformal Hamiltonian
forms to (pre-)multisymplectic Hamiltonian forms.

Theorem 3.11. Let Θ be a nowhere vanishing n-form on M and let τ : M̃ →
M , with (M̃,−dΥ), be a (pre-)multisymplectization of (M,Θ) with conformal
factor φ ∈ C∞(M̃). Then, the map

Ψ: Ωn−p
H (M,Θ) −→ Ωn−p

H (M̃,Ω = −dΥ)
α 
−→ (−1)p+1φ · τ∗α

is well defined and, for every α ∈ Ωn−p
H (M,Θ) and β ∈ Ωn−q

H (M,Θ) it satis-
fies

{Ψ(α),Ψ(β)}P = Ψ({α, β})+(−1)qdΨ(α ∨ β) .

Proof. Let α ∈ Ωn−p
H (M,Θ) and let Xα ∈ Xp(M), Vα ∈ Xp−1(M) be multi-

vector fields such that

α = −ιXα
Θ and LXα

Θ = ιVα
Θ .

Take X̃ ∈ Xp(M) to be the multivector field from Theorem 3.8. Then, we
have

ι
X̃

(−dΥ) = −ι
X̃

dΥ = −(−1)pdι
X̃

Υ + (−1)pL
X̃

Υ

= −(−1)pdι
X̃

(φ · τ∗Θ) = (−1)p+1d(φ · τ∗α) ,

which proves that φ · dα is Hamiltonian and hence ψ is well defined.
Consider α ∈ Ωn−p

H (M,Θ) and β ∈ Ωn−q
H (M,Θ). Let Xα, Vα,Xβ , Vβ be

multivector fields such that

α = −ιXα
Θ , LXα

Θ = ιVα
Θ , β = −ιXβ

Θ , LXβ
Θ = ιVβ

Θ .

Defining H to be the Ehresmann connection from Lemma 3.9, following The-
orem 3.8, we can take as lift of Xα and Xβ

X̃α = Xh
α + (−1)pΔ ∧ Vα and X̃β = Xh

β + (−1)qΔ ∧ Vβ ,

respectively. As we know from the previous calculation, these lifts are the
vector fields corresponding to the (pre-)multisymplectic Hamiltonian forms
Ψ(α) = (−1)p+1φ τ∗α and Ψ(β) = (−1)q+1φ τ∗β. Therefore, using that
L

X̃α∧X̃β
Υ = (−1)qι

X̃β
L

X̃α
Υ + L

X̃β
ι
X̃α

Υ (see Ref. [21]), we have

{Ψ(α),Ψ(β)}P = (−1)q−1ιXψ(α)∧Xψ(β)Ω = (−1)qι
X̃α∧X̃β

dΥ

= (−1)p
(
−L

X̃α∧X̃β
Υ + dι

X̃α∧X̃β
Υ
)

= (−1)p
(
−(−1)qι

X̃β
L

X̃α
Υ − L

X̃β
ι
X̃α

Υ + d(φ τ∗ιXα∧Xβ
Θ)
)

= (−1)p
(
−L

X̃β
ι
X̃α

Υ − d (φ τ∗(α ∨ β))
)

,
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where in the last equality, we have used that L
X̃α

Υ = 0, being the definition
of the lift from Theorem 3.8. Now, using that

L
X̃β

ι
X̃α

Υ = (−1)(q−1)pι
[X̃β ,X̃α]

Υ + (−1)(q−1)pι
X̃α

L
X̃β

Υ

= (−1)(q−1)pι
[X̃β ,X̃α]

Υ = (−1)(q−1)pφ τ∗ι[Xβ ,Xα]Θ

= −(−1)(q−1)pφ τ∗{β, α} ,

we get

{Ψ(α),Ψ(β)}P = (−1)p
(
(−1)(q−1)pφ τ∗{β, α} − d (φ τ∗(α ∨ β))

)

= (−1)p+qφ τ∗{α, β} + (−1)p+1d (φ τ∗(α ∨ β))

= Ψ({α, β}) + (−1)qdΨ(α ∨ β),

which finishes the proof. �
Remark 3.12. In the case where Θ = η is a contact form, Theorem 3.11
translates into a map

Ψ: C∞(M) −→ C∞(M̃)
f 
−→ Ψ(f) = φ · f ,

that satisfies
{Ψ(f),Ψ(g)}P = Ψ({f, g}) ,

since f ∨ g = −ιXf ∧Xg
η = 0, so that we recover the usual case of symplecti-

zations of contact manifolds. �
More generally,

Proposition 3.13. Let Θ be a nowhere vanishing n-form on M and consider
α ∈ Ωa

H(M,Θ) and β ∈ Ωb
H(M,Θ) with a + b < n. Then, the map Ψ defined

in Theorem 3.11 satisfies

{Ψ(α),Ψ(β)}P = Ψ({α, β}).

Proof. Notice that we have α ∨ β = −ιXα∧Xβ
Θ, and deg(Xα ∧ Xβ) = (n −

a) + (n − b) = 2n − (a + b) > n, which implies α ∨ β = 0, and finishes the
proof using the formula in Theorem 3.11. �

In the case of the canonical (pre-)multisymplectization, the previous
results translate into the following.

Corollary 3.14. For every conformal transformation of a nowhere vanishing
form Θ, X ∈ Xp(M), there exists a unique-up-to-kerp d(z Θ) multivector field
X̃ ∈ Xp(M × R×) such that

τ∗X̃ = X and L
X̃

(z Θ) = 0 .

Corollary 3.15. For a nowhere vanishing form, Θ, the map

Ψ: Ωn−p
H (M) −→ Ωn−p

H (M × R×)
α 
−→ Ψ(α) = (−1)p+1z τ∗α

satisfies
{Ψ(α),Ψ(β)}P = Ψ({α, β}) + (−1)qdΨ(α ∨ β) ,

for every α ∈ Ωn−p
H (M,Θ) and β ∈ Ωn−q

H (M,Θ).
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Theorem 3.11 may be expanded upon to give a formula relating higher
Jacobi identities. Before proving this, let us first give a couple of formulas
that we will find useful:

Lemma 3.16. Let Θ be a nowhere vanishing n-form on a smooth manifold
M . Let X1, . . . , Xm be infinitesimal conformal transformations of Θ with
conformal factor g1, . . . , gm ∈ C∞(M), respectively. Then, we may take as
conformal factor of X1 ∧ · · · ∧ Xm the following multivector field:

∑

1≤i<j≤m

(−1)m+i+j [Xi,Xj ] ∧ X1 ∧ · · · ∧ X̂i ∧ · · · ∧ X̂j ∧ · · · ∧ Xm

+
∑

1≤i≤m

(−1)m+igiX1 ∧ · · · ∧ X̂i ∧ · · · ∧ Xm .

Proof. As we know, the wedge product of infinitesimal conformal transfor-
mations is conformal again, by Eq. (2.2). Now, the formula follows from an
inductive reasoning. Indeed, the case m = 2 is clear from Eq. (2.2). Now, for
the inductive step, let us assume that the conformal factor of X1 ∧· · ·∧Xm−1

is

U =
∑

1≤i<j≤m−1

(−1)m−1+i+j [Xi,Xj ] ∧ X1 ∧ · · · ∧ X̂i ∧ · · · ∧ X̂j ∧ · · · ∧ Xm−1

+
∑

1≤i≤m−1

(−1)m−1+igiX1 ∧ · · · ∧ X̂i ∧ · · · ∧ Xm−1 .

Then, by applying again Eq. (2.2), we have that, denoting the conformal
factor of X1 ∧ · · · ∧ Xm by V :

V = [Xm,X1 ∧ · · · ∧ Xm−1] + gmX1 ∧ · · · ∧ Xm−1 − U ∧ Xm

= [Xm,X1 ∧ · · · ∧ Xm−1] + gmX1 ∧ · · · ∧ Xm−1

−
∑

1≤i<j≤m−1

(−1)m−1+i+j [Xi,Xj ] ∧ X1 ∧ · · · ∧ X̂i ∧ · · · ∧ X̂j ∧ · · · ∧ Xm

−
∑

1≤i≤m−1

(−1)m−1+igiX1 ∧ · · · ∧ X̂i ∧ · · · ∧ Xm

= [Xm,X1 ∧ · · · ∧ Xm−1] + gmX1 ∧ · · · ∧ Xm−1

+
∑

1≤i<j≤m−1

(−1)m+i+j [Xi,Xj ] ∧ X1 ∧ · · · ∧ X̂i ∧ · · · ∧ X̂j ∧ · · · ∧ Xm

+
∑

1≤i≤m−1

(−1)m+igiX1 ∧ · · · ∧ X̂i ∧ · · · ∧ Xm ,

which is clearly equal to the desired expression. �

Lemma 3.17. Let X1, . . . , Xm be infinitesimal conformal transformations of
(M,Θ) and let τ : M̃ → M , with (M̃,−dΥ) a (pre-)multisymplectic manifold
be a multisymplectization with conformal factor φ. Let H be the Ehresmann
connection of Lemma 3.9 and denote by Xh its horizontal lift. Denote by X̃i

a lift of each vector field given by Theorem 3.8 and denote by U a lift of
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X1 ∧ · · · ∧ Xm. Then, we have

X̃1 ∧ · · · ∧ X̃m = U

+ Δ ∧
∑

1≤i<j≤m

(−1)i+j−1
(
[Xi,Xj ] ∧ X1 ∧ · · · ∧ X̂i ∧ · · · ∧ X̂j ∧ · · · ∧ Xm

)h

mod kerp dΥ .

Proof. Denote by gi the conformal factor of each Xi. In light of the proof of
Theorem 3.8, we have

X̃i := Xh
i − giΔ mod ker1 dΥ .

Then,

X̃1 ∧ · · · ∧ X̃m = (X1 ∧ · · · ∧ Xm)h

+ Δ ∧
∑

1≤i≤m

(−1)igi

(
X1 ∧ · · · ∧ X̂i ∧ · · · ∧ Xm

)h

mod kerp dΥ .

Let V denote the conformal factor of X1 ∧ · · · ∧ Xm given by Lemma 3.16.
Then, again using the same formula obtained in the proof of Theorem 3.8,
we have

U = (X1 ∧ · · · ∧ Xm)h + (−1)mΔ ∧ V h mod kerp dΥ ,

where

V =
∑

1≤i<j≤m

(−1)m+i+j [Xi,Xj ] ∧ X1 ∧ · · · ∧ X̂i ∧ · · · ∧ X̂j ∧ · · · ∧ Xm

+
∑

1≤i≤m

(−1)m+igiX1 ∧ · · · ∧ X̂i ∧ · · · ∧ Xm ,

from which the result follows. �

We are now ready to prove the refinement of Theorem 3.11.

