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1. Introduction

The study of non-conservative or dissipative systems in physics and other branches of knowledge has been a subject of
renewed interest in recent years with the integration of contact geometry to this end [1,4-6,9,10,15,17,21,25,26,33-35,39].
In particular, a geometric framework which is based on contact geometry and the k-symplectic setting of field theories has
been recently introduced to describe classical field theories with dissipation. The notion of k-contact Hamiltonian system
was introduced in [20] and was used to describe several PDE’s of interest. This was later applied to Lagrangian field theory
[22].

Nevertheless, in order to deal with non-regular systems more efficiently, a mixed formalism combining in a single de-
scription the Lagrangian and the Hamiltonian formalisms was developed, with a phase space described by velocity as well
momentum coordinates. This is the so-called Skinner-Rusk or unified formalism developed in [43] (although a previous de-
scription in coordinates had been made in [32]). Over the years, this formalism has been generalized so that it can be
applied to very different types of systems (time-dependent, vakonomic and nonholonomic, control, and higher-order me-
chanics and field theories) [2,3,7,8,11,12,16,18,19,24,27,28,36-38,40,41,44].

As we have pointed out, the Skinner-Rusk formalism is particularly interesting when dealing with singular systems,
because of its special features. First, regardless of the regularity of the Lagrangian, in the Skinner-Rusk formalism the
theory is always singular and the field equations are not consistent. Nevertheless, the formalism incorporates in a natural
way the second-order or holonomy condition for the solutions of the field equations, even in the case of singular Lagrangians
(remember that, for singular Lagrangians, in the Lagrangian formalism, this property is not necessarily satisfied and must be
imposed “ad hoc”). As the field equations are not consistent, we must implement the constraint algorithm which allows us to
find the maximal constraint submanifold (if it exists) where there are solutions to the field equations fulfilling the holonomy
condition. However, the constraint algorithm is implemented only once, since the Lagrangian and Hamiltonian versions of
the constraint algorithm, as well as the corresponding solutions to the Euler-Lagrange and the Hamiltonian equations (the
Hamilton-De Donder-Weyl equations), are recovered straightforwardly from the Skinner-Rusk formalism, using the Legendre
map. Furthermore, the Legendre map, itself, is obtained as a consequence of the consistency conditions.

Recently, the Skinner-Rusk setting has been applied to mechanical contact systems [13,14]. The aim of the present work
is to describe the Skinner-Rusk formalism for classical field theories with dissipation. We start from the Lagrangian and
Hamiltonian k-contact description for these kinds of systems introduced in [20,22], generalizing the unified formalisms
previously developed for contact mechanics in [14] and for the k-symplectic formulation of classical field theories in [40].

We use these results to explore several interesting physical applications. A first example is the vibrating string equa-
tion with damping. The second example consists in adding a damping term to the Lagrangian that describes the massive
scalar field equation (the Klein-Gordon equation), which allows us to obtain an equation which is closely related to the
telegrapher’s equation. Finally, we consider the Lagrangian of electromagnetism with a dissipation term, which leads to the
equation of damped electromagnetic waves.

The organization of the paper is the following: First, Section 2 is a review on the foundations of the k-contact formulation
of field theories with dissipation, in which we also include the guidelines of the constraint algorithm for the singular cases.
Section 3 contains the main results of the work: the unified k-contact formalism is presented and developed in detail.
Finally, in Section 4, we analyze the above mentioned examples.

All the manifolds are real, second countable and of class ¥*°. Manifolds and mappings are assumed to be smooth. Sum
over crossed repeated indices is understood.

2. Hamiltonian and Lagrangian formalisms of k-contact systems

In this section we review the Hamiltonian and Lagrangian formalisms for k-contact field theories (see [20,22] for the
details). We also discuss the singular case, which is interesting for the development of the Skinner-Rusk formalism.

2.1. k-contact structures

A regular distribution on M is a subset D C TM such that Dy C TyM is a vector subspace, for every x € M, that can be
spanned by a family of vector fields and has locally constant rank. We denote by D° the annihilator of a distribution D,
which is a regular codistribution, i.e., a subset C C T*M such that Cx C T;{M is a vector subspace, for every x € M.

Every nonvanishing 1-form 1 € Q' (M) defines a codistribution of rank 1 denoted by (1) C T*M. Notice that the annihi-
lator (n)° C TM of (n) has corank 1 and is the kernel of the vector bundle morphism
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n: T™™M — M xR
vp = (P, np(vp))

With all this in mind, for every set of k 1-forms nl, el n" e QY(M), we define
CC:(nl,...,nk) CcT*M,
D¢ = (cY)° = kernin-.-Nkernk ¢ TM
DRZI(EI’CTIFQ~-~HI(EI’CT-\U’<CTM,
R = (D) cT'M.

Definition 2.1. Let M be a manifold with dimM = m. A k-contact structure on M is a family of k smooth 1-forms
n', ..., 7 e Q1(M), k <m, such that

(i) The distribution D€ is regular and has corank k (n* A--- A 7% £ 0).
(ii) The distribution DR is regular and has rank k.
(iii) DN DR = {0}, or equivalently, N%_, (kern® Nkerdn®) = {0}.

We say that CC is the contact codistribution, D€ is the contact distribution, DR is the Reeb distribution and CR is the
Reeb codistribution. A manifold M equipped with a k-contact structure is a k-contact manifold.

Remark 2.2. Given conditions (i ) and (ii ), condition (iii ) is equivalent to
(ii’y TM =D DR.

For k =1 we recover the notion of contact manifold.
Theorem 2.3. Let (M, n%) be a k-contact manifold. Then:

(1) There exists a family of k vector fields Ry, € X(M), called Reeb vector fields, uniquely defined by the equations
i(Rp)n® =82,
i(Rg)dn* =0.

(2) The Reeb distribution DR is involutive and, therefore, integrable. It is generated by the Reeb vector fields.

On every k-contact manifold (M, n®) there are coordinates (x!, s%), called adapted coordinates, such that
0 o o o I
R“:a?’ n® =ds® — firxdx',

where the functions ff depend only on the coordinates x!.

Example 2.4. Given k > 1, the manifold M = (&*T*Q) x R¥ equipped with natural coordinates (g, p;, s*) has a canonical
k-contact structure defined by the differential 1-forms

nazdsa_9a7

where 6% is the pull-back of the canonical 1-form of T*Q with respect to the projection (&*T*Q) x R¥ — T*Q to the a-th
direct summand. Their local expressions in the natural coordinates (q', p;, s%) are

n% =ds* — p¥dq'.
Hence, dn® =dgq' A dp{ and the Reeb vector fields are
]
Ra = W .

Theorem 2.5 (k-contact Darboux theorem). Consider a k-contact manifold (M, n*) of dimension n + kn + k endowed with an in-
tegrable subdistribution V c D€ with rankV = nk. Around every point of M, there exists a local chart (U q', pY.s*), 1<a <k
1 <i <n, such that
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n“|, =ds* —p'dq".

In these coordinates,

DR| —(R _i Vi = i
U=\ T gsa [ T T\ gpe [

These coordinates are called Darboux coordinates.

Remark 2.6. When some of the conditions stated in Definition 2.1 do not hold we say that n!,...,n* € Q'(M) is a k-
precontact structure and that (M, nl, e, r)") is a k-precontact manifold. For this kind of manifolds, Reeb vector fields are
not uniquely determined. (The case k =1 has been analyzed in [15], where the properties of these so-called precontact
structures and precontact manifolds are studied in deep.)

