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1. Introduction

The Skinner—Rusk formalism was introduced by R. Skinner and R. Rusk in 1983 [1] (although a previous
description in local coordinates had been developed by K. Kamimura in [2]) in order to deal with mechanical
systems described by singular Lagrangian functions. This formulation combines both the Lagrangian and
Hamiltonian formalism and this is why it is sometimes called unified formalism. The Skinner—Rusk
formalism has been extended to time-dependent systems [3—5], nonholonomic and vakonomic mechanics [6],
higher-order mechanical systems [7—10], control systems [11, 12] and field theory [13—18]. Recently, the
Skinner—Rusk unified formalism was extended to contact [19] and k-contact [20] systems. The Skinner—Rusk
unified formalism has several advantages. In first place, we recover the second-order condition even if the
Lagrangian of the system is singular. We also recover the definition of the Legendre map from the constraint
algorithm. Also, both the Lagrangian and Hamiltonian formulations can be recovered from the Skinner—Rusk
formalism by projecting onto their respective phase spaces.
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The use of contact geometry [21-23] to model geometrically the time-dependence in mechanical systems
is very well-known [24-26] and it is, alongside with cosymplectic geometry [27], the natural way to do it.
However, in the last decade, the application of contact geometry to the study of dynamical systems has grown
significantly [28,29]. This is due to the fact that one can use contact structures to describe many different types
of dynamical systems which cannot be described by means of symplectic geometry and standard Hamiltonian
dynamics in a natural way. The dynamical systems which can be modelled using contact structures include
mechanical systems with certain types of damping [30-32], some systems in quantum mechanics [33], circuit
theory [34], control theory [35] and thermodynamics [36,37], among many others [23,25,38-43].

Although contact geometry is a suitable framework when working with systems of ordinary differen-
tial equations, a generalisation is required in order to deal with systems of partial differential equations
describing classical field theories. This generalisation is the so-called k-contact structure [20,44,45].
This formulation allows to describe many types of field theories both in the Lagrangian and in the
Hamiltonian formalisms. The k-contact framework allows us to describe geometrically field theories
with damping, some equations from circuit theory, such as the so-called telegrapher’s equation, or the
Burgers’ equation. Recently, a geometric framework has been developed [46] in order to deal with
time-dependent mechanical systems with dissipation using the so-called cocontact geometry. It is still
an open problem to find a geometric setting to describe non-autonomous field theories with damping.

The main goal of this paper is to extend the Skinner—Rusk formalism to time-dependent contact
systems, studying the dynamical equations and the submanifold where they are consistent, and showing
that the Lagrangian and Hamiltonian formalisms can be recovered from this mixed formalism. In first
place, we introduce the phase space of this formulation: the Pontryagin bundle W = R X TQ X T*Q xR
endowed with natural coordinates (, ¢',V', p;, s). This manifold has a natural precocontact structure
(dt, ) inherited from the natural cocontact structure of R X T*Q X R (see [46]). The Hamiltonian function
associated to a Lagrangian function L € (R x TQ X R) is defined as

% = pivi - L(t’ qia vi’ S) .

Since the Hamiltonian system (W, d¢, n, H) is singular, we need to implement a constraint algorithm in
order to find a submanifold where the Hamiltonian equations are consistent. In the first iteration of the
constraint algorithm we recover the second-order condition, even if the Lagrangian function is singular
(in the Lagrangian formalism, we only recover the sopk condition if the Lagrangian is regular). The first
constraint submanifold is the graph of the Legendre map # L. If the Lagrangian function is regular the
constraint algorithm ends in one step and we obtain the usual results by projecting the dynamics onto
the Lagrangian and Hamiltonian phase spaces. If the Lagrangian function is singular, the constraint
algorithm is related to the usual Lagrangian and Hamiltonian constraint algorithms (imposing the SopE
condition in the Lagrangian case).

The structure of the present paper is as follows. In Section 2, we review the basics on cocontact geometry,
which is an extension of both contact and cosymplectic geometry. This geometric framework allows us to
develop a Hamiltonian and a Lagrangian formulation for time-dependent contact systems [46]. Section 3 is
devoted to present the Skinner—Rusk unified formulation for cocontact systems. We begin by introducing the
Pontryagin bundle and its natural precocontact structure and state the Lagrangian—Hamiltonian problem. In
Section 4 we recover both the Lagrangian and Hamiltonian formalisms and see that they are equivalent to
the Skinner—Rusk formalisms (imposing the second order-condition if the Lagrangian is singular). Finally,
in Section 5 some examples are studied in full detail. These examples are the Duffing equation [47,48], an
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ascending particle with time-dependent mass and quadratic drag, and a charged particle in a stationary electric
field with a time-dependent constraint.

Throughout this paper, all the manifolds are real, second countable and of class *. Mappings are
assumed to be smooth and the sum over crossed repeated indices is understood.

2. Review on time-dependent contact systems

In this first section we will briefly review the basics on cocontact manifolds introduced in [46] and
how this structure can be used to geometrically describe time-dependent contact mechanical systems.

2.1. Cocontact geometry

Definition 2.1. A cocontact structure on a (2n + 2)-dimensional manifold M is a couple of 1-forms
(t,m) on M such that dr = 0 and 7 A n A (dnp)" # 0. In this case, (M, ,n) is said to be a cocontact
manifold.

Example 2.2. Let Q be an n-dimensional smooth manifold with local coordinates (¢'). Let (¢, p;) be
the induced natural coordinates on its cotangent bundle T*Q. Consider the product manifolds R x T*Q,
T*Q x R and R x T*Q x R with natural coordinates (¢, ¢', p;), (¢', pi» s) and (¢, ¢', p;, s) respectively. Let
us also define the following projections:

RxTOxR

RxTQ x T*Q xR

T"0

Now consider 6, € Q!(T*Q) be the canonical 1-form of the cotangent bundle with local expression
9() = pidqi and let 91 = FTQ() and 92 = ﬂ;g().