Theorem 3.18. Let Θ be a nowhere vanishing n-form on M and let τ : M̃ →
M be a (pre-)multisymplectization, with (M̃,−dΥ) a (pre-)multisymplectic
manifold, with nowhere vanishing conformal factor φ ∈ C∞(M̃). Denote by
Ψ1 = Ψ the map from Theorem 3.11. For m ≥ 2, define

Ψm : Ωn−1
H (M,Θ)⊗m −→ Ωn+1−m(M̃)

as Ψm(α1, . . . , αm) := φ · τ∗ (α1 ∨ · · · ∨ αm) and

�m : Ωn−1
H (M̃,−dΥ)⊗m −→ Ωn+1−m(M̃)

by �m(β1, . . . , βm) := −ιXβ1∧···∧Xβm
dΥ. Then, for every α1, . . . , αm ∈ Ωn−1

H

(M,Θ), we have

�m(Ψ(α1), . . . ,Ψ(αm)) = (−1)m+1dΨm(α1, . . . , αm)

+
∑

1≤i<j≤m

(−1)i+j+1Ψm−1({αi, αj}, α1, . . . , α̂i, . . . , α̂j , . . . , αm)
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Proof. Indeed, by definition, denoting by Xi the infinitesimal conformal trans-
formation associated to αi, and by X̃i their respective lifts, we have

�m(Ψ(α1), . . . ,Ψ(αm)) = −ι
X̃1∧···∧X̃m

dΥ ,

which by Lemma 3.17, we may write as

�m(Ψ(α1), . . . ,Ψ(αm)) = −ιUdΥ

+
∑

1≤i<j≤m

(−1)i+jι(
Δ∧([Xi,Xj ]∧X1∧···∧X̂i∧···∧X̂j∧···∧Xm)h

)dΥ ,

where U denotes a lift of X1 ∧ · · · ∧ Xm. Since LUΥ = 0, we have

�m(Ψ(α1), . . . ,Ψ(αm)) = (−1)mdιUΥ

+
∑

1≤i<j≤m

(−1)i+jφ · τ∗ι
[Xi∧Xj ]∧···X̂i∧···∧X̂j∧···Xm

Θ

= (−1)md (φ · τ∗ιX1∧···∧Xm
Θ)

+
∑

1≤i<j≤m

(−1)i+jφ · τ∗ι
[Xi∧Xj ]∧···X̂i∧···∧X̂j∧···Xm

Θ

= (−1)m+1d (φ · τ∗(α1 ∨ · · · ∨ αm))

+
∑

1≤i<j≤m

(−1)i+j+1φ · τ∗ ({αi, αj} ∨ α1 · · · ∨ α̂i ∨ · · · ∨ α̂j ∨ · · · ∨ αm) ,

from which the result follows. �

Remark 3.19. Notice that the previous result implies that we may find an
L∞-algebra morphism between the Lie algebra Ωn−1

H (M,Θ) and the L∞-
algebra Ωn−1

H (M,−dΥ):

Ψ̃m : Ωn−1
H (M,Θ)⊗m −→ Ωn−1

H (M̃,−dΥ) ,

in the sense presented in Ref. [7, Proposition 3.8]. Indeed, we may change the
sign convention of Ψm and �m inductively so that the relation in Theorem
3.18 reads as

�̃m(Ψ(α1), . . . ,Ψ(αm)) = −dΨ̃m(α1, . . . , αm)

+
∑

1≤i<j≤m

(−1)i+j+1Ψ̃m−1({αi, αj},

α1, . . . , α̂i, . . . , α̂j , . . . , αm) ,

for some �̃m = ±�m and Ψ̃m = ±Ψm. �
Remark 3.20. In Ref. [37], Vitagliano introduces higher codimensional ver-
sions of contact manifolds that he calls ‘multicontact manifolds’. He intro-
duces an L∞-algebra associated to a particular distribution of codimension
n on a manifold M , say H. When the line bundle C → M defined by

C =
{

α ∈
n∧

M : H = {ξ ∈ TM : ιξα = 0}
}

⊆
n∧

M

is trivial (to see details, we refer to the cited article), the distribution H
may be thought as H = ker1 Θ, for a nowhere vanishing form Θ ∈ Ωn(M),
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namely some trivializing section of C. Then, Theorem 3.18 gives an L∞-
algebra isomorphism between the algebra introduced by Vitagliano and the
Lie algebra of conformal Hamiltonian (n − 1)-forms. Indeed, a symmetry of
the distribution H is nothing but a conformal symmetry of Θ. �
3.2. Multisymplectizations of Multicontact Manifolds

Let us first define what a multicontact manifold is. Proposition 3.7 motivates
the following:

Definition 3.21. A multicontact manifold is a pair (M,Θ) such that

ker1 Θ ∩ ker1 dΘ = {0} and ker1 dΘ �= {0} .

Remark 3.22. The condition ker1 dΘ �= {0} ensures that the canonical pre-
multisymplectization of a multicontact manifold (M,Θ) is non-degenerate
and, furthermore, it is a property that will be heavily used in the sequel. �
Remark 3.23. Definition 3.21 recovers the notion of contact form when deal-
ing with 1-forms. Indeed, let η ∈ Ω1(M) such that

ker1 η ∩ ker1 dη = {0} and ker1 dη �= {0} .

First notice that M is necessarily odd dimensional. Indeed, dim ker1 η =
dim M − 1 so that dim ker1 dη = 1. Since codim ker1 dη is necessarily even
dimensional, dim M must be odd. Now, notice that the map

� : TM −→ T∗M
v 
−→ ιvdη + η(v) · η

defines a vector bundle isomorphism. Indeed, it is enough to show that it
defines a monomorphism of vector bundles. Consider v ∈ TM such that

ιvdη + η(v) · η = 0 .

Contracting again by v yields η(v)2 = 0, which implies η(v) = 0. Hence, we
have ιvdη = 0, which gives v ∈ ker1 η ∩ ker1 dη and, hence, v = 0. Therefore,
� defines a vector bundle isomorphism and thus, η defines a contact form. �
Remark 3.24. As we mentioned, in Ref. [37], Vitagliano introduced higher
codimensional versions of contact manifolds. This notion is different from ours
since, in the cited paper, a multicontact manifold is a manifold equipped with
a maximally non-integrable distribution of codimension n, which is called a
multicontact structure of degree n. However, here we are considering differ-
ential forms, not distributions. In this sense, our notion generalizes the one
introduced in Refs. [11,12]. Nevertheless, we may still find a natural connec-
tion between the two concepts when the maximally non-integrable distribu-
tion arises as the 1-kernel of a particular n-form Θ ∈ Ωn(M) (see Remark
3.22). Let Θ be a nowhere vanishing n-form on M and define H := ker1 Θ.
Then if H is maximally non-integrable, we have ker1 Θ ∩ ker1 dΘ = {0}. The
latter condition ker1 dΘ �= {0} is not necessarily satisfied. �
Remark 3.25. A different generalization of contact manifold is that one of
k-contact manifold (see Refs. [24,32]), which (in terms of distributions, see
Ref. [19]) is a multicontact manifold of degree k in the sense of Vitagliano
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(M,H) (see Remark 3.22) that around every point admits k locally defined
linearly independent symmetries. When the k-contact structure H is both co-
orientable and polarizable (see Ref. [19]), we have that H = 〈η1, . . . , ηk〉◦,1,
for certain family of k independent 1-forms ημ. Then, one may find a set of
Darboux coordinates around every point on M , (sμ, yj , pμ

j ) for 1 ≤ μ ≤ n

and 1 ≤ j ≤ k (notice that this introduces restrictions on the dimension of
M) such that

ημ = dsμ − pμ
i dyi .

In this scenario, if k > 1, we have that the n-form Θ ∈ Ωn(M × R
k) defined

by
Θ = ημ ∧ dn−1xμ = dsμ ∧ dn−1xμ − pμ

i dyi ∧ dn−1xμ ,

where xμ denotes the canonical set of coordinates on R
k and

dn−1xμ := (−1)μ+1dx1 ∧ · · · ∧ d̂xμ ∧ · · · ∧ dxn ,

is a multicontact form, as a quick computation shows. �
The theory of (pre-)multisymplectizations is greatly simplified when

dealing with multisymplectizations of multicontact manifolds. First notice
that a multicontact n-form Θ is necessarily nowhere vanishing. Indeed, if
Θ|p = 0, then ker1 Θ|p = TpM which would yield {0} = ker1 Θ|p∩ker1 dΘ|p =
ker1 dΘ|p �= {0}, giving a contradiction.

Proposition 3.26. Let τ : M̃ → M be a fiber bundle with at least 1-dimensional
fibers, where (M̃,Ω = −d(φ τ∗Θ)) is a homogeneous multisymplectic mani-
fold for some nowhere vanishing function φ ∈ C∞(M̃). Then, its Liouville
vector field Δ is vertical.

Proof. Indeed, denoting Υ = φ · τ∗Θ, the condition ιΔΩ = −Υ translates
into

dφ(Δ) · τ∗Θ − dφ ∧ ιΔτ∗Θ + φ · ιΔτ∗dΘ = φ · τ∗Θ . (3.1)

Let p ∈ M̃ , and let Y ∈ X(M̃) be a vertical vector field with Y |p �= 0.
Then, since Ω is a non-degenerate multisymplectic form, ιY Ω|p �= 0, that is,
dφ(Y )|p · τ∗Θ|p �= 0, and, thus, dφ(Y )|p �= 0. Contract by Y on Eq. (3.1) to
get dφ(Y ) · ιΔτ∗Θ = 0. Since dφ(Y )|p �= 0, we must have ιΔτ∗Θ|p = 0. Since
p is arbitrary, we conclude that ιΔτ∗Θ = 0 everywhere.

Now, let Y ∈ X(M̃) be a projectable vector field such that τ∗Y ∈ ker dΘ
with Y |τ(p) �= 0. Contracting by it in Eq. (3.1) and using that ιΔτ∗Θ = 0,
we get dφ(Δ) · τ∗ιτ∗Y Θ = φτ∗ιτ∗Y Θ and, since τ∗Y |τ(p) �= 0 and ker1 Θ ∩
ker1 dΘ = 0, we have τ∗Y |τ(p) �∈ ker1 Θ. This implies that dφ(Δ)|p = φ(p)
and, since p is arbitrary, we conclude that φ(Δ) = φ.