2.2. Hamiltonian formalism
Let M be a manifold with dim M =m. A k-vector field in M is a section of the projection Ty : &% TM — M; that is, a
map Y: M — @XTM such that tp oY = Idy. A k-vector field is specified by means of a set of k vector fields Y = (Y1, ..., Y),

where Y, = 73 oY, where T} : @Y TM — TM is the canonical projection on the o factor. An integral section of a k-vector
field Y= (Y1,...,Yy) is amap v : D Cc R¥ > M, such that

a
Tlﬁo—(X:YO,olp,

ot
where t = (t1, ..., t*) are the canonical coordinates of R¥. Equivalently, an integral section satisfies the equation
' =Yoy,

where ¥': D ¢ R¥ — @*TM is the first prolongation of ¥ to @&*TM. defined by

o
)

A k-vector field Y is integrable if every point of M belongs to the image of an integral section of Y. If (x') are local
i
* 9xi

3
ot1

Y6 = (Iﬁ(t),Tlﬂ ( )) = (1), Yo ().
t

coordinates in M and Y, =Y, , then ¢ is an integral section of Y if, and only if,

'
Tl =Y, ().

Definition 2.7. A k-contact Hamiltonian system is a family (M, n%, H), where (M, n%) is a k-contact manifold and H €
%*° (M) is called a Hamiltonian function.

Remark 2.8. If (M, n%) is a k-precontact manifold, then (M, n%, H) is said to be a k-precontact Hamiltonian system.

Given a k-contact Hamiltonian system (M, n%, H), the k-contact Hamilton-De Donder-Weyl equations for a map ¢: D C
R¥ — M are

i(Yo)dn® = (dH — (Lr, H)N*) 0 ¥/, )
i(Wo)n® =—Hoy.

The k-contact Hamilton-De Donder-Weyl equations for a k-vector field Y= (Y1,...,Yy) in M are
i(Yo)dn® =dH — (Zg, H)n®, @)
i(Yo)n*=—H.

The solutions to these equations are called Hamiltonian k-vector fields. These equations are equivalent to

Ly n® =—(Lr,HIN®,
i(Yo)® = —H.

Notice that these equations are always consistent. However, their solutions are neither unique, nor necessarily integrable.

4
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Given an integrable k-vector field Y = (Y1, ...,Yy) in M, every integral section v : D C R — M of Y satisfies the k-
contact equations for sections (1) if and only if the k-vector field Y satisfies the k-contact equations for fields (2). It is
important to point out that equations (1) and (2) are not totally equivalent, since a solution to (1) may not be an integral
section of some integrable k-vector field in M solution to (2).

, ; aq ap¥ as®
In Darboux coordinates, if v = (q'(t#), p¥ (), s* (t#)), then = (q', p¥,s*, a% % 8%) and equations (1) read
dqg'  9H
v
t pe
apf oH oH
= (4t )ov, 3)
ate (aq‘ Pi asa>°¢’
0s” « OH "
— = S — — oy.
are — \Pi gpe
Let Y= (Yq,..., Yx) be a k-vector field solution to (2) written in Darboux coordinates as

a i 0 d
_ B i B
Yo =(Ya) 55P + (Yq) aq + (Yo); apﬂ )

i

then,
d
(Ya)l = a—a ’
p;
oH oH
(Yo)i = <? ?‘ﬁ> ;
oH
e

2.3. Lagrangian formalism

Consider the bundle ®*TQ x RF with natural coordinates (qi, vﬁx, s%). We have the canonical projections

7 &TO xR = @*TQ , 7% &fTQ xR¥=TQ , s¢: &*TQ xR¥ = R.

We can extend the canonical estructures (the Liouville vector field and the canonical k-tangent structure) in @*TQ to
®*TQ x R¥, which have the local expressions

Ayl 0
_VQM

I

) )
= ®dq.
T ®d

Definition 2.9. Let X = (X,) be a k-vector field in ®*TQ x R¥ — R. We say that X is a second order partial differential
equation (SOPDE) if J%(Xy) = A.

In coordinates, a SOPDE has the expression

a—Vaa—qi+( a)ﬂ@*‘( o) 3P

Definition 2.10. Consider a section ¥ : R¥ — Q x R¥ of the projection Q x R¥ — R¥, where v = (¢, s*) with ¢: R¥ - Q.
The first prolongation of ¥ to &*TQ x R¥ is the map y!1: R¥ — @*TQ x R given by w!1l = (¢/, s%). We say that the
map ! is holonomic.

Proposition 2.11. A k-vector field X in @*TQ x R¥ — R is a sopDE if and only if its integral sections are holonomic.

Definition 2.12.

(1) A Lagrangian function is a function L € #°(®*TQ x R¥).
(2) The Lagrangian energy associated to L is the function E; = A(L) — L € ¥°(&*TQ x R¥ —» R).

5
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(3) The Cartan forms associated to L are

0% ='(J*) odL € QU@'TQ x RY) | ¥ =—db¥ € 2*(@*TQ x R¥).
(4) The contact forms associated to L are

n¥ =ds* — 0% e Q1@ TQ xRY) |, dn¥ =¥ € 2%(@*TQ x RY).
(5) The couple (@*TQ x R, L) is a k-contact Lagrangian system.

The local expression of these elements in natural coordinates of ®*TQ x Rk are

. oL oL .
Er=v,——-L , nf=ds*—-—dq'.
*Jvi, vi,

Definition 2.13. Given a Lagrangian function L € ¥ (@*TQ x R¥) we define its Legendre map as the fibre derivative of L,
considered as a function on the vector bundle ®*TQ x R¥ — Q x RK, that is, the map FL: &*TQ x R¥ - @*T*Q x R¥
given by

-FL(V]L]7 ey qua SOl) = (]:L(v Sa)(vu]7 [RRE) qu)v Sa) .

In natural coordinates, the Legendre map is locally given by

o oL
FL(q', vy, s%) = (q’, 37,so‘> . (4)

o
Notice that the Cartan forms can also be defined using the Legendre map as
0F =FL*0Y |, o =FL*0%,
where w® = —d#? and 62 is the pull-back of the canonical 1-form of T*Q with respect to the projection (®&*T*Q) x R¥ —

T*Q to the -th direct summand.

Proposition 2.14. Consider a Lagrangian function L. Then, the following conditions are equivalent:

(1) The Legendre map FL is a local diffeomorphism.

(2) The fibre Hessian F2L: &*TQ x R¥ — (@*T*Q x R¥) ® (@*T*Q x R¥) of L is everywhere nondegenerate, where the tensor
product is of vector bundles over Q x Rk

(3) The couple (®%TQ x R¥, n%) is a k-contact manifold.

L . . . . 3%L
The conditions in the above proposition are equivalent to require the matrix W = Wgﬂ = (—) to be everywhere
IV Ivy
nonsingular.
Definition 2.15. A Lagrangian function L is said to be regular if it satisfies the equivalent conditions in Proposition 2.14.

Otherwise, it is said to be a singular Lagrangian. If the Legendre map FL is a global diffefomorphism, L is said to be
hyperregular.

Proposition 2.16. Consider a regular k-contact Lagrangian system (&*TQ x RX, L). There exists a unique family (R;)q € X(@*TQ x
R¥) of k vector fields, called Reeb vector fields, satisfying the system of equations

i(Rp)e)dn? =0,
i(RD)a), =685

In natural coordinates, the Reeb vector fields have the local expressions

(RD)a = 9 Wi %L 9
e T s v 83“8\/{, 3‘/53 ’

where W, is the inverse of the Hessian matrix Wi‘;ﬂ , namely

6
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92L

Wij.i
J vk
avﬁavy

iV
o =sisl .