Then we have that (dt, 8,) is a cosymplectic structure in R X T*Q and n7; = ds — 6, is a contact form
on T*Q X R. Furthermore, considering the one-forms in R X T*Q X R given by 6 = p}6, = p36, = 7*6,,
7 =dt and n = ds — 6, we have that (7, 7) is a cocontact structure in R X T*Q X R with local expression:

T=dt, n:dS—pidqi.

In a cocontact manifold (M, ,17) we have the so called flat isomorphism

b: TM — T*M
v — (DT +i(v)ydn+ @(v)np)n,

which can be extended to a morphism of ¢*(M)-modules:

b: X € X(M) — (i(X)0)T + i(X)dy + (i(X)n)n € Q' (M).
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Proposition 2.3. Given a cocontact manifold (M, t,n) there exist two vector fields R,, R; on M such that

iR)T=1, iR)T =0,
i(R)n =0, i(Ron=1, (2.1)
i(R)dn =0, i(R)dn=0.

Equivalently, they can be defined as R, = b~'(t) and R, = b='(57). The vector fields R, and R, are called
time and contact Reeb vector fields respectively.

Moreover, on a cocontact manifold we also have the canonical or Darboux coordinates, as the
following theorem establishes:

Theorem 2.4 (Darboux theorem for cocontact manifolds). Given a cocontact manifold (M, t,n), for
every p € M exists a local chart (U;t,q', p;, s) containing p such that

7|y = dt, Ny =ds— pidqg' .
In Darboux coordinates, the Reeb vector fields read R, = d/0t, R; = 0/0s.

2.2. Cocontact Hamiltonian systems

Definition 2.5. A cocontact Hamiltonian system is family (M, r,n, H) where (7,17) is a cocontact
structure on M and H : M — R is a Hamiltonian function. The cocontact Hamilton equations for a

curve : I CR — M are
i(y')dn = dH — (Zr,H)n - (L H)7,

iy =-H, (2.2)
iWHr=1,
where ' : I ¢ R — TM is the canonical lift of ¢ to the tangent bundle TM. The cocontact Hamiltonian
equations for a vector field X € X(M) are:

i(X)dn = dH — (Zg H)n - (Z&H)7,
iX)m = —H, (2.3)
iX)r=1,
or equivalently, b(X) = dH — (%, ,H + H)n + (1 — % H) 7. The unique solution to this equations is
called the cocontact Hamiltonian vector field.

Given a curve  with local expression y(r) = (f(r), ¢'(r), pi(r), s(r)), the third equation in (2.2)
imposes that f(r) = r + cnt, thus we will denote r = ¢, while the other equations read:

. _ OH
q_api9

oOH oH
5= —|— + pi—] , 2.4
p (aq, pas) (2.4)
_ OH
S_ptapi

On the other hand, the local expression of the cocontact Hamiltonian vector field is
_9 O0HO (0H ~OoH\d ( OH .0
“ ot apog \ag  Pias)ap  \Piap: s’
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2.3. Cocontact Lagrangian systems

Given a smooth n-dimensional manifold Q, consider the product manifold R X TQ X R equipped
with canonical coordinates (¢, ¢', V', s). We have the canonical projections

7: RXxTOXxR >R, T1(t, vy, 8) = 1,
T,: RXTO xR = TQ, To(1, vy, $) = Vg s
73: RXTOXR—>R, T53(1,v4,8) = 5,
T0: RXTOXR - RXOXR, To(t,vg, 8) = (1,4, 5),

which are summarized in the following diagram:

RxTQxR

Tl 70 TQ \\

R%RXQXR%R

Pr2
0

The usual geometric structures of the tangent bundle can be naturally extended to the cocontact
Lagrangian phase space R x TQ X R. In particular, the vertical endomorphism of T(TQ) yields a vertical
endomorphism 7 : T(R Xx TQ X R) — T(R x TQ x R). In the same way, the Liouville vector field on
the fibre bundle TQ gives a Liouville vector field A € X(R x TQ X R). The local expressions of these
objects in Darboux coordinates are

TQ

0 . -0
=—Q d ! , A = - .
J o' 1 Y o'
Definition 2.6. Given a path c: R —» RX O XR with ¢ = (¢, ¢;, ¢3), the prolongation of ¢ to RXTQ xR
is the path € = (¢;,¢},¢3): R — R X TQ X R, where ¢ is the velocity of ¢,. Every path € which is
the prolongation of a path ¢: R — R x O X R is called holonomic. A vector field I' € X(R X TQ X R)
satisfies the second-order condition (it is a sopE) if all of its integral curves are holonomic.

The vector fields satisfying the second-order condition can be characterized by means of the canonical
structures A and 7 introduced above, since X is a sopk if and only if J(I') = A
Taking canonical coordinates, if ¢(r) = (¢(r), ¢'(r), s(r)), its prolongation to R X TQ X R is

&(r) = (t(r) c (r) (r) S(r)) :

The local expression of a sopE in natural coordinates (z, q,Vv',s)is

o .9 0
I= f 4y FJFGW 85 (2.5)
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Thus, a sopk defines a system of differential equations of the form

dt . d*q’ ; . ds .
a_f(t’an7s), F_G(taq7q7s)9 a—g(t,q,%s)-

Definition 2.7. A Lagrangian function is a function £ € (R X TQ x R). The Lagrangian energy
associated to L is the function E, = A(L) — L. The Cartan forms associated to L are

O;="FTo0dLe QRXTOXR), wy=-db,c Q*RXTQxR), (2.6)

where ' denotes the transpose of the canonical endomorphism introduced above. The contact La-
grangian form is
ny=ds—6, e Q'R xTQOXR).

Notice that dp, = w,. The couple (R X TQ X R, £) is a cocontact Lagrangian system.