Finally, notice that the two previous equalities imply ιΔτ∗dΘ = 0 and,
together with ιΔτ∗Θ = 0, we have τ∗Δ = 0, since ker1 Θ ∩ ker1 dΘ = {0},
concluding the proof. �

Remark 3.27. From Remark 3.4, we know that for a multisymplectization
τ : M̃ → M of a multicontact manifold (M,Θ) with conformal factor φ, we
have Δ(φ) = φ. �
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In fact,

Proposition 3.28. If τ : M̃ → M is a multisymplectization of the multicontact
manifold (M,Θ), then the fibers are necessarily 1-dimensional.

Proof. Let Y ∈ X(M̃) be an arbitrary vertical vector field. We will show that
Y = Y (φ)

φ Δ. Indeed, notice that

ι
Y − Y (φ)

φ Δ
d(φ τ∗Θ) = Y (φ)τ∗Θ − Y (φ)τ∗Θ = 0 .

Now, since the form −d(φ τ∗Θ) is non-degenerate, we must have Y = Y (φ)
φ Δ,

finishing the proof. �

The main ingredient used in the proof of Theorem 3.8 was the existence
of the connection given in Lemma 3.9. If τ : M̃ → M is a multisymplectization
of a multicontact manifold (M,Θ) with conformal factor φ ∈ C∞(M̃), then,
by Proposition 3.28, the connection given by Lemma 3.9 is actually H =
ker dφ. In particular, we get a well-defined horizontal lift:

Xp(M) −→ Xp(M̃).

Furthermore, we have the following characterization:

Theorem 3.29. Let (M,Θ) be a connected multicontact manifold and let τ :
M̃ → M be a connected multisymplectization with conformal factor φ ∈
C∞(M̃). Assume that ker dφ defines a complete Ehresmann connection, nam-
ely a connection such that the horizontal lift preserves completeness of vector
fields. Then, there exist

(i) a covering space π : Σ → M ;
(ii) an open interval I ⊆ R such that 0 �∈ I;
(iii) a diffeomorphism Φ: Σ× I → M̃ over the identity on M such that φ◦Φ

is the projection onto I.

Before proving the Theorem, let us give a sufficient condition for a local
diffeomorphism Σ → M to define a covering space.

Lemma 3.30. Let π : Σ → M be a surjective local diffeomorphism. Assume
that for every path γ : [0, 1] → M and for every x ∈ π−1(γ(0)), there exists a
lift of the path γ̃ : [0, 1] → Σ with γ̃(0) = x. Then, π : Σ → M is a covering
space.

Proof. Consider x ∈ M and let U � x be an open neighborhood diffeomorphic
to R

n. Let V be some connected component of π−1(U). Let us prove that

π|V : V → U

defines a diffeomorphism. Indeed, it is enough to show that it is bijective.
Let us first prove surjectivity. Take x̃ ∈ V and denote x := π(x̃) ∈ U . Let

y ∈ U . Since U is path connected, there exists a smooth path γ : [0, 1] → U
such that γ(0) = x and γ(1) = y. By hypothesis, there exists a lift γ̃ : [0, 1] →
Σ such that γ̃(0) = x̃, and with π ◦ γ̃ = γ ◦ π. Since Im γ̃ is connected and
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Im γ̃ ∩ V �= ∅, we have Im γ̃ ⊆ V , given that V is connected. Now, we have
π(γ̃(1)) = γ(π(γ̃(1))) = y, which shows that π|V : V → U is surjective.

Finally, let us show that it is injective. Suppose there are x̃1, x̃2 ∈ V
with π(x̃1) = π(x̃2). Since V is open and connected, it is path connected
and there exists a smooth path γ̃ : [0, 1] → Σ with γ̃(0) = x̃1 and γ̃(1) = x̃2.
This map projects onto a loop γ = π ◦ γ̃ in U . Since, by definition U is
diffeomorphic to R

n, then there exists a smooth loop homotopy γt such that
γ0 = γ and γ1 is a constant path. Lifting these paths to paths γ̃t satisfying
γ̃t(0) = x̃1, by continuity we must have γ̃t(1) = x̃2. Taking t = 1, since γ1 is
constant, so is γ̃1, which implies x̃1 = x̃2, finishing the proof. �

Proof of Theorem 3.29. From Proposition 3.28, we have that all fibers are
necessarily of dimension 1 and, from Proposition 3.26, we conclude that the
Liouville vector field Δ generates ker dτ . Define I := Im φ, which is a con-
nected and open subspace of R, namely an open interval. Take c ∈ I and
define Σ := φ−1(c).

Let us prove that π := τ |Σ : Σ → M is a covering space. Let us first
check that it is a surjection. Define

U := {x ∈ M | c ∈ φ(τ−1(x))} and V := {x ∈ M | c �∈ φ(τ−1(x))} .

Clearly, M = U ∪ V , U ∩ V = ∅, U �= ∅ and V is open. If we prove that U
is open as well, surjectivity will follow from connectedness of M . Let x ∈ U
and take a compact neighborhood K of x. An arbitrary vector field X ∈
X(M) with support contained in K is complete and, using completeness of
the Ehresmann connection defined by ker dφ, its horizontal lift Xh will be
complete as well. Let ψt, ψh

t , with t ∈ R be the global flows of X and Xh,
respectively. Since Xh(φ) = 0, the diffeomorphisms ψh

t : M̃ → M̃ induce
diffeomorphisms

ψh
t

∣
∣
Σ

: Σ → Σ .

Noting that π ◦ ψh
t = ψt ◦ π and that by an adequate choice of a vector field

X, we can set ψ1(x) = y, for any y in a neighborhood of x, we conclude
that U is open, and that π is surjective. Finally, since the Ehresmann con-
nection defined by ker dφ is complete, π : Σ → M satisfies the hypotheses of
Lemma 3.30 and, therefore, it is a covering space. Notice that using a similar
argument, and the fact that M̃ is connected, we can prove that φ defines a
diffeomorphism between any connected component of a fiber τ−1(x) and I.
Finally, define

Φ: Σ × I −→ M̃

(x, t) 
−→ φ|Σx

−1(t)

where Σx is the connected component of τ−1(τ(x)) that contains x. It is
clearly bijective. The proof will be finished once we show that it is smooth
and that it defines a local diffeomorphism. To show that it is smooth, let us
show that its inverse Ψ := Φ−1 is smooth. Indeed, notice that

φ∗Δ = t
∂

∂t
,
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so that the flow of Δ, which we denote by ψΔ
t , satisfies φ(ψΔ

t (x)) = etφ(x).
Therefore, the inverse is given by

Ψ: M̃ −→ Σ × I
x 
−→ (ψΔ

log|c|−log|φ(x)|(x), φ(x)) ,

which is clearly smooth. To show that it is a local diffeomorphism, notice
that for x ∈ M̃ , we have

(ψΔ
t )∗ ker dxφ = ker dψΔ

t (x)φ and φ∗Δ = t
∂

∂t
.

Since TM = ker dφ ⊕ 〈Δ〉, we conclude Ψ∗TM = TΣ × TI, proving that it
is a diffeomorphism. �

More generally, when ker dφ does not define a complete Ehresmann
connection, we can prove the following:

Theorem 3.31. Let (M,Θ) be a connected multicontact manifold and τ : M̃ →
M be a connected multisymplectization with conformal factor φ ∈ C∞(M̃).
Assume that for every smooth curve γ : [0, 1] → M , there exists a smooth lift
γ̃ : [0, 1] → M̃ passing through any point in the fiber τ−1(γ(0)). Then, there
exist

(i) a covering space π : Σ → M ;
(ii) an open interval I ⊆ R such that 0 �∈ I;
(iii) an open embedding Ψ: M̃ → Σ× I over the identity on M such that the

map φ ◦ Ψ−1
∣
∣
Im Ψ

is the projection onto I.

Before proving this result, we need the following lemma.

Lemma 3.32. Define F to be the foliation defined by 〈Δ〉, the distribution
generated by the Liouville vector field. Then, there exists a smooth manifold
structure on Σ = M̃/F so that the canonical projection p : M̃ → Σ defines a
submersion.

Proof. First notice that, since φ is nowhere vanishing and Δ(φ) = φ (see
Remark 3.4), we have that φ defines a submersion onto its image. Let x ∈ M̃
and Σx := φ−1(φ(x)), which is a submanifold since φ(x) is a regular value of φ.
Notice that the restriction p|Σx

: Σx → Σ defines an homeomorphism between
an open neighborhood of x in Σx, Ux, and an open neighborhood of p(x) in
Σ, Vx. Let ϕx : Rn → Ux be a parametrization of Ux and define the induced
parametrization of Vx as ϕ̃x := p ◦ ϕx. We will show that the collection
Z := {(Vx, ϕ̃x), x ∈ M̃} defines an atlas on Σ. Indeed, let us show that
coordinate changes are smooth. Consider y ∈ M̃ such that Vy ∩Ux �= ∅. Now,
since ϕ∗Δ = t ∂

∂t , denoting by ψΔ
t the flow of Δ, we have φ(ψΔ

t (x)) = etφ(x). If
ϕx is a parametrization of Σx on (p|Σx

)−1(Vx∩Vy), then ψΔ
log|φ(y)|−log|φ(x)|◦ϕx

is a parametrization of Σy on (p|Σy
)−1(Vc ∩Vy). Therefore, if ϕy is a different

parametrization, the coordinate change ϕ̃−1
y ◦ϕ̃x = ϕ−1

y ◦ψΔ
log|φ(y)|−log|φ(x)|◦ϕx

is smooth, proving the claim. Furthermore, from the construction, it is easy
to see that p defines a submersion. �
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Proof of Theorem 3.31. Since the distribution generated by Δ is 1-dimensi-
onal, it is involutive. Let F denote the associated foliation and define

Σ := M̃/F .