Taking into account the previous results, it is clear that every regular (resp., singular) Lagrangian L: ®fTQ x R¥ > R
has associated the k-contact Hamiltonian system (resp., k-precontact Hamiltonian system) (®*TQ x R, ny, Ep).

Definition 2.17. Consider a k-contact Lagrangian system (@&*TQ x R, L).
The k-contact Euler-Lagrange equations for a holonomic map v : R¥ — @&*TQ x Rk are

i(Wg)dng = (dEL — (Zrpu EDNT) 0 ¥

iYInf =—ELoy.

The k-contact Lagrangian equations for a k-vector field X = (Xy) in @*TQ x R¥ are
i(Xe)dny =dEL — (Lrpo EDNT

i(Xe)n) =—Er.

A k-vector fields solution to equations (6) is called a Lagrangian k-vector field.

(6)

Proposition 2.18. Given a k-contact regular Lagrangian system (&*TQ x RX, L), the system of equations (6) is consistent. For k > 1,
the solutions are not unique.

In canonical coordinates, equations (5) read

o oL oL oL dL (s* o)
— —oy=—+—— oy , ——L=Loy. (7
at* ov, aq'  9s% oV, at
For a k-vector field X = (X,) with local expression
Xo = (Xa) == + (Xa)i, Xo)P 2
o= a)a—qi‘f‘( a)gm‘i‘( o) Py
the k-contact Lagrangian equations (6) read
Cy 9L
0=((Xa) = vh) — ®)
vy, 0sP
Cy 9%L
0:((xa)1—vg,) —— 9)
avﬂava
o—((x )i V,») 9°L Lo 9’L Xa)? 9’L X)) %L )l 4 2L oL (10)
* agiavl, 99" 9sPIvi, * agiovi "¢ 3‘,23% BT gsx i,
oL ) )
0=L+—.((xa)1—vg)—(xa)“. (11)
v,

If the Lagrangian L is regular, equations (9) lead to the condition vg{ = (Xg)!, which are the soPpE conditions for X. In this
case, (8) holds identically and, equations (10) and (11) give

X)) =1L, (12)
oL %L Xo)P + %L vy %L Xy) — aL L (13)
aqi ' asPavi, aqiavi, 3\,23\,& BT gse g,

It is important to point out that if the soPDE X is integrable, these last equations are the Euler-Lagrange equations (7) for
its integral maps.

Proposition 2.19. Given a regular Lagrangian L, the corresponding Lagrangian k-vector fields X are SOPDEs. If, in addition, X is inte-
grable, its integral sections are solutions to the k-contact Euler-Lagrange field equations (5).

This sopDE X is called the Euler-Lagrange k-vector field associated to the Lagrangian L.

Notice that in the case k =1 we recover the Lagrangian formalism for contact systems [21].

7
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2.4. The singular case: k-precontact Lagrangian and Hamiltonian systems

For singular Lagrangians most of the results and properties stated in the above sections do not hold.

In this case, for the Lagrangian formalism, (*TQ x RX, n{) is not a k-contact manifold, but a k-precontact one, and
hence the Reeb vector fields are not uniquely defined. Nevertheless, the Euler-Lagrange and the Lagrangian equations (5)
and (6) for the system (®*TQ x RX, n¥,Er) are independent on the Reeb vector fields used (as it is proved in [15] for
the case k= 1). In any case, solutions to the Lagrangian equations are not necessarily soPDE and this is a condition that
must be added to the Lagrangian equation (6). In addition, the field equations are not necessarily consistent everywhere
on ®*TQ x R¥ and we must implement a constraint algorithm to find a submanifold S;— ®*TQ x R (if it exists) where
there are soPDE k-vector fields in #*TQ x R¥, tangent to S, which are solutions to the equations (6) on Sy.

In order to state the Hamiltonian formalism for the singular case, we need to assume some minimal regularity conditions.
So, we define:

Definition 2.20. A singular Lagrangian L is said to be almost-regular if

(i) The image of the Legendre map P = FL(®*TQ x R¥) € &*T*Q x R¥ is a closed submanifold.
(ii) FL is a submersion on P.
(iii) For every p € P, the fibre FL~'(p) € ®*TQ x Rk is a connected submanifold.

Then, if jp: P < @&*TQ x R¥ is the natural embedding and np = ipn* e Q1(P), we have that (P, n%) is, in general,
a k-precontact manifold. Furthermore, the function E; is FL-projectable and there is a unique Hp € €°°(P) such that
Er = FL}; Hp, where FlL,: @ TQ x R¥ — P is defined by FL = jp o FL,. Therefore, on the submanifold P, there is a
Hamiltonian formalism associated with the Lagrangian system, and the k-contact Hamilton-De Donder-Weyl equations for
a k-vector field Y= (Yy) in P are

i(Yo)dnp =dHp — (LR, Hp)n* ,
i(Ya)n% = —Hp .

As in the Lagrangian formalism, these equations are not necessarily consistent everywhere on P and the constraint algo-
rithm should also be implemented to find a submanifold Py < P (if it exists) where there are k-vector fields tangent to
P ¢, which are solutions to the above equations (14) on Pj.

As a final remark, next we explain the guidelines of the constraint algorithm. Consider a generic k-precontact Hamiltonian
system (M, n%, H) and its k-contact Hamiltonian field equations (2)

(14)

e First we find the consistency conditions: Let M be the subset of M made of the points of M where a solution to (2)
exist, that is,

Mi={peM|3A(Yy,...,Yy) € EB"TqM solution to (2) at every p} .

Assuming that M; < M is a submanifold, there exists a section of the canonical projection ty: ®¢TM — M defined
on M7 which is a solution to (2), but which may not be a k-vector field on Mj.
e Then we apply the tangency conditions: we define a new subset M, C M as

M; ={pe My |3(Yq,...,Yp) € @kTqM1 solution to (2) at every p}.

Assuming that M < My, then there is a section of the projection Ty, : @®% TM; — M; defined on M, solution to
equations (2) which does not define in general a k-vector field on M.

Taking a basis of independent constraint functions {¢'} locally defining My, the constraints defining M, are obtained
from

I
(L, ¢)Imy =0.
e Iterating this procedure we can obtain a sequence of constraint submanifolds

s> Mje—> o> My —> M —> M.

If this procedure stabilizes, that is, there exists a natural number f € N such that My,; =My and dimM; > 0, we say
that My is the final constraint submanifold, where we can find solutions to equations (2). Notice that the k-vector field
solution may not be unique and, in general, they are not integrable.

8
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3. Skinner-Rusk unified formalism
3.1. Extended Pontryagin bundle: k-precontact canonical structure

Consider a k-contact field theory with configuration space Q x R¥, where dim Q =n, with coordinates (g, s%). Now con-
sider the bundles ®TQ x R and &*T*Q x R equipped with natural coordinates (q', vi,, s*) and (q', p%,s*) respectively.
We have the canonical projections

71 ®*TQ x R — @*TQ 70: ®¥TQ x R¥ - Q x R¥
7 T Q x RK - &fT* Q 7o: @T'Q x R¥— Q x RK.
We denote by ds* the volume form of R and its pull-backs to all the manifolds by the corresponding canonical projections.