The local expressions of these objects are

0L oL .
E = l—, — . = d — ' 5
L=V e =ds— == dg
0L . 0L ~ . 0L . . 0L :
dn, = - -dt Adg' — ———dg’ '————dv/ Adg' - -ds Adq'.
ML= "awavi N T ggigvi T N T Guigui s N T g

Not all cocontact Lagrangian systems (RXTQXR, L) result in the family RXTOXR, 7 = dt,n,, Er)
being a cocontact Hamiltonian system because the condition 7 A 7 A (dn2)" # 0O is not always fulfilled.
The Legendre map characterizes which Lagrangian functions will result in cocontact Hamiltonian
systems.

Definition 2.8. Given a Lagrangian function £ € €°(R x TQ X R), the Legendre map associated to £
is its fibre derivative, considered as a function on the vector bundle 7o: R X TQ X R — R X O X R; that
is, the map F L: RXTQ xR — R x T*Q x R with expression

¢£(t’ q’ V’ S) = (t’ TLI,S(q’ v)’ S) ’

where v € T,Q and L, : TQ — T*Q is the usual Legendre map associated to the Lagrangian function
L.y = L(t,-,s): TQO = R with t and s freezed.

The Cartan forms can also be defined as 8, = F.L*(7*60y) and w, = F L (7" w,), where 6, and
wo = —df, are the canonical one- and two-forms of the cotangent bundle and r is the natural projection
m: RXT*Q xR — T*Q (see Example 2.2).

Proposition 2.9. Given a Lagrangian function L the following statements are equivalent:
(i) The Legendre map ¥ L is a local diffeomorphism.

(ii) The fibre Hessian F*L: RXTOXR — R X T*OXR)® (R x T*Q x R) of L is everywhere
nondegenerate (the tensor product is understood to be of vector bundles over R X Q X R).

(iii) The family (R x TQ X R, dt,ny) is a cocontact manifold.
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This can be checked using that ¥ L(t,¢', V', s) = (t, q,0L/0V, s) and F2L(t, q', V', 5) = (t, 4", Wi}, 5),
where W;; = (82£/ oviov )

A Lagrangian function £ is regular if the equivalent statements in the previous proposition hold.
Otherwise L is singular. Moreover, £ is hyperregular if ¥ £ is a global diffeomorphism. Thus, every
regular cocontact Lagrangian system yields the cocontact Hamiltonian system (R X TQ X R, dt, iz, E ).

Given a regular cocontact Lagrangian system (R x TQ x R, £), the Reeb vector fields R-, R €
X(R x TQ x R) are uniquely determined by the relations

i(RFYdr =1, i(RHYdt =0,
iRz =0, ROz =1,
i(RFYdn, =0, i(RY)dn, =0,
and their local expressions are
0 0L D 0 0L 0
Rf= — —Wi—=_—| RE=_— - W' -—
Lot otov/ ovi S s dsovi Ovi

where W is the inverse of the Hessian matrix of the Lagrangian £, namely W/ W = 6.
If the Lagrangian £ is singular, the Reeb vector fields are not uniquely determined, actually, they
may not even exist [46].

2.4. The Herglotz—Euler—Lagrange equations

Definition 2.10. Given a regular cocontact Lagrangian system (R X TQ X R, £) the Herglotz—Euler-
Lagrange equations for a holonomic curve ¢: I CR - R X TQ X R are

i@)dn = (dE; — (LpeEg)dt — (LpeEpng) o €,
i@y = ~E;oF, 2.7)
i(¢H)dr=1,

where ¢’ : I c R —» T(RXTQXxR) is the canonical lift of ¢ to T(RXTQ xR). The cocontact Lagrangian
equations for a vector field X, € X(R X TQ X R) are

I(Xp)dng =dE; — (LpeEp)dt = (LpeEpny,
i(Xpne=-Eg, (2.8)
i(Xp)de=1.

The only vector field solution to these equations is the cocontact Lagrangian vector field.

Remark 2.11. The cocontact Lagrangian vector field of a regular cocontact Lagrangian system (R X
TQO X R, L) is the cocontact Hamiltonian vector field of the cocontact Hamiltonian system (R x TQ X
R, dt, nge, E[).

Given a holonomic curve &(r) = (1(r), ¢'(r), ¢'(r), s(r)), equations (2.7) read

i=1, (2.9)
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s=L, (2.10)
L 0L 0L L 0L d (0L oL 0LIL
{ -+ ——+ G ——+ 5 - — — = — .
otov'! 0q’ov' oIV asovt  dq'  dr v 8q " s v

(2.11)

The fact that 7 = 1 justifies the usual identification ¢ = r. For a vector field X with local expression

.0 .0 0 )
Xr = f + F'— Py +G E + ga , equations (2.8) are
. L
F/ - = 2.12
(F/ V)% =0, (2.12)
PL o OL L L oL L L 0LOL
: — — -— - = —— 2.1
f@té‘v‘ " 0qiovi to oviov S asov dq (F )aq’avf ds ovi’ @13
(F/ =) L _ 0 (2.14)
viovi 7’ '
. 0L
J_ —
(F/ —v )E)savi 0, (2.15)
.£+(9—£.(Fj—vj)—g:0, (2.16)
ov/
f=1. (2.17)

Theorem 2.12. If L is a regular Lagrangian, X is a SODE and equations (2.12)—(2.17) become

*PL . L 0L FL 0L 0LIL
-V —+ G — + - — ,
otov'! 0q’/ov! ooV asov! (9q T 9s v

f=1. ¢g=L,

which, for the integral curves of X, are the Herglotz—Euler—Lagrange equations (2.9), (2.10) and
(2.11). This sobe X, = I', is the Herglotz—Euler—Lagrange vector field for the Lagrangian L.

The coordinate expression of the Herglotz—Euler-Lagrange vector field is

rp=2 v w25 &L — &L -L FL § ILoL i+£2
L7 ot 0q 861/ ~ Btovi dgkovi asovi  ds Ovi ) OV Os

An integral curve of I, fulfills the Herglotz—Euler—Lagrange equation for dissipative systems:

d(9L) 9L _oLoL
dr

i) dg s v’ $=L.