Notice that τ∗〈Δ〉 = {0} (since Δ is vertical) so that we have an induced
map π : Σ → M , which is a local diffeomorphism. Furthermore, since M̃ has
the path lift property, so does Σ (by projection) and, therefore, using Lemma
3.30, π : Σ → M defines a covering space. Finally, it is enough to define

Φ: M̃ −→ Σ × I
x 
−→ (p(x), φ(x)) ,

which is clearly an embedding. �

4. The �-Mapping

Every contact manifold (M,η) has an underlying Jacobi structure, namely a
pair (Λ, E) consisting of a bivector and vector field, respectively, such that

[Λ,Λ] = 2E ∧ Λ and [Λ, E] = 0 .

Then, there is an induced map �Λ : T∗M → TM given by �Λ(α) = ιαΛ and
the Jacobi bracket of two functions f, g ∈ C∞(M) can be written as

{f, g} = ι	Λ(df)dg + E(g)f − E(f)g . (4.1)

The Jacobi structure may be interpreted as a linearized version of the Ja-
cobi brackets on a contact manifold, and studying one or the other are com-
plete equivalent. Consequently, recent research has been devoted to study the
equivalent analogue of Poisson and Dirac structures from classical mechanics
to classical field theories (see Refs. [6,7,13,39]), thus looking for a linearized
version of the (now graded) Poisson brackets. The vector bundle map �Λ is
generalized to a vector bundle map

� : Zn −→ TM,

where Zn is a vector subbundle of
∧n

M and � is skew-symmetric, namely

ι	(α)β = −ι	(β)α ,

for every α, β ∈ Zn. In this section, we define the analogue of the previous
� mapping when dealing with a multicontact manifold (M,Θ), where Θ has
now arbitrary order n. We draw inspiration from the theory of Dirac–Jacobi
bundles, a common generalization of Jacobi and pre-contact manifolds in-
troduced by Vitagliano in Ref. [38]. Most notably, instead of dealing with
subbundles Zn ⊆ ∧n

M , we need to work with subbundles

Zn ⊆
n−1∧

M ⊕
n∧

M

and maps
� : Zn −→ TM ⊕ R .
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Let us first introduce some elementary operations on the bundles of
pairs of forms and multivector fields

a∧
M ⊕

a+1∧
M ,

∨

p

M ⊕
∨

p−1

M .

For the particular cases p = 0 and p = 1, we understand
∨

0 M = M × R

and
∨

−1 M = M ×{0}. In these bundles, there is a well-defined contraction,
namely for (α, β) ∈ ∧a

M ⊕∧a+1
M and (U, V ) ∈ ∨p M ⊕∨p−1 M , we set

ι(U,V )(α, β) := (ιUα, ιUβ + (−1)aιV α) ∈
a−p∧

M ⊕
a+1−p∧

M .

Analogously, we define the wedge product, for (U1, V1) ∈ ∨
p M ⊕ ∨

p−1 M ,
and (U2, V2) ∈ ∨q M ⊕∨q−1 M

(U1, V1)∧ (U2, V2) := (U1 ∧U2, V1 ∧U2 +(−1)pqV2 ∧U1) ∈
∨

p+q

M ⊕
∨

p+q−1

M .

Proposition 4.1. The wedge product and contraction defined above satisfy the
following equalities:

(i) For (U1, V1) ∈ ∨
p M ⊕ ∨

p−1 M and (U2, V2) ∈ ∨
q M ⊕ ∨

q−1 M , we
have

(U1, V1) ∧ (U2, V2) = (−1)pq(U2, V2) ∧ (U1, V1) .

(ii) For (U1, V1) ∈ ∨p M⊕∨p−1 M , (U2, V2) ∈ ∨q M⊕∨q−1 M and (α, β) ∈
∧a

M ⊕∧a+1
M , we have

ι(U2,V2)ι(U1,Vi)(α, β) = ι(U1,V1)∧(U2,V2)(α, β) .

Proof. Both statements follow from a straight-forward computation. �
Let Zn+1 := 〈Θ〉⊕〈dΘ〉 ⊆ ∧n

M ⊕∧n+1
M and define for a = 1, . . . , n,

Za := ι∨
n+1−a M⊕∨n−a M

(Zn+1
)

:=

〈

ι(U,V )(Θ,dΘ) : (U, V ) ∈
∨

n+1−a

M ⊕
∨

n−a

M

〉

We have the following description of the previous subspaces:

Lemma 4.2. For a = 1, . . . , n, we have

Za =

{

(ιUΘ, ιUdΘ + ιV Θ) : U ∈
∨

n+1−a

M, V ∈
∨

n−a

M

}

,

and, for a = 1, . . . , n − 1:

Za = ιTM⊕RZa+1 =
〈
ι(X,r)(α, β) : (α, β) ∈ Za+1 ,X ∈ TM , r ∈ R

〉
.

Proof. The first equality follows easily from the definition:

Za = 〈ι(U,V )(Θ,dΘ) : (U, V ) ∈
∨

n+1−a

M ⊕
∨

n−a

M〉

= 〈(ιUΘ, ιUdΘ + (−1)aιV Θ : (U, V ) ∈
∨

n+1−a

M ⊕
∨

n−a

M〉 .
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The second equality follows similarly, particularizing in the case where both
U and V are decomposable. �

We will assume throughout the rest of the section that the subspaces
Za define subbundles, for every a = 1, . . . , n.

Remark 4.3. One immediate application of the introduction of the previous
subbundles is the following: an a-form α ∈ Ωa(M) is conformal Hamiltonian
if and only if (−α, (−1)n+1−adα) ∈ Za+1. Indeed, in light of Eq. (2.1), we
have

−α = ιXα
Θ ,

(−1)n+1−adα = ιXα
dΘ + (−1)n−aιVα

Θ .

�
Remark 4.4. One may remove the signs in the condition (−α, (−1)n+1−adα)
∈ Za by introducing a different sign convention in the definition of the sub-
bundles. We prefer to work with the presented convention, as it simplifies the
computations to come. �

We are now ready to introduce the definition of the �-mapping:

Definition 4.5. The �̂-mapping is the unique vector bundle map

�̂ : Zn −→ TM ⊕ R

satisfying α̂ = ι	̂(α)(Θ,dΘ), for every α̂ ∈ Zn.

Proposition 4.6. The �̂-mapping is well defined.

Proof. The proof follows if we show that if for certain X ∈ TM and r ∈ R,
we have

ιXΘ = 0 , ιXdΘ + rΘ = 0 ,

then X = 0 and r = 0. Indeed, recall that ker1 dΘ �= 0 so, by contracting
by an element 0 �= Y ∈ ker1 dΘ in the second equation, we have r ιY Θ = 0.
Since ker1 Θ ∩ ker1 dΘ = {0}, we necessarily have Y �∈ ker1 Θ, so that r = 0.
Therefore, ιXΘ = 0 and ιXdΘ = 0. Using again ker1 Θ ∩ ker1 dΘ = {0}, we
conclude X = 0. �
Remark 4.7. Notice that for a conformal Hamiltonian (n − 1)-form α ∈
Ωn−1

H (M), we have

�̂(−α,dα) = (Xα, (−1)n−1Vα) ,

where Vα ∈ C∞(M) is the conformal factor. �
Hence, we may recover both the conformal Hamiltonian vector field and

the conformal factor using the �̂-mapping. Therefore, it is convenient to find
a generalization to degrees a < n. First notice that �̂ is skew-symmetric, in
the following sense:

Proposition 4.8. For every α ∈ Zn and β ∈ Zn, we have

ι	̂(α)β = −ι	̂(β)α .
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Proof. Indeed, it is enough to show ι	̂(α)α = 0, which follows from

ι	̂(α)α = ι	̂(α)ι	̂(α)(Θ,dΘ) = ι	̂(α)∧	̂(α)(Θ,dΘ) = 0 ,

where in the last two equalities, we have used Proposition 4.1. �
Now, to obtain the graded version of �̂, we need to introduce the follow-

ing subbundles. For p = 1, . . . , n, define

Kp := (Zp)◦,p =

{

U ∈
∨

p

M ⊕
∨

p−1

M : ιUα = 0 ,∀α ∈ Zp

}

.

Now, we may obtain the �̂ maps as follows:

Definition 4.9. By Lemma 3.10, we know that Za is generated by elements
of the type ιÛ α̂, with Û ∈ ∨n−a M ⊕∨n−1−a M and α̂ ∈ Za. We define the
extensions

�̂a : Za −→
(

∨

n+1−a

M ⊕
∨

n−a

M

)/

Kn+1−a

on such elements as �̂a(ιUα) = �̂(α) ∧ U + Kn+1−a , and extend by linearity
to Za.

We only need to check well-definedness:

Proposition 4.10. The �̂-maps of Definition 4.9 are well defined.

Proof. Indeed, suppose that there was a sequence of pairs Ui ∈ ∨n−a M ⊕M∨
n−1−a M and αi ∈ Zn such that ιUi

αi = 0 (sum intended), then we will
show that

�̂(αi) ∧ Ui ∈ Kn+1−a ,

which will end the proof. Indeed, let ιV β ∈ Zn+1−a, for certain V ∈ ∨a−1 M⊕∨
a−2 M and β ∈ Za. Using the properties of Proposition 4.1 and the skew-

symmetry of Proposition 4.8, we have

ι	̂(αi)∧Ui
(ιV β) = ιUi

ι	̂(αi)(ιV β) = (−1)a−1ιUi
ιV ι	̂(αi)β

= (−1)aιUi
ιV ι	̂(β)α

i = (−1)(n+1−a)·aιV ι	̂(β)

(
ιUi

αi
)

which vanishes by hypotheses and shows that �̂(αi)∧Ui ∈ Kn+1−a, as β ∈ Zn,
V ∈ ∨

a−1 M ⊕ ∨
a−2 is arbitrary, and ιV β generates Zn+1−a, finishing the

proof. �
Remark 4.11. Notice that

Kp =
{

(U, V ) ∈
∨

p

M ⊕
∨

p−1

M : ι(U,V )(Θ,dΘ) = 0
}

=
{

(U, V ) ∈
∨

p

M ⊕
∨

p−1

M : U ∈ kerp Θ , ιUdΘ = (−1)nιV Θ
}

,

and then, given the description of the �̂-mappings above, for every α̂ ∈ Za,
we have α̂ = ι	̂a(α)(Θ,dΘ) �
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Remark 4.12. There is a well-defined contraction ι[(U,V )]α̂, for

[(U, V )] ∈
(

∨

n+1−p

M ⊕
∨

n−p

M

)/

Kp

and α̂ ∈ Za, with p ≤ a. Indeed, for pairs (U, V ) ∈ Kp, we have ι(U,V )α̂ = 0,
as a quick comprobation shows (using Lemma 4.2 (ii)). �

This last remark implies that we also get a graded-skew-symmetry gen-
eralizing Proposition 4.8. Indeed, the proof is a similar computation to that
performed in Proposition 4.10:

Proposition 4.13. For α ∈ Za and β ∈ Zb, we have

ι	̂a(α)β = (−1)(n+1−a)(n+1−b)ι	̂b(β)α .