Consider the canonical forms 6y € '(T*Q) and wp € 2(T*Q) with local expressions 69 = p;dqi, wg = dg’ A dp; in T*Q.
We denote by 6% and w® their pull-backs to &*T*Q and &*T*Q x RK, which have local expressions

0% = p?‘dqi . o%=dq' A dpf.

Definition 3.1. The extended unified bundle or extended Pontryagin bundle is
W =@a*TQ xq &*T*Q x R,

and it is endowed with the canonical projections

o1: W — @*TQ x RK p2: W — @*T*Q x R
po: W— Q x R s W—-R.

The extended unified bundle has natural coordinates (g, vfx, pf.s%). We summarize all these manifolds and projections
in the following diagram:

W =a*TQ xq ®*T*Q x R¥

P1 P2
FL
T/
@kTQ % Rk @kT*Q x Rk
Lo 5@
70 o
71 / T
Q x ]Rk
nf
e 1Q 3 o*T*Q
2
R T

T*Q

Definition 3.2. Let ¥ : RX — )4 be a smooth map. We say that y is holonomic if p; o ¥ : RK — @&*TQ x R¥ is holonomic.
A k-vector field Z € ¥*(W) is a second order partial differential equation (soppE for short) if its integral sections are
holonomic in W.
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In coordinates, a holonomic map v : R — W is expressed as

aq

V= (61 ), o ®), p; (©), 8 (f)> .

A k-vector field Z=(Z4, ..., Zy) in W is a sopDE if it has the following expression in natural coordinates:

i 9 i
th = VaT +(Z(1)/3

ql

9 5 0 5 0
2 g+ Za)
avﬂ apl as

The extended unified bundle W is endowed with the following canonical structures:
Definition 3.3.

(1) The coupling function in )V is the map C: WW — R defined as
CVige . ms Viga Ogs o g, %) =08 (Vag) -

(2) The canonical 1-forms ©% = p} 6% € Q'(W).

(3) The canonical 2-forms Q% = p} % = —dO% € Q*(W).

(4) The contact 1-forms 7% = ds® — ®% € Q! (WV). Notice that dn® = Q2.
n n

In natural coordinates of W, these natural structures are written as
o o g, o i o o o o g1
©% =pi'dq', QY=dq Adp{, n*=ds" —pidq.
The contact 1-forms 75!, ...,n" define a k-precontact structure in the manifold Y. Notice that this is not a k-contact
structure because conditions (ii) and (iii) on Definition 2.1 do not hold.

Proposition 3.4. There exists a family of Reeb vector fields R1, ..., Rx € X(W) such that
i(Ra)dn” =0,
i(Ra)nf =6f.

Notice that, since the manifold WV is k-precontact, the family (R,) of Reeb vector fields is not unique. In coordinates,
Rq can be written as

) L9
Ra:@—l—(Ra)B@, (15)

where (’Ra)}, are arbitrary functions in W.
Definition 3.5. Let L € € (®*TQ x R¥) be a Lagrangian function and let £ = o7L: W — R. We define the Hamiltonian
function associated to L by

H=C—L=p%vi, — L, v]. s ec®W). (16)

Remark 3.6. Notice that, since the manifold WV along with the contact 1-forms n* is a k-precontact manifold, OV, n%, H)
is a k-precontact Hamiltonian system.

3.2. k-contact dynamical equations in the unified formulation

Definition 3.7. The Lagrangian-Hamiltonian problem associated with the k-precontact system (W, n, H) consists in finding
the integral sections ¥ : R¥ — W of a k-vector field Z= (Z1, ..., Zy) in W satisfying

i(Zg)dn* =dH — (LR, H)N*,

(Zo)n* =—H,

or, what is equivalent,

(17)

ZLz,0% = (LR, H)N*,
i(Zo)n* =—H.

10
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Given that W, n%, H) is a k-precontact Hamiltonian system, equations (17) are not consistent everywhere in V. Hence,
we need to use the constraint algorithm described in Section 2.4 in order to find (if it exists) a final constraint submanifold
of WW where the existence of consistent solutions to equations (17) is assured.

In natural coordinates (g, vfx, p{,s%) of W, the local expression of a k-vector field Z = (Z1, ..., Z) in W is

0 g 0
Zy —(Za) +(Za),5 “r(za) +(Zoz)

8 l
Therefore, we have
i(Zo)dn® = (Zo)'dp¥ — (Zo)?dq'
i(Za)® = (Zg)® — P (Zy)' .

Furthermore,

i oL i 0L dL
dH = v, dp} + <p§?‘— )dvfx— —

: —dq' — —ds“,
vl oq' 0s%

oL i
(Ra(H)n" = =7 (ds™ — piidg’).
Taking all this into account, the second equation (17) gives

(Zo)* = ((Ze) = Vi) P + Lo 1. (18)

and the first equation (17) leads to the conditions

(Zg) =V, (coefficients in dp¥), (19)
oL aL .
o B o

pY = L= v o p1 (coefficients in dvl,), (20)
oL aL i

(Zg)¥ = P o p1+p¥ ( ,01) (coefficients in dq') . (21)

From these equations we have that:

e Conditions (18) and (19) imply that (Zy)* =L o ps.

e Equations (19) are the holonomy conditions. This means that the k-vector field Z is a sopPDE. Hence, as usual, we
obtain straightforwardly the sopPDE condition from the Skinner-Rusk formalism. This is an important difference with the
Lagrangian formalism, where we need to impose the second order condition in the case of singular Lagrangians.

e The algebraic equations (20) are consistency conditions which define a first constraint submanifold YW, — W. In fact, Wj
is essentially the graph of FL:

Wi ={(vg. FL(vg) e W| vy € ©*TQ x R¥} |

This means that the Skinner-Rusk formalism includes the definition of the Legendre map as a consequence of the
constraint algorithm.

Taking all this into account, a k-vector field Z= (Z4, ..., Zy) is a solution to (17) if Zy has the form
8 a B 8
Zy=V +(Zot),3—+(za) —"F(Za) (onWy),
l

with the restrictions

(Za)* =

BL oL
Zo)¥ = ¢ —
(Za); aq D; 95

Notice that the k-vector field Z does not depend on the arbitrary functions (Ra);g chosen to define the Reeb vector fields
according to (15).

At this point the constraint algorithm continues by demanding the tangency of Z to the first constraint submanifold W;.
We denote by éf the constraint functions defining Wy,

11
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B g 0L
=P T
B

Imposing the tangency conditions Xy (Ef) =0 we obtain

AL 2L 2L . 2L
0= Xa(?,-‘f) = Xq (pf - —j> = (Za)f - Vo — — 7 (Za)y — 7 (Zg)”  (onWy), (22)
Bv[9 8q’8vﬁ 3v;/8vﬂ 85V3vﬁ

which partially determine the coefficients of the k-vector field Z.
It is interesting to point out that, in general, equations (17) do not have a unique solution. Solutions to (17) are given by

(Z1,...,Z)) + (ker ° Nkern?) ,

where Z = (Z1, ..., Zy) is a particular solution, f is the morphism defined by
Q' ek tw - T'W
(Z1,..., Z) = QNZ1, ..., Z) = 1(Zy)dn?,

and n? is given by n(Z1, ..., Zx) = n%(Zy).

Now we distinguish two cases:

o If the Lagrangian function £ is regular, equations (22) allow us to compute the functions (Za)g/. Notice that, however,
we do not have uniqueness of solutions to equations (17).

e If £ is a singular Lagrangian, these equations establish some relations among the functions (Za)g,. In addition, some
new constraints may appear defining a new constraint submanifold W, < W < WW. We must now implement the
constraint algorithm described in Section 2.4 in order to obtain a constraint submanifold (if it exists) where we can
ensure the existence of solutions.