3. Skinner—-Rusk formalism

Consider a cocontact Lagrangian system with configuration space R X Q X R, where Q is an n-
dimensional manifold, equipped with coordinates (z, ¢', s). Consider the product bundles R x TQ x R
with natural coordinates (t, ¢', V', s) and R X T*Q X R with natural coordinates (z, ¢', p;, 5), and the natural
projections

T, RXTOXR —->TQ, To: RXTOXR ->RXQOXR,
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m: RXT'OXR - TQ, T RXT'OXR >RXQOXR.

Let 6, € Q!(T*Q) denote the Liouville 1-form of the cotangent bundle and let w, = —df, € Q*(T*Q)
be the canonical symplectic form of T*Q. The local expressions of 6, and w, are

6o = pidq', wy =dg' Adp;.

We will denote by 6 = 736 € Q' (R x T*Q X R) and w = miwo € Q*(R x T*Q X R) the pull-backs of 6,
and wy to R X T*Q X R.

Definition 3.1. The extended Pontryagin bundle is the Whitney sum
W=RXxTOXxoT°OxR
equipped with the natural submersions

p1: W-o-RXTQOXR,
02 W—)RXT*QXR,
po: W-oRXQOXR.
The extended Pontryagin bundle is endowed with natural coordinates (¢, ¢', V', p;, s).

Definition 3.2. A pathy: R — ‘W is holonomic if the path p; oy: R - R X TQ X R is holonomic, i.e.,
it is the prolongation to R X TQ x Rof apathR — R x O X R.

A vector field X € X(‘W) satisfies the second-order condition (or it is a sopE) if its integral curves
are holonomic in “W.

A holonomic path in ‘W has local expression

(@) = (60),4'(1), 4 (1), pi(D), 5(7)) .

The local expression of a sope in ‘W is

o | 0 0 0
X=f— '— + F'— i —_—.
Tt Vag T aw YO, T 8as

In the extended Pontryagin bundle ‘W we have the following canonical structures:

Definition 3.3.

1. The coupling function in ‘W is the map C: W — R given by

Cw) =i(vypy
where w = (¢, v,,py, 5) € W,q € Q,v, € TQ and p, € T*Q.

2. The canonical 1-form is the p-semibasic form @ = p30 € Q'(‘W). The canonical 2-form is
Q = -dO = pjw € Q*(W).
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3. The canonical precontact 1-form is the py-semibasic form n = ds — @ € Q!(W).

In natural coordinates,
®:pidqi, n:ds—p,-dqi, dn:dqi/\dpi:Q.

Definition 3.4. Let L € (R x TQ x R) be a Lagrangian function and consider £ = piL € €*(W).
The Hamiltonian function associated to £ is the function

7'{ = C - -£ = pivi - L(ta q]a vj7 S) € cgw(rw)

Remark 3.5. In [46] the authors introduce the notion of characteristic distribution of a couple of
one-forms (t,77) € Q!(M) as € = ker r N kern N ker dn. If € has constant rank, we say that the couple
(t,n) is of class cl(1,n7) = dim M — rank €.

The couple (7, 17) defines a precocontact structure on M if dr = 0, the characteristic distribution of
the couple (7, 7) has constant rank and cl(7,77) = 2r + 2 > 2. The triple (M, 7, n7) is called a precocontact
manifold. It is important to point out that if rank € = 0, we have a cocontact manifold.

Notice that the couple (dz,n) is a precocontact structure in the Pontryagin bundle ‘W. Hence,
(‘W,dt, n) is a precocontact manifold and (‘W, dt, n, H) is a precocontact Hamiltonian system. Thus,
we do not have a unique couple (R;, R;) of Reeb vector fields. In fact, in natural coordinates, the general
solution to (2.1) is

R=2p2
T ot ovi’
0 ;)
R,=— +G'—,
8s+ o'

where F',G' € €~ (‘W) are arbitrary functions. Despite this fact, the formalism is independent on
the choice of the Reeb vector fields, as proved in Theorem 5.9 and Corollary 5.10 in [46]. Since the
extended Pontryagin bundle ‘W is trivial over R X R, the vector fields 0/d¢,d/0s can be canonically
lifted to W and used as Reeb vector fields.

Definition 3.6. The Lagrangian—Hamiltonian problem associated to the precocontact Hamiltonian
system (W, dt, , H) consists in finding the integral curves of a vector field Z € X(“W) such that

b(Z) = dH — (Lo H + Hm + (1 — L H)dr.

Equivalently,
i(Z)dn = dH — (ZLr,H)n — (L, H)de,
i(Zn=-H, (3.1
i(Z)dr=1.

Thus, the integral curves y: I € R — ‘W of Z are solutions to the system of equations

i(y)dn = (dH — (ZLr,H)m — (ZLrH)dt) oy,
i(ym=-Hovy, (3.2)
i(y)dr=1.
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Since (‘W,dt,n,H) is a precocontact system, equations (3.1) may not be consistent everywhere
in ‘W. In order to find a submanifold ‘W, < W (if possible) where equations (3.1) have consistent
solutions, a constraint algorithm is needed. The implementation of this algorithm is described below.