Proof. Using the description given in Definition 4.9, it is suffices to show it for
decomposable elements ιUα, and ιV β for certain U ∈ ∨n−a M ⊕∨n−1−a M ,
V ∈ ∨

n−b M ⊕ ∨
n−1−b M and α, β ∈ Zn. Indeed, again using Proposition

4.1 and Proposition 4.8,

ι	̂a(ιU α)(ιV β) = ι	̂(α)∧U (ιV β) = ιU

(
ι	̂(α)(ιV β)

)

= (−1)n−bιU ιV ι	̂(α)β = (−1)n−1−bιU ιV ι	̂(β)α

= (−1)n−1−bιU ι	̂(β)∧V α

= (−1)n+1−b+(n−a)·(n+1−b)ι	̂(β)∧V

(
�̂(α) ∧ U

)

= (−1)(n+1−a)·(n+1−b)ι	̂b(ιV β) (ιUα) ,

which proves the result. �

Remark 4.14. Actually, using some straight-forward computations, we may
show that the formula given in Definition 4.9 is actually the unique possible
family of maps

�̂a : Za −→
(

∨

n+1−a

M ⊕
∨

n−a

M

)/

Kn+1−a

that satisfy the graded-skew-symmetry of Proposition 4.13. Indeed, if it sat-
isfies graded skew symmetry, for α ∈ Za, U ∈ ∨

n−a M ⊕ ∨
n−1−a M and

β ∈ Zn+1−a, we should have

ι	̂a(ιU α)β = (−1)(n−1−a)·aι	̂n+1−a(β)ιUα = (−1)(n+1−a)·a+(n−a)·aιU ι	̂n+1−a(β)α

= (−1)aιU ι	̂n+1−a(β)α = ιU ι	̂(α)β = ι	̂(α)∧Uβ ,

which implies
�̂a(ιUα) = �̂(α) ∧ U + Kn+1−a ,

as the equality holds for arbitrary β ∈ Zn+1−a. In fact, this is a generalization
of the study some of the authors performed in Ref. [13]. �
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Now, that we have the graded version of the �̂-mapping, we can ob-
tain the Hamiltonian multivector field and conformal factor of an arbitrary
conformal Hamiltonian form α ∈ Ωa

H(M) as

�̂a+1(−α, (−1)n+1−adα) = (Xα, (−1)aVα) + Kn−a .

Also, by introducing the following generalization of the Schouten–Nijenhuis
bracket for pairs (U1, V1) ∈ Xp(M) ⊕ Xp−1M and (U2, V2) ∈ Xq(M) ⊕
Xq−1(M):

[(U1, V1), (U2, V2)] := ([U1, U2], (−1)p−1[U1, V2] − (−1)p(q−1)[U2, V1])

∈ Xp+q−1(M) ⊕ Xp+q−2(M) ,

we get have that and we may write the bracket in terms of these �̂-mappings,
and that �̂ maps the previous Schouten–Nijenhuis bracket into the graded
Jacobi bracket

Theorem 4.15. Let α ∈ Ωa
H(M) and β ∈ Ωb

H(M) be conformal Hamiltonian
forms. Then, the following holds:

(i) We may express the bracket with the �̂-maps as

(α ∨ β, (−1)a{α, β}) = ι	̂b+1(−β,(−1)n+1−bdβ)(−α, (−1)n+1−adα)

+ (0, (−1)a+bd (α ∨ β)) .

(ii) The �̂-map satisfies the following bracket preserving formula:

�̂a+b−(n−1)(−{α, β}, (−1)a+bd{α, β}) =
[
�̂a(−α, (−1)n+1−adα), �̂b(−β, (−1)n+1−bdβ)

]
.

Proof. Using Eq. (2.1), both follow from a straight-forward computation. �

5. Multicontact Field Equations

In this section, we study a possible definition of multicontact field equations
in a particular, but still quite general, subclass of multicontact manifolds.
We look for equations that not only are dependent on the geometry, but
also depend on a choice of Hamiltonian, as is usually done in symplectic
and contact mechanics. In contact mechanics, the evolution equation of the
motion determined by a Hamiltonian H ∈ C∞(M) on a contact manifold
(M,η) is given by

ġ = XH(g) = {H, g} − R(H)g , (5.1)
where R is the Reeb vector field defined by η and {H, g} denotes the usual
Jacobi bracket.

In our case, a Hamiltonian will be a suitable n-form h ∈ Ωn(M), and
the evolution of conformal Hamiltonian (n − 1)-forms will be given by

ψ∗(dα) = −R(dα) · h − ιXα
dh − (ιRdh) ∧ α

= − (LXα
+ R(α)) h − (ιRdh) ∧ α + d (ιXα

h) ,

where R is the Reeb multivector field, a generalization of the Reeb vector
field, and ψ : X → M is a smooth map from an n-dimensional manifold to
the multicontact manifold (M,Θ). Using Remark 2.6, extending the domain
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of definition of brackets to n-forms, the previous equation may be interpreted
as

ψ∗(dα) = {h, α} − (ιRdh) ∧ α + d (ιXα
h) ,

which clearly generalizes Eq. (5.1).
All over this section, we will assume that ker1 dΘ defines a vector sub-

bundle of constant rank.

5.1. General Multicontact Hamilton–de Donder–Weyl Equations and Varia-
tional Multicontact Manifolds

Throughout this subsection, we assume n > 1. Let us first define the Reeb
multivector field. One first attempt would be to set R as the unique n-
multivector field up to kern Θ ∩ kern dΘ such that ιRΘ = 1 and ιRdΘ = 0.
However, a finer definition can be made. Let �Θ denote contraction by Θ,
namely

�Θ : ker1 dΘ −→ ∧n−1
M

v 
−→ ιvΘ .

Notice that it defines a monomorphism. Then, we may interpret its inverse
�−1
Θ : Im �Θ → ker1 dΘ as a tensor

�−1
Θ ∈ ker1 dΘ ⊗ (Im �Θ)∗ ∼= ker1 dΘ ⊗

(
∨

n−1

M
/

(Im �Θ)◦,n−1

)

.

Definition 5.1. Define the Reeb multivector field as R̃ := 1
n �−1

Θ , interpreted
as a tensor taking values in the vector bundle above.

Proposition 5.2 will explain why R̃ is a finer choice than defining R
modulo kern Θ ∩ kern dΘ by the equations ιRΘ = 1 and ιRdΘ, which will
also justify the choice for the name multivector. First, notice that we have a
well-defined mapping

φ : ker1 dΘ ⊗
(∨

n−1 M
/

(Im �Θ)◦,n−1
)

−→ ∨
n M/Kn

R ⊗ (U + (Im �Θ)◦,n−1) 
−→ R ∧ U + Kn ,

where Kn = kern Θ ∩ kern dΘ, since ker1 dΘ ∧ (Im �Θ)◦,n−1 ⊆ Kn.

Proposition 5.2. We have φ(R̃) = R.

Proof. Let Ri denote a basis for ker1 dΘ and define αi := ιRi
Θ. Then, R̃ =

1
nRi ⊗ ui and we have φ(R̃) = 1

nRi ∧ ui which clearly satisfies

ιφ(R̃)dΘ = 0 and ιφ(R̃)Θ = 1 .

�

We now aim to define contraction by R̃ on a suitable family of n-forms,
which will be later identified as the Hamiltonians, objects that will define the
dynamics.
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Remark 5.3. Let

Ũ = U ⊗ [V + (Im �Θ)◦,n+1] ∈ ker1 dΘ ⊗
(
∨

n−1

M
/

(Im �Θ)◦,n−1

)

.

For a suitable a-form α, we want to define the contraction ιŨα as ιV ιUα.
We can guarantee well-definedness when α is such that ιKιuα = 0, for every
K ∈ (Im �Θ)◦,n−1 and every u ∈ ker1 dΘ. This last condition is equivalent to
α satisfying ιV ιuα ∈ Im �Θ, for every u ∈ ker1 dΘ and V ∈ ∨

a−n M , as a
simple exercise in multilinear algebra shows. �
Definition 5.4. Define the Hamiltonian subbundle H ⊆ ∧n

M as

H =
{

h ∈
n∧

M
∣
∣
∣ ιTMh ⊆ Im �Θ

}

.

A Hamiltonian is a section h ∈ Γ(H), that is, an n-form h such that ιTMh ⊆
Im �Θ.

Now, let h ∈ Γ(H) be a Hamiltonian. In order to define the dynamics,
we will need to evaluate ιR̃dh, where the contraction is obtained with any
representative of R̃ in ker1 dΘ⊗∧n−1 M . Remark 5.3 motivates the following
definition:

Definition 5.5. A Hamiltonian h ∈ Γ(H) is called a good Hamiltonian if
ιker1 dΘdh ⊆ H.

For a good Hamiltonian, a fundamental object is the dissipation 1-form
which is defined as

σh := (−1)n−1n · ιR̃dh .

Remark 5.6. Both the sign and the factor of n are introduced to recover the
original definition found in [11] (see Lemma 5.25). �

Then, we can define the Hamilton–de Donder–Weyl equations for a map
ψ : X → M , where X is and n-dimensional manifold, as

ψ∗(Θ + h) = 0 and ψ∗ιξ(d + σh∧)(Θ + h) = 0 , ∀ξ ∈ X(M) .

Remark 5.7. Notice that these equations generalize the ones introduced in
Ref. [11]. Indeed, denoting by Θh = Θ + h, the equations now read as

ψ∗Θ = 0 and ψ∗ιξdΘh = 0 , ∀ξ ∈ X(M)

where d = d+σh∧. A local computation in the case of fiber bundles π : Y → X
may be found in Section 6. �

In order to discuss dissipation phenomena (dissipated forms), it will be
useful for us to have an explicit formula for the evolution of a conformal
Hamiltonian (n − 1)-form α ∈ Ωn−1

H (M) in terms of the Hamiltonian h and
the dissipation 1-form σh. This is given by the following:

Theorem 5.8. Let h ∈ Γ(H) be a good Hamiltonian, let α ∈ Ωn−1
H (M) be

a conformal Hamiltonian form and let ψ : X → M be a solution of the
Hamilton–de Donder–Weyl equations defined by h. Then,

ψ∗(dα) = ψ∗ (−R(dα)h − ιXα
dh − σh ∧ α + σh ∧ ιXα

h) .
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Proof. Indeed, we know that ψ∗ιξ(d + σh∧)(Θ + h) = 0, for every ξ ∈ X(M).
Let ξ = Xα, where Xα is a vector field satisfying

ιXα
Θ = −α and ιXα

dΘ = dα − R(dα)Θ .