3.3. Recovering the Lagrangian and the Hamiltonian formalisms

Consider the restriction of the projections p;: W — @&*TQ x RK, p2: W — @*T*Q x RX restricted to Wy c W,
pY: W1 — &FTQ xR* . pd: Wy — & T*Q x R,

Since W is the graph of the Legendre transformation F L, it is clear that the projection ,o? is really a diffeomorphism.
Consider an intggrablg k-vector field Z = (Z1, ..., Z;) solution to equations (17). Every integral section v : R¥ — W,
given by ¥ (t) = (' (0), Y5, (), ¥ (£), Y (¢)), is of the form

Y=L, ¥n),
with ¥, = p1 oy : R¥ - @*TQ x R¥, and if v takes values in W, we also have that vy = FL o y;:

9L

ayi VL), 1#“(0) =(FLoy)(®),

YR () = (o2 0 Y) (1) = (W (©), ¥ (©), ¥ (1) = (w"(n,

where we have used (20). Notice that, in this way, we can always project from the Skinner-Rusk formalism onto the La-
grangian or the Hamiltonian formalisms by restricting to the first or second factor of the Pontryagin bundle W. In particular,
relations (20) define the image of the Legendre transformation FL(®*TQ x R¥) c @*T*Q x RX. These relations are called
primary Hamiltonian constraints.

The following theorem establishes how we can recover the Euler-Lagrange equations (5) from the Skinner-Rusk formal-
ism.

Theorem 3.8. Consider an integrable k-vector field Z = (Z1, ..., Zx) in W, solution to equations (17). Let v : R¥ — Wy c W be
an integral section of Z given by ¥ = (Y1, ¥y), with vy = FL o . Then, Yy is the first prolongation of the projected section
$p=T1090 p? oyr: R¥— Q x R, and ¢ is a solution to the Euler-Lagrange equations (5).

Proof. Consider an integral section ¥ (t) = (W(t), w(; (6), ¥ (), w"‘(t)) of the k-vector field Z. Then, we have that

awl
o O —
t 8pl

oyt 9 W 9
Zo(Y(t) = W(t) 8_q’ o + W(t) PR

B
W L (23)

+ .

+
40)

Now, from (18), (19), (20) and (23) we get

12
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oy*
o ) ={Lop)W(®)=L(YLM), (24)
oL aL
Y (©) =pi (Y (D) = (a >(1/f(t))= (25)
Vo Vg
Vo (0 = Vo (U () = (Ze) (Y () = w 20) (26)
!ﬁﬂ
m; ) = (Za)! (Y (©)). (27)
Using the conditions above and equation (21), we obtain
Wi 6= < oL ) (Y () (Y () < o ) (Y ()
Y = 8—qi0p1 ) +P, 4 —O:O1 4 s
and hence,
a daL
@ vl o (WL) = —(WL(f)) tooe (¢L(f)) (WL(f))

oyt
_ i o
WL—(lﬁ, oV ) :
It is clear that v is the first prolongation of the map ¢ = 79 o p1 o ¥ : RK - Q x R given by ¢ = (v, ¥*), which is a
solution to the Euler-Lagrange field equations (7). O

Now we see how to recover the Hamilton field equations (3) from the Skinner-Rusk formalism.

Theorem 3.9.Let Z = (Z4, ..., Zy) be an integrable k-vector field in W solution to equations (17) and v : R¥ — W; c W be an
integral section of Z given by ¥ = (Y, ¥y), with ¥y = F L o ;. If the Lagrangian L is regular, ¥y is a solution to the Hamilton field
equations (3), where the Hamiltonian function H is given by E; = H o FL.

Proof. We have that L is a regular Lagrangian and hence, F£ is a local diffeomorphism. Then, for every point p € ®*TQ x
R, there exists an open subset U C @*TQ x R¥ containing the point p such that the restriction FL|,: U — FL(U) is a
diffeomorphism. Using this, we can define a function H = E 2| o (F£L|y)~!. From now on, we will consider that the maps
Er and FL are restricted to the open set U. Now, using that E, = H o FL, it is clear that

oH
e oFL = V
p; (28)
aH JaL
aq' aq'

We consider now the subset V = w[] (U) c R¥ and restrict v to V, so we have

Yly: VCRK - Uge FLU)
t = (L), yu ) = WYLt), (FLo Y1) (L))

Taking into account (21), (26), (27) and (28),

i ) = oH FL t t Wt

W(wH())— WO (wL())—V (W())—W()
oH oL oL

—(WH( ) = (7 oJ-'£> (YL(t) = —a—q,-(tm(t)) =— (F 0/01) (W (1)

of 0L o of 0L o
= <P,~ (8_0‘ o ,01> — (Za); ) (¥ () = p; <— 0/01> W () — (Za)i (Y (1)

a o
ay¥ R
—p,aam() w& —p 8a<m<>> w e 0]
wd(HoFL ad RRV
=1 g(Wt))— 8'?; ()= —pf o O iy - 1/’; ®.

13
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and then
oyl oH
5%;(0-— WD),
e oH 9
(0= (aq p,8a>(wHa»

Finally, considering equation (24), we deduce

- oH
(f)—HolﬁH=< a—a—H>(1ﬁH(f))-
p

a i
8{'“ ) =Loyr(®) =p{ 8\/;

Hence, we have that vy is a solution of the Hamilton field equations (3) on V. O

We have seen that we can recover the Euler-Lagrange field equations and Hamilton field equations from the Skinner-
Rusk formalism. Conversely, we have the following result:

Theorem 3.10. Let L € °°(®*TQ x R¥) be a regular Lagrangian function and consider a k-vector field X = (X1, ..., Xg) in ®*TQ x
R¥, solution to the k-contact Lagrangian equations (6). Then, the k-vector field Z = (Zy) in W defined as Zy, = (Idgkrq xRrE X
FL)(Xq) is a solution to equations (17). Moreover, if Y : R — @¥TQ x R¥ is an integral section of X, ¥ = (Y1, FLoy): R¥ —
W is an integral section of Z.

Proof. Consider a regular Lagrangian function L € € (&*TQ x R¥) and let X = (X1, ..., X)) be a k-vector field in &*TQ x
Rk solution to equations (6). Hence, X, is written in coordinates as

ad
8\/;3

9 .
Xo = V:x—- + (Xa);s

d
X )8
= + ) 55

where the functions (Xy)? and (on)fg satisfy the conditions

Xa)* =1L, (29)
oL %L (Xo)? %L v %L yoy oL oL (30)
aqi ' asPavi, aqfavg « av;',av{x BT ds@ g,

Now, using the coordinate expression (4) of the Legendre map FL and taking into account that Zy = (Idgkrq xgr X
FL)y(Xy), we have

.9 .9 C9%L . 9%L 92L 3 a
o "‘8ql +( a)ﬁav% “aqlav’y ( a)/gavfgav%/ + (Xa) 35/38\/’), pr =+ ( (X) (31)

From (29), (30) and (31), it is clear that Z = (Z) fulfills conditions (18), (19), (21) and (22) and hence, the k-vector field Z
is a solution of (17) tangent to Wj.
It is also clear from the definition of integral section that ¢ = (¥, FL o v) is an integral section of Z. O

Remark 3.11. In the case of singular Lagrangians, the results in Theorems 3.8, 3.9, and 3.10 hold on the corresponding final
constraint submanifolds of the Skinner-Rusk, Lagrangian and Hamiltonian formalisms.