Consider the natural coordinates (z,¢', V', p;, s) in ‘W and the vector field Z € X(‘W) with local

expression

o 0 .0 0 0
Z :A— Bl—. Cl—. D,'— E—
ot Cag v Piap T as

The left-hand side of equations (3.1) read

i(Z)dn = B'dp; - Didq',

i(Zyn = E - pB',
i(Z)ydt=A.
On the other hand, we have
, oL\ , oL oL . 0L
d?’(:ldi i— — |dV' = —dr - —dq' - —ds,
’ p+(p ﬁv’) Ve Y T e T e
oL ;
(ZrFOn = ——=(ds - pidq),
0
(LrH)dt = ——Ldt.
ot
Thus, the second equation in (3.1) gives
E=B - Vp:+ L, (3.3)
the third equation in (3.1) reads
A=1, (3.4)
and the first equation in (3.1) gives the conditions
B =y (coefficients in dp;), (3.5)
pi = % (coefficients in dv'), (3.6)
Vi
D; = a—L_ + pi% (coefficients in dg') . (3.7)
aq' os

Notice that

e Equations (3.5) are the sope conditions. Hence, the vector field Z is a sope. Then, it is clear that
the holonomy condition arises straightforwardly from the Skinner—Rusk formalism.

e Conditions (3.6) are constraint functions defining the first constraint submanifold W, — W.
It is important to notice that the submanifold ‘W), is the graph of the Legendre map ¥ L defined
previously 2.8:

Wy ={(vg, FL(t, vy, 8) € W | (1, vy, 5) e RXTQO XR}.

This implies that the Skinner—Rusk formalism implies the definition of the Legendre map.
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In virtue of conditions (3.5), (3.6), (3.7), the vector fields Z solution to equations (3.1) have the local
expression
G, .0 oL 0L
Z=—4+V—+C'—+|— + pi—
o og T ov (8q’ P )
on the submanifold W), where C' are arbitrary function.

The constraint algorithm continues by demanding the tangency of Z to the first constraint submanifold
‘W1, in order to ensure that the solutions to the Lagrangian—Hamiltonian problem (the integral curves of
Z) remain in the submanifold W;. The constraint functions defining W, are

0L o
E=pi——€C(W).

/ v

Imposing the tangency condition gzg} = 0 on W, we get

; 0L *PL L PL PL oL AL
C'— =- - — Y — — -+ — 4+ pj——
oviov/ otov/ 0q'ov/ asov’  dg/ s

0 0

opi " os

(3.8)

on W,. At this point, we have to consider two different cases:

e When the Lagrangian function L is regular, from (3.8) we can determine all the coefficients C'. In
this case, we have a unique solution and the algorithm finishes in just one step.

e In case the Lagrangian L is singular, equations (3.8) establish some relations among the functions
C'. In this some of them may remain undetermined and the solutions may not be unique. In
addition, new constraint functions 512. € (‘W) may arise. These new constraint function define
a submanifold W, — W, — W. The constraint algorithm continues by imposing that Z is
tangent to ‘W, and so on until we get a final constraint submanifold W, (if possible) where we
can find solutions to (3.1) tangent to W.

Consider an integral curve y(r) = ((r), ¢'(r), Vi(r), pi(r), s(r)) of the vector field Z € X(W). We have
that A =17, B = ¢',C' =V, D; = p, and E = $. Then, equations (3.3), (3.4), (3.5), (3.6) and (3.7) lead
to the local expression of (3.2). In particular,

e Equation (3.5) gives V' = ¢, namely the holonomy condition.

e Combining equations (3.3) and (3.5), we see that

§=2L, (3.9)

which corresponds to equation (2.10).
e Equations (3.7) give

= =+ pi— == |5 P
0q pﬁs 0q pﬁs

which are the second set of Hamilton’s equations (2.4). These equations, on the first constraint
submanifold ‘W, read

g 0L, L (aﬂ 674)

d (0L oL 0L4L

@ (a_) T v

which are the Herglotz—Euler-Lagrange equations (2.11). Also, the first set of Hamilton’s equations
(2.4) comes from the definition of the Hamiltonian function 3.4 taking into account the holonomy
condition.
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e Combining equations (3.6) and (3.9), the tangency condition (3.8) yields the Herglotz—Euler—
Lagrange equations (2.11). It is important to point out that, if the Lagrangian function L is singular,
the Herglotz—Euler—Lagrange equations may be incompatible.

4. Recovering the Lagrangian and Hamiltonian formalisms

The aim of this section is to show the equivalence between the Skinner—Rusk formalism, presented
above, and the Lagrangian and Hamiltonian formalisms.

7oA

RXTOXR ——— RXxT*OxR

\
W,
Sf/

Figure 1. Recovering the Lagrangian and Hamiltonian formalisms.

L

FL Ji

Zey T

Let us denote j;: ‘W, — W as the natural embedding. Then
proj: W - RXTQOXR and oW -RXT'QxXR
where
1o )W) =RXTOXR and (20 j) (W) =P CRXT'QXR.

Also P; is a submanifold of R X T*Q X R whenever L is an almost regular Lagrangian (see [46] for a
precise definition of this concept in the cocontact setting) and we have the equality P = R X T*Q xR
when L is regular. Since ‘W, = graph(¥ L), it is diffeomorphic to R X TQ X R and (p; o j;) is a
diffeomorphism. Similarly, under the assumption L is almost-regular, we have

010 Jo) Wy =S, CRXTOXR and (P20 Jo)(W,) =P, CPLCRXT'OXR.

for every ‘W,, submanifold obtained from the constraint algorithm. Let us denote by W the final
constraint submanifold
(Wf%r_)(wa;)r_)(wl — W.

Figure 1 summarizes all the applications we have just introduced.
Theorem 4.1. Consider a path o: I ¢ R — ‘W,. Therefore o = (0,0y) where o = p o o and

oy =F Looy. Denote alsooy=ppoo : I CR —-RxQXR. Then:
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o I[fo:1 Cc R — W, fulfills equations (3.2) on Wy then o is the prolongation of the curve
0o = po © o, which is a solution of (2.7) on S ;. Also the path oy = ¥ L o 0 is a solution to (2.2)
on Py.

e Conversely, let the path oy : I CR — R X Q X R be a solution of (2.7) on S y. Then, the curve
o = (o, 0p) is a solution of (3.2), where oy := 0o and oy := F Looy. Also path oy is a solution
to (2.2) on Py.