Then, we obtain

ψ∗ (dα − R(dα)Θ+ιXα
dh+σh(Xα)Θ+σh ∧ α + σh(Xα)h − σh ∧ ιXα

h) = 0

which, using that ψ∗Θ = −ψ∗h, implies

ψ∗(dα + R(dα)h + ιXα
dh + σh ∧ α − σh ∧ ιXα

h) = 0 ,

finishing the proof. �

Corollary 5.9. Under the hypotheses of Theorem 5.8, if Xα takes values in
(Im �Θ)◦,1, we have

ψ∗(dα) = ψ∗ (−R(dα)h − ιXα
dh − σh ∧ α) .

Proof. Clearly, since h takes values in H, which is defined as the subbundle
of forms that vanish when contracted by an element of (Im �Θ)◦,1, so that
ιXα

h = 0. �

A natural question to ask is what are the conditions that guarantee
that every possible choice of Hamiltonian is a good Hamiltonian. Consider
h ∈ Γ(H), R ∈ ker1 dΘ and v ∈ TM . Abusing of notation, let us denote by
R and v extensions to global vector fields. Then, ιRdh takes values in H if
and only if ιvιRdh takes values in Im �Θ. We have the following:

ιvιRdh = ιvLRh − ιvdιRh = LRιvh − ι[R,v]h − ιvdιRh .

Clearly, by definition, ι[R,v]h takes values in Im �Θ. This implies that LRιvh−
ιvdιRh measures the extent to which h fails to be a good Hamiltonian. Define

γΘ : Γ(H) × Γ(ker1 dΘ) × X(M) −→ Ωn−1(M)
/
Γ(Im �Θ)

(h,R, v) 
−→ LRιvh − ιvdιRh .

This map is C∞(M)-linear in both R and v but, unfortunately, fails to be
C∞(M)-linear in h, in general. Therefore, it induces a map (which, abusing
of notation, is denoted by γΘ as well)

γΘ : Γ(H) × (ker1 dΘ ⊗ TM) −→
n−1∧

M
/

Im �Θ ,

so that we have the following:

Corollary 5.10. Let (M,Θ) be a multicontact manifold. Then, every h ∈ Γ(H)
is a good Hamiltonian if and only if γΘ vanishes identically.

Although γΘ can be difficult to compute in complete generality, if we re-
strict the study to a particular subclass of multicontact manifolds, γΘ induces
a tensor which is much easier to manage.

Definition 5.11. A multicontact manifold (M,Θ) is called variational if

ι∧2(ker1 dΘ)Θ = 0 .
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Proposition 5.12. Let (M,Θ) be a variational multicontact manifold and h ∈
Γ(H). Then, ιker1 dΘh = 0.

Proof. Indeed, let v ∈ TM and R ∈ ker1 dΘ. Then,

ιvιRh = −ιRιvh = −ιRιR′Θ ,

for certain R′ ∈ ker1 dΘ. Now, since Θ is variational, ιR∧R′Θ = 0, which
finishes the proof. �

Proposition 5.12 implies that, for variational multicontact manifolds, we
may write

γΘ(h,R, v) = LRιvh = ιRdιvh

and, now, it is C∞(M)-linear on every component. Indeed, it suffices to
observe that

γΘ(fh,R, v) = γΘ(h,R, fv) = fγΘ(h,R, v) + R(f)ιvh mod Im �Θ

= fγΘ(h,R, v)mod Im �Θ ,

where in the last equality, we have used ιvh ∈ Im �Θ (see Definition 5.4).
Hence, it induces a vector bundle map

γΘ : H ⊗ ker1 dΘ ⊗ TM −→
n−1∧

M
/

Im �Θ .

However, we can obtain a much simpler tensor that also measures the
extent to which Hamiltonians fail to be good Hamiltonians. Indeed, notice
that ιvh = ιR′Θ, for some R′ ∈ ker1 dΘ and we may write γΘ(h,R, v) =
ιRdιR′Θ. This induces the following definition:

Definition 5.13. Let (M,Θ) be a variational multicontact manifold. Then, its
distortion is defined as the following map

CΘ : Γ(ker1 dΘ) ⊗ Γ(ker1 dΘ) −→ Ωn−1(M)/Γ(Im �Θ)
R ⊗ R′ 
−→ ιRdιR′Θ .

Proposition 5.14. For a variational multicontact manifold, CΘ defines a sym-
metric vector bundle map

CΘ : ker1 dΘ ⊗ ker1 dΘ −→
n−1∧

M
/

Im �Θ .

Proof. It is clearly C∞(M)-linear on its first component. Therefore, it suffices
to show that it is symmetric to conclude the result. Indeed,

ιRdιR′Θ = ιRLR′Θ − ιRιR′dΘ = ιRLR′Θ
= LR′ιRΘ − ι[R′,R]Θ
= ιR′dιRΘ − ι[R′,R]Θ .

Notice that [R′, R] takes values in ker1 dΘ, and so ι[R′,R]Θ takes values in
Im �Θ, concluding that CΘ is symmetric and finishing the proof. �

Concluding, we have

Theorem 5.15. Let (M,Θ) be a variational multicontact manifold such that
ker1 dΘ has constant rank. Then, every Hamiltonian is a good Hamiltonian
if and only if its distortion vanishes.
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5.2. Dissipated Forms

In contact dynamics, a fundamental concept is that of dissipated quantity [23],
which is a function g ∈ C∞(M) satisfying ġ = XH(g) = −R(H)g. Recently,
in Ref. [33], the concept was generalized to the multicontact formulation of
field theories.

Definition 5.16. Let (M,Θ) be a multicontact manifold and let h ∈ Γ(H) be
a good Hamiltonian. Then, a form α ∈ Ωa

H(M) is said to be dissipated, if

ψ∗(dα) = −σh ∧ α ,

for every ψ solution of the multicontact Hamilton–de Donder–Weyl equations
determined by h.

Remark 5.17. Notice that Definition 5.16 recovers the usual notion of dissi-
pated quantity of contact mechanics (see Ref. [15]). Indeed, in the context of
contact mechanics, the dissipation 1-form reads as ∂H

∂z dt (see Refs. [11,12])
so that the condition on a function f ∈ C∞(M) to be dissipated is for a
curve γ : R → M to satisfy

ψ∗(df) = −∂H

∂z
fdt ,

or equivalently, ḟ = −∂H
∂z f . �

Remark 5.18. The definition of dissipated form that can be found in Ref.
[33] is not quite the same as Definition 5.16. Indeed, in the cited article, a
differential form α ∈ Ωa(M) is called dissipated if ψ∗ (dα

)
= 0, for every

map ψ : X → M satisfying ψ∗Θ = 0 and ψ∗ιξdΘ = 0, where ξ ∈ X(M)
is an arbitrary vector field and dα = dα + σ ∧ α, σ denoting a particular
1-form, which only depends on the multicontact form Θ. This last form is
also called the dissipation form, but does not completely correspond to the
notion introduced in this text (see Refs. [11,12]).

In our setting, the dissipation form depends upon a choice of Hamilton-
ian, h, and this choice induces an operator dhα = dα+σh∧α, which allows us
to write the condition for a form to be dissipated as ψ∗ (dhα

)
= 0, for every

solution of Hamilton–de Donder–Weyl equations ψ or, equivalently, for any
smooth map ψ : X → M satisfying ψ∗ (Θ + h) = 0 and ψ∗ιξdh (Θ + h) = 0.
Hence, we recover the definition presented in Ref. [33] if we work with the
form Θh = Θ + h, instead of interpreting Θ to fix geometry and h to define
the dynamics. It can then be shown that σh is the dissipation form associated
to Θh in the sense of Ref. [11,12] (see Lemma 5.25). �

In the case of Hamiltonian forms, we can obtain a condition to identify
dissipated forms, which will be useful in the sequel to find a subalgebra of
dissipated forms. Indeed, using Theorem 5.8, we have the following:

Proposition 5.19. Let α ∈ Ωn−1
H (M). Then, if

− (LXα
+ R(dα)) h + (d + σh∧) ιXα

h = 0 ,

then α is a dissipated (n − 1)-form.
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Remark 5.20. Notice that if Xα takes values in (Im �Θ)◦,1, then ιXα
h = 0 and

therefore, the equation in Proposition 5.19 simplifies to − (LXα
+ R(dα)) h =

0, which in the case of mechanics simplifies to −(Xf (H)+∂f
∂z H) = {f,H} = 0.

�
A natural question to ask is if dissipated forms are closed under Jacobi

bracket. As we know the vector field associated to {α, β} is [Xα,Xβ ]. Also, a
quick computation shows R(d{α, β}) = Xα(R(dβ))−Xβ(R(dα)). Therefore,
after a simple, but rather lengthy computation, we get

− (L[Xα,Xβ ] + R(d{α, β})
)
h + (d + σh∧)ι[Xα,Xβ ]h

= (LXα
+ R(dα))

(− (LXβ
+ R(dβ)

)
h + (d + σh∧) ιXβ

h
)

− (LXβ
+ R(dβ)) (− (LXα

+ R(dα)) h + (d + σh∧) ιXα
h)

+ (d + σh)LXα∧Xβ
h + LXβ

σh ∧ ιXα
h − LXα

σh ∧ ιXβ
h

+ R(dβ)(d + σh)ιXα
h − R(dα)(d + σh)ιXβ

h .

As a corollary, we obtain the following:

Corollary 5.21. Let α and β be conformal Hamiltonian (n − 1)-forms such
that

− (LXα
+ R(dα)) h = 0 and − (LXβ

+ R(dβ)
)
h = 0 .

If both Xα and Xβ take values in (Im �Θ)◦,1, then {α, β} is a dissipated form.