14
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w
p1 P2
Wi
o P
@kTQ x Rk FL @kT*Q x Rk

A
f/ \f

4.1. 1-dimensional wave equation with dissipation

4. Examples

In this example we study a vibrating string with friction. We begin by considering the Lagrangian function L: &% TR —
R defined by

1 5, 1 5
L(u, uy,us) = E,out — irux,

which originates the one-dimensional wave equation
Pu ,0%u
— =" — s
ot2 0x2
Adding to this wave equation a dissipation term proportional to the speed of an element of the string we get a simple
model of a vibrating string with dissipation of energy, that is, with friction:

(where c> =1/p).

3%u C232u+ u_, (32)
at? o2 Vo T

where y > 0 is the damping constant. This equation can be obtained from the Lagrangian
L=L—ys

defined in the 2-contact manifold @2TR x R? endowed with coordinates (u, uy, u¢, s*, s'). The Hamiltonian and the La-
grangian formalisms for this model were analyzed in [20,22], respectively.

Next we apply the Skinner-Rusk formalism to this system and we see how to recover the damped wave equation (32)
and both the Lagrangian and the Hamiltonian formalisms. Consider the extended Pontryagin bundle

W =®’TR xg ®*T*R x R?
endowed with canonical coordinates (u, uy, u¢, p%, pt, s*, s). In this bundle, the coupling function is
C = p ux+ pue,
and we have the canonical forms
O'=p*du , Q'=-de'=dunAdp*,
@2 =p'du , Q*=-de%=dundp’,
and the canonical contact forms
n'=ds*—p*du , n?>=ds'—p'du.
We can take the vector fields
d _ d
T ost

15
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as Reeb vector fields. Given the Lagrangian function £: @2 TR x RZ — R defined by

1 1
LU, Uy, Ug, s5, s = Epuf - Eruﬁ —yst,
we can construct the Hamiltonian function H = C — £, which in coordinates reads
1
iru,z( +yst.

To solve the Lagrangian-Hamiltonian problem for the 2-precontact Hamiltonian system (W, n, ) means to find a 2-vector
field Z = (Z1, Z) in WV satisfying equations (17). For our Hamiltonian function #, we have

1
H=p e+ plue — o puf +

dH — Ra(H)N* = uxdp* + uedp® + (p* + tux)dux + (p° — pur)due + y p'du.
Let Z= (Zy) be a 2-vector field with local expression

5 0

3 3 ) , 8 48
Za—fot +Fal +Fa2 +G _+G _+gaasx g"‘asf

Ay uy “apx “apt
Now,
i(Zo)dn® = frdp* + fodp' — (G} + G3)du,

and hence, the first equation in (17) gives the conditions

Gl+Gi=—yp (coefficients in du),
p¥=—Tuy (coefficients in duy),
p' = pu; (coefficients in du;),
f1=1uy (coefficients in dp*),
fo=u; (coefficients in dp!).

Notice that combining the first three conditions we recover the damped wave equation (32). Furthermore, the last two
equations are the holonomy conditions. The second equation in (17) gives the condition

1 1
g1+8=pui —STuy—ys'=L.

In addition, we have obtained the constraints

E1=p +tuy=0 , &H=p' —pu=0,

which define the submanifold YW, < W. Imposing the tangency of the 2-vector field Z to the submanifold WW; we get the
conditions

0=21() =G +1F11 , 0=2Zy()=Gl+TFa,
0=71(&)=G2—pF12 , 0=23(&)=G2— pFax,

which determine partially some of the arbitrary functions and no new constraints appear, so the constraint algorithm
finishes with the submanifold Wy =W}, giving the solutions Z = (Z1, Z3) with

70—y G}a+cza+cla Gza+ B L 20
VTN T T duy | p aue o tapx T T Tgpt glas" glas"

d 0
1
Zi=urgy = g T e G — (G +yp) o T8+ (L g1>8 s
where G}, G2, Gl gl, g2, g} are arbitrary functions.

It is important to point out that we can project on each factor of the product manifold W = @&*TR xr &*T*R x R? with
the projections p; and p; to recover the Lagrangian and Hamiltonian formalisms. In the Lagrangian formalism we have the
holonomic 2-vector field X = (X7, X3) given by

ad

X1=u 0 +F 0 +F 0 + + 0
1= U R g glas" glasf’

X—ua—i-F a+ F u 8+18+(£ 1)8
2= tou Z]Bux 0 11 — YUt T g285" &1 st
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where Fq1, F12, F21, g}, g%, g; are arbitrary functions. On the other side, in the Hamiltonian formalism we have the Hamil-
tonian 2-vector field Y = (Yq, Y3) given by

—p* 9 ;1 0 5 0 1 0 5 0
Y= — +Gi— +GT— — —,
1 T au+ ]apx+ 18pt+g1 asx+g1 ot

t 2 X\2

ptd L0 ; (0 10 ) e 1) .90
Yo=——+G,— — (G — — — —yYs — —,
2 0 au zapx ( 1+Vp)apt+gzasx+ 2 2T 14 &1 a5t

where G1,G%,G), g1, g%, g} are arbitrary functions.
4.2. From the massive scalar field to the telegrapher’s equation

The voltage and current on a uniform electrical transmission line can be described by the telegrapher’s equations [29, p.
306] [42, p. 653]:

oV al
— =—-L— —RI,
ax at
al av
—=-C——-GV.
ax at
From these equations, one can easily deduce the uncoupled system
v = LCan + (LG + RC)av + RGV
ax2 T at? at '
il =ILC I + (LG 4+ RC) of + RGI
ax2 a2 at '

These two identical equations are also known as telegrapher’s equations. Both of them can be written as
au
Du+%§+m%:0, (33)

where [ is the d’Alembertian operator in 1+1 dimensions, and ¥ and m? are appropriate constants. In this way, telegra-
pher’s equation can be seen as a kind of modified Klein-Gordon equation. Indeed, we will show that this equation can be
obtained by adding a dissipative term to the Klein-Gordon Lagrangian, and treating it as a 4-contact Lagrangian.

The Klein-Gordon equation
One of the most important equations in field theory, either classical or quantum, is the so-called Klein-Gordon equation
[30, p. 108], which can be written

(d+m?)¢ =0. (34)
Here ¢ is a scalar field in Minkowski space and m? a constant parameter. This equation derives from the Lagrangian
1 1
L=-(d¢)* — —m?¢?. 35
2( ®) > ¢ (35)

This can be slightly generalized to include a potential, L = %(8(1))2 — V(¢), but we will stick ourselves to the simplest case.

Since this Lagrangian is autonomous and the space-time is Minkowski space R#, it can be described as a 4-symplectic
field theory. We will use space-time coordinates (x°, x!', x2, x3) and write q the field variable and v; = dq/9x’ its velocities.
With these notations the Lagrangian L: &*TR — R is

1 1
L(q,vo, V1, V2,V3) = 3 (v% — v% — v% — v%) — Emzq2 (36)
and the Klein-Gordon equation reads as

9% B y¢__a% B 9%
3(X0)2 3(X1)2 3(X2)2 8(X4)2

+m?¢ =0.