Proof. The proof of this theorem can be easily worked out by using natural coordinates and taking into
account equations (3.3)—(3.8). m|

As a consequence, we obtain the following recovering theorems:
Theorem 4.2. Let Z € X(‘W) be a solution of (3.1) at least on Wy and tangent to ‘W ;. Then:

o The vector field X € X(RXTQ XR) defined by X o p; = Tpy o Z is a holonomic vector field (tangent
to S y) which is a solution to the equations (2.8) with H = p{E.

e Conversely, every holonomic vector field solution of the equations (2.8) can be recovered in this
way from a vector field Z € X(‘W) solution of (3.1) on Wy and tangent to ‘Wy.

Proof. Let Z € X(‘W) be a solution to equations (3.1) with local expression
0 -0 . 0 oL oL\ 0 0
Z = — l_‘ Cl_‘ —— I a | v ~

o Vog 6v’+(6q’+p 8s)ﬁpi+L8s

where the functions C’ satisfy the relations (3.8). Thus, the vector field X € X(R x TQ x R) has local

expression
0 0

0 0 .
X = E*Vla_qiwl%“&’
where the functions C' satisfy the relations (3.8). It is clear that X is a holonomic vector field and that it
satisfies equations (2.8) with H = ' % — L, where piL = L.
Moreover, every holonomic vector field X € X(R X TQ X R) solution to (2.8) comes from a vector

0
field Z € X(‘W) by considering that p; = 8;5 i
vl

Similarly, we also recover the Hamiltonian formalism:

Theorem 4.3. Let Z € X(‘W) be a solution of (3.1) at least on ‘W and tangent to ‘W ;. Then, the vector
field Y € X(R X T*Q X R) defined by Y o p, = Tp, o Z is a solution to the equations (2.3) on P; and
tangent to Py, assuming that p;H = H.

Conversely, every vector field solution of the equations (2.3) can be recovered in this way from a
vector field Z € X(‘W) solution of (3.1) on Wy and tangent to ‘W, assuming that p;H = H.

The proof of this theorem is straightforward by taking natural coordinates in ‘W and in R X T*Q X R.

Remark 4.4. The results presented in this section are analogous to those obtained for the Skinner—Rusk
formalism for time-dependent dynamical systems. Intrinsic proves of the corresponding theorems can
be found in [3] (see also [4]).

Remark 4.5. It is important to remark that in the case of singular Lagrangians, the two constraint
algorithms are equivalent only when the second-order condition is imposed as an additional condition in
the Lagrangian side [1,49].
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S. Examples

5.1. The Duffing equation

The Duffing equation [47, p. 82], [48], named after G. Duffing, is a non-linear second-order
differential equation which can be used to model certain damped and forced oscillators. The Duffing
equation is

¥4 0%+ ax+Bx’ = ycoswt, (5.1)
where @, 3, v, 0, w are constant parameters. Notice that if y = 0, which means that the system does not
depend on time, we are in the case of contact mechanics. On the other hand if § = 0, namely there is no
damping, we have a cosymplectic system. Finally, if 8 = 6 = y = 0, we obtain the equation of a simple
harmonic oscillator. In physical terms, equation (5.1) models a damped forced oscillator with a stiffness
different from the one obtained by Hooke’s law.

It is clear that this system is not Hamiltonian nor Lagrangian in a standard sense. However, we will
see that we can provide a geometric description of it as a time-dependent contact Hamiltonian system.

Consider the configuration space Q = R with canonical coordinate (x). Consider now the product
bundle R X TQ X R with natural coordinates (¢, x, v, s) and the Lagrangian function

L:RXTOXR —R

given by
1 1 1
L, x,v,5) = Evz - EQX2 — ZﬁX4 — 08 + yxcoswt. 5.2)
Let ‘W be the extended Pontryagin bundle

W=RXxTOXxoT'OxR

equipped with natural coordinates (¢, x, v, p, s). The coupling function is C(¢, x, v, p, s) = pv. The couple
of one-forms (dt,n = ds — pdx) define a precocontact structure on W. The dissipative Reeb vector
field is Ry = 0/0s and the time Reeb vector field is R, = d/0t. We also have that dn = dx A dp. The
Hamiltonian function associated to the Lagrangian function (5.2) is the function

1 1 1
H=C—-L=pv- §v2+ Eax2+ Zﬁx4+6s—)/xcosa)t EEC(W).

We have that
dH = ywx sin(wn)dt + (ax + Bx* — ycos wi)dx + (p — v)dv + vdp + dds,
and hence
dH — Ry(H)n — R(H)dt = (ax + Bx* + p — ycos w)dx + (p — v)dv + vdp .

Given a vector field Z € X(“‘W) with local expression

0 0 0 0 0
Z—AE+B5+C5+D%+E£,
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equations (3.1) give the conditions

A=1,
B=v,
D = —ax—x’ — 6p +ycos wt,
p—-v=0,
E=pB-H=L
Thus, the vector field Z is a sopE and has the expression
0 0 0 0 0
Z=—+4+v—+C— +(—ax—Bx°’ - p + N—+L—,
o " Vax T Cgy T ax B —optycoseng it Lac

and we have the constraint function
& =p-v=0,

which defines the first constraint submanifold ‘W, < “W. The constraint algorithm continues by
demanding the tangency of the vector field Z to ‘W;. Hence,

0=25¢ = —ax—ﬁx3 —ov+ycoswt—C,
determining the last coefficient of the vector field Z
C =—-ax—Bx’—6v+ycoswt,

and no new constraints appear. Then, we have the unique solution

0 0 0 0 0
Z = Ey + va + (—ax —Bx° —6v + ycoswt)a + (—ax — Bx® — 6v + ycoswt)% + L% .
Projecting onto each factor of ‘W, namely using the projections p;: W —- R X TQ xR and p;: W —
R x T*Q x R, we can recover both the Lagrangian and the Hamiltonian vector fields. In the Lagrangian
formalism we obtain the holonomic vector field X € X(R X TQ X R) given by

0

x=9. i+(— —Bx’ — 6v + y cos t)ﬁ+£—
= o TVgy TCaxmBx movaycoswn gt Lot

We can see that the integral curves of X satisfy the Duffing equation
X4+ 0x+ a/x+,8x3 =7y Ccoswt.