Proof. It is enough to notice that all terms vanish from the last expression
and use Proposition 5.19. �
5.3. Multisymplectization of the Dynamics

Given a contact manifold, say (M,η), and a Hamiltonian H ∈ C∞(M),
we can define the homogeneous Hamiltonian on its canonical symplectization
(M̃ := M×R×,−d(z η)) as H̃(p, z) := zH(p). Then, the symplectic dynamics
of H̃ defined by the Hamiltonian vector field X

H̃
∈ X(M̃) are τ -related

with the contact dynamics defined by the (contact) Hamiltonian vector field
XH ∈ X(M). Furthermore, the evolution of observables are conveniently
related (see Ref. [29]). We now study this relationship in the general setting
presented in this paper.

First, let us recall the notion of multisymplectic Hamilton–De Donder–
Weyl equations.

Definition 5.22. Let (M̃,Ω) be a multisymplectic manifold and h̃ ∈ Ωn(M̃)
be an arbitrary form (which we refer to as the Hamiltonian). Then, a map
ψ̃ : X −→ M̃ from an n-dimensional manifold X to M̃ , is said to satisfy the
multisymplectic Hamilton–De Donder–Weyl equations if

ψ̃∗ιξ
(
Ω − h̃

)
= 0 , ∀ξ ∈ X(M̃) .

Now, we may prove the following characterization of whether solutions
may be lifted or projected under certain assumption on the maps ψ : X → M ,
related to the transversality of the maps to be considered. For instance, when
the multicontact structure comes from a fibered manifold π : Y → X (see
Sect. 5), this is immediately ensured.
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Theorem 5.23. Let (M,Θ) be a variational multicontact manifold and let
(M̃,Ω) denote its canonical multisymplectization. Given a good Hamiltonian
h ∈ Ωn(M), define the associated homogeneous Hamiltonian as h̃(p, z) :=
zτ∗h(p). Then, we have the following:

(i) Let ψ̃ : X −→ M̃ be a solution to the multisymplectic Hamilton–De
Donder–Weyl equations defined by h̃ such that, if we denote ψ := τ ◦ ψ̃,
we have

n−1∧
X = 〈ψ̃∗ (ιξΘ) : ξ ∈ ker dΘ〉 and

R̃|ψ(X) = ξi ⊗ (ψ∗(Ui) + (Im �Θ)◦,n−1
)

,

for certain ξi ∈ ker1 dΘ and Ui ∈ Xn−1(X). Then ψ := τ ◦ ψ̃ : X −→ M
is a solution of the multicontact Hamilton–De Donder–Weyl equations
defined by h.

(ii) Conversely, let ψ : X → M be a solution of the multicontact Hamilton–
De Donder–Weyl equations defined by h such that

n−1∧
X = 〈ψ∗ (ιξΘ) : ξ ∈ ker dΘ〉 and

R̃|ψ(X) = ξi ⊗ (ψ∗(Ui) + (Im �Θ)◦,n−1
)

,

for certain ξi ∈ ker1 dΘ and Ui ∈ Xn−1(M). Then there is a lift

M̃

X M

τψ̃

ψ

,

satisfying the multisymplectic Hamilton–De Donder–Weyl equations for
h̃ if and only if there is a function g ∈ C∞(X) such that

ψ∗σh = dg .

In this case, the lift can be written as ψ̃ = (ψ, eg).
(iii) Finally, under the same hypotheses, there is a correspondence between

the evolution of observables, namely for α ∈ Ωa
H(M) conformal Hamil-

tonian, defining α̃(p, z) := z τ∗α(p), we have

ψ̃∗(dα̃) = (ψ̃∗z) · ψ̃∗ (σh ∧ α + dα) .

Remark 5.24. Notice that Theorem 5.23 implies that there is a correspon-
dence between closed forms on solutions in the homogeneous multisymplectic
setting and dissipated forms in the multicontact setting. �

Before proving the Theorem, let us first prove an useful formula:

Lemma 5.25. Let (M,Θ) be a variational multicontact manifold and let ψ :
X −→ M be a map from an n-dimensional manifold X, such that there exists
Ui ∈ Xn−1(X) and ξi ∈ X(M) taking values in ker dΘ for which

R̃|ψ(X) = ξi ⊗
(
ψ∗(Ui) + (Im �Θ)◦,n−1

)
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Then, for every ξ ∈ ker dΘ and every good Hamiltonian h ∈ Ωn(M), we have

ψ∗ (σh ∧ ιξΘ) = ψ∗(ιξdh).

Proof. Let ξi be a basis for ker1 dΘ, let Ui be multivector fields as in the
hypothesis and let ξ = aiξ

i ∈ ker dΘ. Then, indeed, we have

ψ∗ (σh ∧ ιξΘ) = (−1)n−1n · ψ∗ (ιR̃dh
) ∧ ψ∗ (ιξΘ)

= (−1)n−1n
(
ιψ∗(Ui)ψ

∗ (ιξidh
)) ∧ ψ∗ (ιξΘ)

= n · ψ∗ (ιξidh
) ∧ ψ∗ (ιψ∗(Ui)ιξΘ

)

= ψ∗(ιξidh) · ai = ψ∗(ιξdh) ,

which finishes the proof. �

Remark 5.26. Lemma 5.25 relates the definition for the dissipation 1-form
given in this paper with the one presented in Ref. [11]. Indeed, it is a gener-
alization. �
Proof of Theorem 5.23. (i) Taking ξ = ∂

∂z on M̃ , we verify immediately
that ψ̃ satisfies ψ̃∗τ∗ (Θ + h) = 0, given that ψ̃ satisfies the multisym-
plectic Hamilton–De Donder–Weyl equations, so that ψ∗ (Θ + h) = 0.
Now, let us write

0 = ψ̃∗ιξΩ = ψ̃∗ (dz ∧ ιξ (Θ + h) − dz(ξ)(Θ + h) − zιξ(Θ + h))

= ψ̃∗ (dz ∧ ιξ (Θ + h) − zιξ (dΘ + dh)) . (5.2)

In particular, taking ξ ∈ ker dΘ, we find, in light of Proposition 5.12
and the definition of Hamiltonian, that

ψ̃∗ (dz ∧ ιξΘ) = ψ̃∗ (z ιξdh) .

Letting f := ψ̃∗z, we may write the above equality as df
f ∧ ψ∗ (ιξΘ) =

ψ∗(ιξdh). We are now going to show that

ψ∗σh =
df

f
,

which will conclude the proof, after substituting in Eq. (5.2). Indeed,
by Lemma 5.25, we have

(

ψ∗σh − df

f

)

∧ ψ∗ιξΘ = 0 ,

for every ξ ∈ ker dΘ. Since, by hypotheses, 〈ψ∗ιξΘ: ξ ∈ ker dΘ〉 =
∧n−1

X, we have
(

ψ∗σh − df

f

)

∧ α = 0 ,

for every α ∈ ∧n−1
X, which implies the desired equality, finishing the

proof.
(ii) It is straight-forward to prove the converse, following the same reasoning

as in (i).
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(iii) It follows in a straight-forward manner, using the fact that ψ̃∗(dz) =
ψ̃∗(z) · ψ∗σh.

�

Remark 5.27. Notice that Theorem 5.23 (iii) implies that there is a corre-
spondence between conserved forms (forms that are closed on solutions) in
the multisymplectic setting and dissipated forms in the multicontact setting,
provided that ψ∗σh is exact. �
Remark 5.28. The notion of lifting solutions to the canonical multisymplecti-
zation may be generalized to an arbitrary multisymplectization τ : M̃ −→ M

with nowhere vanishing conformal factor φ ∈ C∞(M̃) by introducing the ho-
mogenous Hamiltonian h̃ := φ · τ∗h. Under the same technical requirement,
statement (i) of Theorem 5.23 follows in a straight-forward manner and so
does (iii), using Theorem 3.29. Of course, in full generality, (ii) fails to be
true since there may not even be a lift ψ̃ : X −→ M̃ . �

6. Dissipative Field Theories

In this section, we apply the constructions developed along this paper to the
case of dissipative field theories.

Let π : Y → X be a fiber bundle (or, more generally, a fibration). The
extended phase space of action-dependent field theories is defined as (see
Refs. [11,12,25])

M :=
n∧

2

Y ⊕
n−1∧

X ,

where
∧n

2 Y denotes the bundle of 2-horizontal n-forms on Y and
∧n−1

X de-
notes the bundle of (n−1)-forms on X. We can find a canonical multicontact
form on M given by

Θ = dΘn−1
X − Θn

Y ,

where Θn
Y and Θn−1

X denote the canonical Liouville forms on
∧n

2 Y and
∧n−1

X, respectively. If (xμ, yi) denote fibered coordinates on π : Y → X,
then we have canonical coordinates (xμ, yi, p, pμ

i , sμ) on M . Indeed, any ele-
ment in

∧n
2 Y (respectively, in

∧n−1
X) can be locally written as

pdnx + pμ
i dyi ∧ dn−1xμ ( respectively sμdn−1xμ ) ,

where dnx = dx1 ∧ · · · ∧ dxn and dn−1xμ = i ∂
∂xμ

dnx.
The coordinate expression of the canonical multicontact form and its

exterior differential under this choice read

Θ = dsμ ∧ dn−1xμ − pdnx − pμ
i dyi ∧ dn−1xμ ,

dΘ = −dp ∧ dnx − dpμ
i ∧ dyi ∧ dn−1xμ .

Therefore, we have

ker1 Θ =
〈

∂

∂yi
− pμ

i

∂

∂sμ
,

∂

∂pμ
i

〉

and ker1 dΘ =
〈

∂

∂sμ

〉

,
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which implies that Θ defines a multicontact structure.
As we showed in Sect. 5, the best behaved conformal Hamiltonian

forms are those whose infinitesimal conformal transformation takes values
in (Im �Θ)◦,1. In our case,

�θ : ker1 dΘ −→
n−1∧

M

and has image 〈dn−1xμ〉, so that Im �Θ is the space of horizontal forms with
respect to the fibered structure M → X. In particular, (Im �)◦,1 is the ver-
tical distribution. Let us study those Hamiltonian forms under the previous
multicontact structure with vertical infinitesimal conformal transformation
with respect to the projection M → X.