From the Klein-Gordon to telegrapher’s equation
Consider now the contactified Lagrangian £: &*TR x R* — R given by

1 1
£ vas*) =L@ va) + 75" = 5 (v§ = vi = vi = v3) = SmPq? + " (37)
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defined in the 4-contact manifold @*TR x R4, where L is the Klein-Gordon Lagrangian (36) and y = (Y € R# is a constant
vector.
Consider the extended unified bundle W = &*TR x ®*T*R x R* equipped with canonical coordinates (q, v1, v2, V3, V4,
pl, p?, p3, p* ', 52,53, 5. In this extended bundle we have the coupling function
C=po+plvi + p?va+ pvs,

the canonical forms
0=p%g, n°=ds®-p°dg, QO0=-de®=dgqAdp®=dn°,
o'=pldg, n'=ds'—p'dg, Q'=-do'=dgnadp!=dp’,
©?=p*dq, n?=ds®-p’dg, Q?=-dO>=dqAdp®=dn?,
®3=p3dq, n3=ds3—p3dq, Q3=—d®3=qudp3=dn3.
With the Lagrangian function (37), we can construct the Hamiltonian function # = C — £ which, in coordinates, reads

1 1
H=p vy — 5 (v%—v%—v%—v%) + §m2q2 — yust.

Now to solve the Lagrangian-Hamiltonian problem for the 4-precontact Hamiltonian system (W, n%*, H) we have to find a
4-vector field Z = (Zy, Z1, Z2, Z3) in W which satisfies equations (17). The vector fields

for « =0, 1, 2,3 are Reeb vector fields of V. For our Hamiltonian function H, we have

dH —Ro ()N = (p° — vo)dvo+ (p' +v1)dvi + (p> + v2)dva + (p° + v3)dvs + vedp® + (m*q — y, p*)dg. (38)
Consider a 4-vector field Z = (Zy) in W with local expression

a el ad

9 B B
Zg= fo— + Fap— +G —.
o faaq+ aﬁavﬂ+ aapﬂ + 8«

asP
Computing the left-hand side of the first equation in (17), we have
i(Zo)dn® = fodp® — Ggdq,

and, equating with (38), we obtain the conditions

GY =—m?q+ Yup” (coefficients in dq), (39)
% = vo (coefficients in dvy), (40)
pl=—v; (coefficients in dvy), (1)
2 =—vy (coefficients in dvy), (42)
3= —v; (coefficients in dvs), (43)
fo = Vo (coefficients in dp?). (44)

Notice that the last equation is the holonomy condition, which is recovered from the unified formalism. Furthermore, the
second equation in (17) gives the condition

g =~L.
Moreover, we have obtained the constraints
to=p°—vo=0 , & =p'+vi=0 , H=p’+vy=0 , &=p>+v3=0,

defining the submanifold W; < W. If we impose the tangency of the 4-vector field Z to this submanifold, we obtain the
conditions

0=Zy(E0) =G —Fao , 0=2Zy((1)=GL + For,
0=Zy(E2) =G24+ Faz , 0=2Zy(53)=G2 + Fo3.
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These conditions partially determine some of the arbitrary functions and no new constraints appear. Hence, the constraint
algorithm finishes with the submanifold Wy =W and gives the solutions Z = (Zo, Z1, Z3, Z3), where

d

Zo=Voaiq+<—m2fJ+VuP”—G}—G2 G3)8 Vo (]13871— 33872 83873
+ (~m?q+yup" — G} - 6 - c)aio+claip]+65%+c:3%
+(£—g}—g2 g3)ao+ga +g082+g0833,
S
Zl:vlaqurG?aim_ }%_ fai_c3a%+c?aio+c}%+cfa%+6?$
T T P Py
Zszza%Mga%—G%%—G%%—G%%%Sa%wi%%%f?%%f?
t850 asO ey asl te5a 852 e 323 ’
Z3=v3%+68%—Gé%—G%%—G%%%Sa%w%%%%%%%%
, 0

+g3 850 +g3 851 +g3 852 t&5a 3s3’

where Guﬂ,, gy, for (a, B) € ({0,1,2,3} x {0, 1,2,3}) \ {(0, 0)}, are arbitrary functions.
Now we can project onto each factor of the manifold VW using the projections p1, p to recover the Lagrangian and
Hamiltonian formalisms. In the Lagrangian formalism we obtain the holonomic 4-vector field X = (Xo, X1, X2, X3) given by

d
Xo=vo—+ (—mZCI-H/oVo—)/Wl —Y2v2 —y3v3 + F{ +F§+F§)

aq 8_0

d d 9 L. 3\ D ) 9
+F018 -i-Foz8 +F03—+(£—g1—gz—g3)a0+goasl+g0852+g0853,

avs
X1=V13+F10 i +Fii— 0 +F12 0 +F13 0 +g1 i +gl— i +gt— i +8— 0 ,
aq dVvo av av av as0 as! as2 as3
X2=Vzi+F2oi+F21 8 +F22 8 +F23 8 +g2 i +g ? +g3 i +g 0
aq avo v v v 3s0 | S29s1 T S2952 T 225530
X3=V3i+1‘"30 0 + F31— 8 +F32 8 +F33 8 +8)— ? +g1 ? + &3 i EBi
aq Vo v v V3 3s0 ' Z33s1 3852 39537

where Fg, gg for (o, B) € ({0,1,2,3} x {0,1,2,3}) \ {(0, 0)}, are arbitrary functions. In the Hamiltonian counterpart, we get
the Hamiltonian 4-vector field Y = (Yo, Y1, Y2, Y3) given by

9 , 9 9 9 9
o9 w1 3 10 20 30
YO—V08q+( m*q + yupt — G} — G5 — G)ap0+coap1+coap2+coap3
0 0 a a
2_ 3 4
+<£_g2_g3_g4>850+g0351+g0852+goas3’
Y—va+Goa+G8+GZB+G33+08+18+28+38
T= 0 T5g T 710 Topl 19p2 Top3 B350 T8I TEIGa TEIGS,
Yy— vy 0 1600 g1 2 3 0 00 19 5,9 50

SLAEe Baiye: SR S A Py S
aq 29p° + 28p1+ 28p2+ 28p3+g2850+g2851+g2852+g2853

0 d 40,0 50 40 9 9 9

ad
Y3=v3—+G (o] Py o SRR o= S S Py S S
3=vag, T + 3ap1+ 39p2 38p3—i_g3850—i_g3851 +g3352+g3853

— G
aq 39p0 +

where the functions Gg, gg with («, B8) € ({0,1,2,3} x {0,1,2,3})\ {(0,0)} are arbitrary.ma
Notice that conditions (39), (40), (41), (42), (43) and (44) lead to the equation

ad d d
O+m? — Yome + Y1~ + Y2 — 0,
( +m Y050 tn ox1 tr 0x2 Ty 8x3>¢
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which represents a “damped” Klein-Gordon equation. Obviously, for y,, =0, we recover the Klein-Gordon equation (34). An
important particular case is y, = (-, 0,0, 0). In this case, we obtain the telegrapher’s equation

9
D¢+y3—j;+m2¢=0

as a particular case of the “damped” Klein-Gordon equation.