On the other hand, projecting with p,, we obtain the Hamiltonian vector field ¥ € X(R X T*Q X R) given
by
0 0 0 1 1 1 0
Y = £y + pa + (—ax - Bx° = 6p +7coscut)% + Epz - Eaxz - Z’Bx4 — 0S5+ yxcoswt s
Notice that the integral curves of Y also satisfy the Duffing equation (5.1). Thus, we have shown
that although the Duffing equation cannot be formulated as a standard Hamiltonian system, it can be
described as a cocontact Lagrangian or Hamiltonian system.
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5.2. System with time-dependent mass and quadratic drag

In this example we will consider a system of time-dependent mass with an engine providing an
ascending force F' > 0 and subjected to a drag proportional to the square of the velocity.
Let QO = R with coordinate (y) be the configuration manifold of our system and consider the
Lagrangian function
L:RXTOxR—R

given by
( )g —2yy 1
L(t,y,v,5) = —m(t) +—° ( —1)=2yvs+ —F, (5.3)
2y
where vy is the drag coefficient and the mass is given by the monotone decreasing function m(¢). Consider

the extended Pontryagin bundle
W=RXTOXoT'OxR

endowed with canonical coordinates (z,y, v, p, s), the coupling function C(z,y, v, p, s) = pv and the
I-forms 7 = df and = ds — pdy. We have that (W, 7, n) is a precocontact manifold, with Reeb vector
fields R, = 0/0t, Ry, = d/ds. The Hamiltonian function H associated with the Lagrangian (5.3) is

m(1)g

_ I PN 2
H=C-L=pv 2m(t)v %

1
(e—Zyy - 1) +2yvs — —F € € (W).
2y
In this case, we have
dH — Ry(H)n — R(H)dt =
D) oH
=vdp + (p — m@)v + 2ys)dv + (m(t)ge™ + 2yvp)dy + Edt + 2yvds.

Consider a vector field Z € X(‘W) with coordinate expression

6 o 8 a8 0
z=42 4% i c2ipl L.
o oy T ey T Pap T as

Then, equations (3.1) read

BN

D= —m(t)ge 2 —2yvp,
p—my+2ys=0,
E=pB-H=_L.

Hence, the vector field Z is a sopg and has the expression

0 0 0 5 0 0
Z= % +v5+C5 +(—m(t)ge 7y—2yvp)%+£a,

and we obtain the constraint function
& =p—m()v+2ys,
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defining the first constraint submanifold W, — “W. Demanding the tangency of Z to ‘W, we obtain
L€ = —ym(t)V’ — m(1)C — (t)y — m(t)g + F

which determines the remaining coefficient of the vector field Z:

F ,  m(t)
= — — Yy - —y —
m(r) (0
and no new constraints appear. Thus, we have the unique solution
0 0 F r(t) 0 oy 0 0
Z=—+v—+|— - - —=v—g| =+ (-m(t)ge™ =2 —+L—.
ot v@y (m(t) (44 m(t)v g) ov ( mit)ge )/Vp) op Lﬁs

We can project onto each factor of W by using the projections p;: W — R x TQ X R and
p2: W — RXT*Q xR thus recovering the Lagrangian and Hamiltonian formalisms. In the Lagrangian
formalism we get the sopE X € X(R X TQ X R) given by

ot 9y \m@) I m(t) &) oy ds

The integral curves of X satisfy the second-order differential equation

F , ()

m@y VT my &

which can be rewritten as

y=v,
{% (m(1)v) = F — m(1)g — ym(t)v" .

5.3. Charged particle in electric field with friction with a time-dependent constraint

Consider a system where we have a charged particle with mass m and charge & in the plane immersed
in a stationary electric field E = (Ey, E,, E3) = —V¢ and subjected to a time-dependent constraint given
by f(t,q) = 0, where V denotes the Euclidean gradient and q = (x,y,z). Consider the phase space
TR*, endowed with natural coordinates (x, ¥, 2, A; Vi, Vy, vz, V), and the contact Lagrangian function
L: RxTR* xR — R given by

1
L, q,A,V,v,,5) = 5mv2 —ko(q) + Af(t,q) —ys, (5.4)

where v = (v, vy, v;) and v = V2 + v% +v2 and 1y is the friction coefficient. Since we have introduced

the restriction f(z,q) = 0 via a Lagrange multiplier, it is clear that the Lagrangian (5.4) is singular.
Consider the extended Pontryagin bundle

W =R x TR xzs T'R* xR
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endowed with natural coordinates (z, x, y, z, A, Vx, Vy, V2, Va, Dx, Py» Pa> §). We have that (dz, n7), where
n =ds - p,dx — p,dy — p,dz — pada,

is a precocontact structure on W. The coupling function is C = p,v, + p,v, + p.v, + p,v, and the
Hamiltonian function H = C — L associated to the Lagrangian £ is

1
H = pvye+ pyvy + pyv.+ pavay — Emv2 +ko(q) — Af(2,q) +ys.

Thus,

dH — Ry(H)n — R(H)dt = v dp, + vydp, + v.dp, + v,dp,
+ (px —mv)dv, + (py, — mvy)dvy, + (p, — mv,)dv, + pdv,

+ (ka—¢ - /1% + )/px) dx + (k? - /l% + ypy) dy
y

9 dx Ay
op 0
(ka—d) - ﬁa—f + sz) dz+ (ypa = [, @)dA.