Proposition 6.1. Let n > 1 and X ∈ X(M) be a vertical infinitesimal confor-
mal transformation. Then, its local expression is

X =

(

Fsμ + Gμ − pμ
j

∂Gν

∂pν
j

)
∂

∂sμ
− ∂Gμ

∂pμ
i

∂

∂yi

+
(

∂F

∂yi
sμ +

∂Gμ

∂yi
+ Fpμ

i

)
∂

∂pμ
i

+
(

∂F

∂xμ
sμ +

∂Gμ

∂xμ
+ Fp

)
∂

∂p
,

where F is independent of sμ, p and pμ
i , and Gμ satisfies

∂Gμ

∂pν
i

= δμ
ν

∂Gα

∂pα
i

.

Proof. Let

X = Aμ ∂

∂sμ
+ Bi ∂

∂yi
+ Cμ

i

∂

∂pμ
i

+ D
∂

∂p
.

Then,

dιXΘ = d
(
Aμdn−1xμ − pμ

i Bidn−1xμ

)

=
(

∂Aμ

∂xμ
− pi

μ

∂Bi

∂xμ

)

dnx +
∂

∂yi

(
Aμ − pμ

j Bj
)
dyi ∧ dn−1xμ

+
∂

∂pν
i

(
Aμ − pμ

j Bj
)
dpν

i ∧ dn−1xμ +
∂

∂p

(
Aμ − pμ

j Bj
)
dp ∧ dn−1xμ

+
∂

∂sν

(
Aμ − pμ

j Bj
)
dsν ∧ dn−1xμ ,

and

ιXdΘ = −Ddnx − Cμ
i dyi ∧ dn−1xμ + Bidpμ

i ∧ dn−1xμ ,
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so that, if X defines an infinitesimal conformal transformation, LXΘ = f ·Θ
for certain f ∈ C∞(M) and we must have
(

∂Aμ

∂xμ
− pi

μ

∂Bi

∂xμ
− D

)

dnx +
(

∂

∂yi

(
Aμ − pμ

j Bj
)− Cμ

i

)

dyi ∧ dn−1xμ

+
(

∂

∂pν
i

(
Aμ − pμ

j Bj
)

+ δμ
ν Bi

)

dpν
i ∧ dn−1xμ

+
∂

∂p

(
Aμ − pμ

j Bj
)
dp ∧ dn−1xμ

+
∂

∂sν

(
Aμ − pμ

j Bj
)
dsν ∧ dn−1xμ

= f
(
dsμ ∧ dn−1xμ − pdnx − pμ

i dyi ∧ dn−1xμ

)
.

Contracting with
1
n

∂

∂sμ
∧ ∂n−1

∂n−1xμ
both sides of the equality, we obtain

f =
1
n

∂

∂sμ

(
Aμ − pμ

j Bj
)

.

Comparing the terms with dsν , we conclude that Aμ − pμ
j Bj = Fsμ + Gμ,

where F and Gμ are independent of sν . In particular, Cμ
i = ∂F

∂yi s
μ+ ∂Gμ

∂yi +pμ
i F

and D = ∂F
∂xμ sμ + ∂Gμ

∂xμ + pF . Since the term with dp must vanish, both F
and Gμ are independent of p and since the term with dpν

i must vanish, we
arrive at the condition

∂F

∂pν
i

sμ +
∂Gμ

∂pν
i

= −δμ
ν Bi .

Taking ν �= μ, we conclude that F is independent of pμ
i so we are left with

the equation ∂Gμ

∂pν
i

= −δμ
ν Bi, proving the result. �

Then, using Proposition 6.1, we conclude the following

Corollary 6.2. A Hamiltonian form α ∈ Ωn−1
H (M) with vertical infinitesimal

conformal transformation has the following local expression:

α = (−Fsμ − Gμ)dn−1xμ ,

where F = F (x, y), and Gμ satisfies ∂Gμ

∂pν
i

= δμ
ν

∂Gα

∂pα
i

.

In Table 1, the reader can find some elementary examples of conformal
Hamiltonian forms, their associated infinitesimal conformal transformations,
and conformal factors. The Jacobi brackets of each possible pair can be found
in Table 2.

Now, our goal is to write the evolution of the previous Hamiltonian
forms with a fixed Hamiltonian (and hence fixed dynamics) using the studied
geometry. Intrinsically, a Hamiltonian is given by a Hamiltonian section

h :
n∧

2

Y
/ n∧

1

Y ⊕
n−1∧

X −→ M =
n∧

2

Y ⊕
n−1∧

X ,

which then induces a multicontact structure on
∧n

2 Y/
∧n

1 Y ⊕∧n−1
X using

Θh = h∗Θ. As stated in the previous section, we prefer to work with the
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Table 1. Elementary examples of conformal Hamiltonian forms

Form Infinitesimal conformal transformation Conformal factor

sμdn−1xμ −sμ ∂
∂sμ − pμ

i
∂

∂pμ
i

− p ∂
∂p −1

yidn−1xμ −yi ∂
∂sμ − ∂

∂pμ
i

0
pμ

i dn−1xμ
∂

∂yi 0
dn−1xμ − ∂

∂sμ 0

Table 2. Jacobi brackets of the elementary examples

{·, ·} sνdn−1xν yjdn−1xν pν
j dn−1xν dn−1xν

sμdn−1xμ 0 yjdn−1xν 0 dn−1xμ

yidn−1xμ −yidn−1xμ 0 δi
jd

n−1xν 0
pμ

i dn−1xμ 0 −δj
i d

n−1xμ 0 0
dn−1xμ −dn−1xμ 0 0 0

canonical multicontact structure on M and think of the Hamiltonian as h̃ =
τ∗Θh−Θ, where τ : M → ∧n

2 Y/
∧n

1 Y ⊕∧n−1
X denotes the projection, hence

fixing the geometry. The canonical coordinates on
∧n

2 Y/
∧n

1 Y ⊕∧n−1
X are

(xμ, yi, pμ
i , sμ) and, hence, the local expression of the Hamiltonian section

will be p = −H(xμ, yi, pμ
i , sμ), so that

Θh = dsμ ∧ dn−1xμ + Hdnx − pμ
i dyi ∧ dn−1xμ ,

and
h̃ = (p + H)dnx .

This implies that h̃ is a good Hamiltonian, in the sense of Sect. 5, so that it
could define the following dynamics for some ψ : X −→ M :

ψ∗(Θ + h) = 0 and ψ∗ιξ(d + σh∧)(Θ + h) = 0 , ∀ξ ∈ X(M) ,

where σh is the associated dissipation 1-form, which takes the expression
σh = ∂H

∂sμ dxμ. To obtain the local expression of the Hamilton–de Donder–
Weyl equations, we will use Corollary 5.9 and the conformal Hamiltonian
forms of the previous table. Employing Theorem 5.8, a direct computation
yields

ψ∗(dsμ ∧ dn−1xμ) = ψ∗
((

pμ
i

∂H

∂pμ
i

− H

)

dnx

)

,

ψ∗(dyi ∧ dn−1xμ) = ψ∗
(

∂H

∂pμ
i

dnx

)

,

ψ∗(dpμ
i ∧ dn−1xμ) = ψ∗

(

−
(

∂H

∂yi
+

∂H

∂sμ
pμ

i

)

dnx

)

.

In particular, if we look for sections ψ : X → M , we obtain the so-called mul-
ticontact Hamilton–de Donder–Weyl equations for dissipated field theories
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[11,22,25]:

∂sμ

∂xμ
= pμ

i

∂H

∂pμ
i

,
∂yi

∂xμ
=

∂H

∂pμ
i

,
∂pμ

i

∂xμ
= −

(
∂H

∂yi
+

∂H

∂sμ
pμ

i

)

.

7. Conclusions and Further Work

In this article, we defined and studied brackets induced by an arbitrary n-
form, as well as the relation of these brackets with the usual bracket appearing
in multisymplectic geometry through the process of multisymplectization (see
Theorem 3.11 and Theorem 3.18). Finally, we computed the Jacobi bracket of
some conformal Hamiltonian forms present in the multicontact formulation of
action-dependent field theories. The definition and properties of these bracket
open a few possible directions for research:

(i) With the introduction of the � morphism, one could do a preliminary
classification of the submanifolds of a multicontact manifold, defining
isotropic, coisotropic and Legendrian submanifolds (just as it is done
in Jacobi manifolds is general). A study of these and some possible
“Graded Jacobi structures” or “Higher Jacobi structures” would be of
interest to understand the underlying structure of the brackets.

(ii) Although we investigated a possible formulation of dynamics using the
� and Reeb morphisms, an explicit description of the equations using
Jacobi brackets would be of interest. This would allow for a description
of reduction, both coisotropic and by symmetries.

(iii) We also propose as a research topic the relation between the multi-
contact formulation of action-dependent field theories and the contact
infinite dimensional formulation using a space-time splitting. It should
be the case that when integrated, the Jacobi bracket of (n − 1)-forms
recovers the usual Jacobi bracket of contact geometry.

(iv) We want to compare the current definition of multicontact form with
previous multicontact definitions, and try to obtain a multicontact struc-
ture from a given k-contact [22] or k-cocontact [32] (see similar results
for multisymplectic forms and k-cosymplectic structures [16]).
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[15] de León, M., Láınz-Valcázar, M.: Contact Hamiltonian systems. J. Math. Phys.
60(10), 102902 (2019). https://doi.org/10.1063/1.5096475

[16] de León, M., Merino, E., Oubiña, J.A., Rodrigues, P.R., Salgado, M.: Hamil-
tonian systems on k-cosymplectic manifolds. J. Math. Phys. 39(2), 876 (1998).
https://doi.org/10.1063/1.532358

[17] de León, M., Rodrigues, P.R.: Generalized Classical Mechanics and Field The-
ory, volume 112 of Mathematics Studies. North Holland, Amsterdam (1985)

[18] de León, M., Salgado, M., Vilariño, S.: Methods of Differential Geometry in
Classical Field Theories. World Sci. (2015). https://doi.org/10.1142/9693

[19] de Lucas, J., Rivas, X., Sobczak, T.: Foundations on k-contact geometry.
arXiv:2409.11001 (2024)

[20] Forger, M., Gomes, L.G.: Multisymplectic and polysymplectic structures on
fiber bundles. Rev. Math. Phys. 25(9), 1350018 (2013). https://doi.org/10.
1142/S0129055X13500189

[21] Forger, M., Paufler, C., Römer, H.: The Poisson bracket for Poisson forms in
multisymplectic field theory. Rev. Math. Phys. 15(7), 705–743 (2003). https://
doi.org/10.1142/S0129055X03001734
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