4.3. Dissipative Maxwell equations and damped electromagnetic waves

The behavior of the electromagnetic field in vacuum is described by Maxwell’s equations [31, p. 2]:

o

v.E=L, (45)
€0
JoB
VxE=—", (47)
ot
JoE
V x B=poJ + Ho€o—- (48)

at
It is well known that we can rewrite Maxwell’s equations in the Minkowski Space M equipped with the Minkowski
metric gy, by defining the electromagnetic tensor F, given by

dA, 0Ay
axH axV

Fuy = =0 Ay — WAL =Ay u —Apv,

where A* = %, A1, Az, A3 ) is the electromagnetic 4-potential. We can also define de current 4-vector as J* = (cp, J).
With these objects, the first pair of Maxwell’s equations (45) and (48) are written as

M = po ", (49)
while the second pair of Maxwell’s equations (46) and (47) become
aotF;w+3;4Fva+avFau:07 (50)

also known as Bianchi identity. Equations (50) are a direct consequence of the definition of F,, while the first pair of
Maxwell’s equations (49) can be obtained as the Euler-Lagrange equations for the Lagrangian

1
L= —4—MOFWF’“’ —ApT".

From now on, we are going to consider Maxwell’s equations without charges and currents (J* = 0),
A F* =0.

Unified formalism
Now we are going to develop the unified formalism for the Lagrangian with dissipation [23]

1
L:—meF’“’—yas“, (51)

defined on the manifold &*TR* x R* equipped with coordinates (A, Ay, v;s*), where u, v, =0, 1,2,3 and Yo = (yo, ¥)
is a constant 4-vector.
We begin by considering the unified bundle

W =@*TR? x4 @*T'R? x R?,

equipped with natural coordinates (A, Ay, v, P*",s*). We have the coupling function
C=P*VAu v,

the canonical forms
0% =PHM%dA, , QY=-dO% =dA, AdP*?,

and the contact forms
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n® =ds* — P%dA, .
Using the Lagrangian (51), we define the Hamiltonian function
L,V 1 v o
H=C_£=P ’ AM’V—FWFMVFM +)/a5 .
0

a
It is easy to check that the vector fields R, = 357 are Reeb vector fields of W. To solve the Lagrangian-Hamiltonian

problem for the 4-precontact system (W, n%,7{) means to find a 4-vector field Z = (Zg, Z1, Z2, Z3) € X*(W) satisfying
equations (17). We have that

1
dH — R ()% = <PW - %F‘“’> dAu, v + Ay, vdPHY — Yo PRdA,, .

Then, consider a 4-vector field Z = (Zy, Z1, Z3, Z3) in VW with local expression

9
Zo)P— .
+(Zo) 55

Za = (Za)y—— + (Za) ﬂLHzawﬂ
HaA, KA p gpH.P

For this vector field, we have

i(Za)dna = (Zoz)p,dpuya - (Zoz)p”adA,u. s
i(Za)n* = (Zo)* — P'u’a(za)u ,

and thus the first equation in (17) gives the conditions

(Za)H¥ = —yy PH© (coefficients in dA,,), (52)
1
prY = ITFW (coefficients indA,, v), (53)
0
Apa=Zo)p (coefficients in P, ). (54)

Furthermore, the second equation in (17) gives
(Zg)* = PH¥ ((Za)u - Au,a) +L,
and hence, using (54),
(Za)*=L.

We have obtained the constraint functions
1

‘;&MV = pHV _FMV’
Mo
defining a submanifold WW; < V. Now we have to impose the tangecy of the 4-vector field Z to this submanifold W :
1 1 9FH#Y
0="Zo(E") =24 <P“’”——F‘“’>=(Za)’“’—— (Za)zp
Mo Ho dA<g

1
=(Za)" — P (g"7 8" — g"P g"") (Zo)ep

which partially determine some of the coefficients of the 4-vector field Z. Notice that no new constraints appear and hence
the constraint algorithm ends with the submanifold Wy =W and gives the solutions Z = (Zo, Z1, Z3, Z3), where

3 d v g 0
Za:Au,a_+(Za);Lu—+(Zot) +(Zot) ﬁ,

0A, 0AL, v oPH.V
satisfying the conditions
(Zoc)a =L s
(Za)"™ = —yaP®

1
(Z)" = — (g"7"g"P — g"Pg"T) (Za)ep -

1o

21



X. Gracia, X. Rivas and N. Romdn-Roy Journal of Geometry and Physics 172 (2022) 104429

4-contact Maxwell equations and damped electromagnetic waves
Notice that, combining equations (52) and (53), we obtain

0o F¥M = —yo FOH,

which is the dissipative version of the first pair of Maxwell’s equations. Together with the Bianchi identity (50), we can
write the 4-contact Maxwell’s equations without charges and currents:

V-E=—-y-E (55)
V-B=0 (56)
oB
VXE=—— (57)
at
JoE
VXB:/,L()GOE—}’XB#-?E. (58)

Applying the curl operator to the third and fourth equations (57), (58), we get

2

a°E yan

— _VE+ L= V xE
o€ e Yy x(VxE),

B _, v dB

— —V3B4+ =V B).
Ho€o— + 5 x (y x B)

Taking y, = (0, 0), we obtain

92E ®V2E+c¢ oF =0
32 o =5
?’B 5, B
Z V2B teyy— =0,
a2 Ty,

which are the 3-dimensional analogues of the damped wave equation (32) studied in Example 4.1.
5. Conclusions and outlook

We have developed the Skinner-Rusk or unified formalism for classical field theories with dissipation. For this, we
have started from the geometrical Lagrangian and Hamiltonian k-contact formalisms previously introduced [20,22] as a
generalization of the corresponding Lagrangian and Hamiltonian formalisms in contact mechanics [13,14], and from the
unified formalism for contact mechanics [14] and for the k-symplectic formulation of classical field theories [40].

The Skinner-Rusk formalism takes place in the so-called Pontryagin bundle W = @&*TQ x o @*T*Q x RX. This formalism
allows to work comfortably with the field equations, which are stated in WV, especially in the case of singular systems.
In particular, the second-order or holonomy condition is incorporated in a natural way to the solutions to the equations.
In any case, these equations are not consistent and the Legendre map is obtained as a first consequence of the constraint
algorithm (from the consistency conditions). If the Lagrangian describing the system is regular, the tangency condition in the
algorithm leads to the Euler-Lagrange equations and, using the Legendre map, the Hamilton-de Donder-Weyl equations are
obtained. In this case, no more constraints appear and the final constraint submanifold is the graph of the Legendre map. In
the singular case, new constraints defining new submanifolds can arise as a consequence of the tangency condition. Once
the final constraint submanifold is achieved (when it exists) the Lagrangian and the Hamiltonian formalisms (including the
field equations, their solutions, and the constraint submanifolds obtained in the corresponding constraint algorithms) are
obtained by projecting the results of the Skinner-Rusk formalism in the Pontryagin bundle onto the bundles &*TQ x R¥
and ®*T*Q x Rk.

We have analyzed three examples. In all of them we have modified the standard Lagrangians of each system (without
dissipation) by adding a linear term on the extra coordinates of R¥ (the “dissipation variables”). The first one is a well-
known case, the 1-dimensional wave equation (vibrating string) with damping, for which, from the contact field equations,
we obtain the classical equation of this system. The second one is a very interesting example since, after modifying the
Klein-Gordon Lagrangian with an appropriate damping term, we obtain the telegrapher’s equation. Finally, in the third
example, we have modified the classical Maxwell Lagrangian in vacuum (without charges and currents) and, as a final
result, we have obtained the equation of electromagnetic waves with a dissipation term which is similar to the one in the
damped vibrating string equation.

There are some other examples where our formalism could be applied. In particular, it could be interesting to modify the
classical Lagrangian of general relativity in the Einstein-Palatini approach and find physical consequences of the modified
Einstein’s equations so obtained.
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