Let Z be a vector field on ‘W with local expression

Z:A2+B 9 + B,— 9 B£+Bﬂi+cxi+c,i+czi+cﬁ 0

ot *Ox 79y ‘0z oA v, ) ov, v, ov,
0 0 0 0 0
+Dy—+Dy—+D,— +D)— +E—,
op,  dp,  “op. ‘dpa  0s
then, equations (3.1) yield the conditions
A=1, B, =v,, By, =v,, B, =v,, B, =v,,
of 0 of  o¢
DX:/l——k—— s D. = 1=-L — k=L — ,
6 8
D. _ﬂa—f—kﬁ—d’— YDz Dy = f(t,q) —ypa,
px—mv, =0, py—mvy, =0, p,—mv, =0, p.=0,
E=pB+pB,+pB. +p,B,—H=L.
Thus, the vector field Z is
0 0 0 0 0 0 0 0 0
Z=—+vi—+vy—+ +vi—+Ci—+C,—+C,—+C
o ax T oy oz e Tave T av, - av. . tow
of 0p 6f 0p 0
+ (A= —k— - ; + (A= —k— -
(155 e e+ (435 -5 )
of 0p 0 0 0
A= —k— — — — ft,qQ)— —,
( o oz 7’"”) ap. Vg, L

and we get the constraints

E=po-mv,=0,  E=p-my=0, E=p-m.=0, E=p =0,
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defining the first constraint submanifold ‘W; < “W. The constraint algorithm continues by demanding
the tangency of the vector field Z to the submanifold W:

. _,0f 09 _
L& = /lax k(’)x ypr—mC, =
of . 9¢
"%Zf}l = /16'_)7 - ka— — YDy mC) =0
of . 9¢
Z7&1 = ﬂa—z - ka— —yp. —mC; =

L€ = f(1,q) =0,

thus determining the coefficients C,, C,, C.. In addition, we have obtained the constraint function

&H=ftq=0,

defining the second constraint submanifold ‘W, — ‘W, < “W. Then, the vector field Z has the form

Z—g+v£+vg+vﬁ+vi+l G_f_k@_¢_ my i
o ax ey Ve T T m\"ax “ax Y™ v,
1 ( af o6 o 1(.af oo 5 5
L AL DL YA S Pt NG, N
m( dy 0 mvy) A, +m( oz "oz " o, B
G N (0r e 0
0x 0x Opy ay ay dpy

+(af Y, )i d

Imposing the tangency to “W,, we condition

of  of ~of of
E + an + Vya—y + Vza—z

0 0 0 0 0

which is a new constraint function &; = —f + vx—f + vy—f + vz—f = —f +v-Vf =0. This process has
ot 0x ay 0z ot

to be iterated until no new constraints appear, depending on the function f.

Now we are going to consider the particular case where f(¢,q) = z — ¢. In this case,

L = =0,

§3EVZ—1:0.

Thus, imposing the tangency of Z to &; we get the condition

1 o
Lyt = —(A—k—‘p —ymvz) _0,
m 07

giving a new constraint function

0
§4E/l—k—¢—ym:0.
0z
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Figure 2. Trajectory of the charged particle (blue) and position of the fixed charge (red).

Then, the vector field Z is

S99 a 9 a+1(_a¢ )a 1(a¢

Imposing the tangency condition with respect to &4, we obtain that

0%¢ 0% 0%¢
V) = k(ax—azvx'l‘ @V},ﬁ' a—yz) .

The tangency condition with respect to this constraint determines the last coefficient of the vector field,

>’ »F¢ »’¢
2 2 1 2 . o
T 0x?0z M 0y?*0z 1+ 2v, 6x6y8z+

C/1 = k(V

oxdz>  dyoz> 07

3 3 3 2 2
+2vx6¢+6¢+8¢ (k6—¢+ vx)6¢—(k6¢+ vy)6—¢
0yoz

m ox dxdz \m 0_y

and no new constraints arise. In conclusion, the vector field Z has local expression

0 o 0 0%¢ 0% 0*¢\ 0
Z = E+an+vya—y+8—Z+k(axazvx+—ayazvy+a—yz)a—/l

)
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1 ¢ 0 1 ¢ 0 0
" m( k@x ymvx) vy " m( k@y ymvy) v, " Clﬁv/l
9¢ d ¢ 0 0
+( k@x ymvx) . +( k(')y ymvy) o + Lﬁs .

The integral curves of the vector field Z satisfy the system of differential equations

" " 9¢

mi = —k— — ymv,, my = —k— —ymv,, z=t.

0x ay

In Figure 2 one can see the trajectory of a charged particle with charge k = 2 - 10™* and mass m = 1
in the electric field induced by a charge fixed in the origin with charge —2 - 10~ and in absence of
gravity. The friction coefficient is y = 0.3 and the initial configuration of the system is q(0) = (2,0, 0),
v(0) = (0,10, 0). As indicated above, the particle is subjected to the restriction z = t.

6. Conclusions and further research

We have generalized the Skinner—Rusk unified formalism for time-dependent contact systems. This
framework allows to skip the second-order problem, since this condition is recovered in the first step of
the constraint algorithm for both regular and singular Lagrangians. This makes this formalism especially
interesting when working with systems described by singular Lagrangians.

The key tool of this formalism is the Pontryagin bundle W = R X TQ X T*Q X R and its canonical
precocontact structure. Imposing the compatibility of the dynamical equations on ‘W we obtain a set
of constraint function defining a submanifold ‘W, which coincides with the graph of the Legendre
map, the second-order conditions and the Herglotz—Euler—Lagrange equations. We have also shown
that the Skinner—Rusk formalism for cocontact systems is equivalent to both the Hamiltonian and the
Lagrangian formalisms (in this last case when imposing the second order condition).

In addition, we have described in full detail three examples in order to illustrate this method: the
Duffing equation, an ascending particle with time-dependent mass and quadratic drag, and a charged
particle in a stationary electric field with a time-dependent constraint.

The formulation introduced in this paper will permit to extend the k-contact formalism for field
theories with damping introduced in [44,45] to non-autonomous field theories. This new formulation
will permit to describe many field theories, such as damped vibrating membranes with external forces,
Maxwell’s equations with charges and currents, etc.
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