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Abstract

This work presents a comprehensive review of the k-polysymplectic Marsden—
Weinstein reduction theory, rectifying prior errors and inaccuracies in the literature
while introducing novel findings. It also emphasises the genuine practical signifi-
cance of seemingly minor technical details. On this basis, we introduce a novel
k-polysymplectic energy—momentum method, new related stability analysis tech-
niques, and apply them to Hamiltonian systems of ordinary differential equations
relative to a k-polysymplectic manifold. We provide detailed examples of both physi-
cal and mathematical significance, including the study of complex Schwarz equations
related to the Schwarz derivative, a series of isotropic oscillators, integrable Hamil-
tonian systems, quantum oscillators with dissipation, affine systems of differential
equations, and polynomial dynamical systems.
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1 Introduction

The classical energy—momentum method is a technique for analysing a Hamiltonian
system on a symplectic manifold, particularly in the region near solutions whose evo-
lution is induced by the Lie symmetries of the Hamiltonian system (see Bloch 2003
for a historical introduction and Marsden and Simo 1988 for one of its foundational
works). More specifically, it explores whether, over time, solutions converge towards
or diverge from the solutions associated with the Lie symmetries of the Hamilto-
nian system. The classical energy—momentum method is grounded in the symplectic
Marsden—Weinstein reduction theory and utilises stability analysis techniques.

The main ideas behind the energy—momentum method can be traced back to Routh,
Poincaré, Lyapunov, Arnold, Lewis, and Smale, among others (see Bloch 2003, Section
3.14). Then, the classical energy—momentum method, devised and developed mainly
by Marsden and Simo (1988), was successfully applied to many problems by numerous
researchers (Abarbanel and Holm 1987; Marsden et al. 1990; Marsden and Ratiu 1999;
Marsden et al. 1989; Ortega et al. 2005; Simo et al. 1991; Zenkov et al. 1998). Over
the years, the energy—momentum method was extended to deal with more general
differential equations, e.g. stochastic Hamiltonian systems (Bai and Zhang 2014),
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discrete systems (Marsden and Ratiu 1999; Simo and Tarnow 1992), etc (Wang and
Krishnaprasad 1992). In this work, we develop a new energy—momentum method for
Hamiltonian systems related to k-polysymplectic manifolds (Awane 1992; de Le6n
et al. 1988).

k-Symplectic geometry is a generalisation of symplectic geometry introduced by
Awane (1992), Awane and Goze (2000). Posteriorly, de Leén et al. (1997, 1988), de
Ledn et al. (1988) and McLean and Norris (2000), Norris (1993) utilised k-symplectic
geometry to describe first-order field theories (Bua et al. 2015; Echeverria-Enriquez
etal. 1996; Roman-Roy etal. 2007). k-Symplectic geometry is the same as the polysym-
plectic geometry described by Giinther (1987), but differs from the polysymplectic
geometry introduced by Giachetta et al. (1997), Sardanashvily (1995) and Kanatchikov
(1998). k-Symplectic manifolds have been widely used to study physical systems gov-
erned by systems of partial differential equations. In particular, it gives a geometric
description of the Euler—Lagrange and the Hamilton—de Donder—Weyl field equations
and the systems described by them. For instance, k-symplectic geometry enables us to
describe their symmetries, conservation laws, reductions, etc (Awane 1992; Giinther
1987; Marrero et al. 2015; Roman-Roy et al. 2007). As there are many k-symplectic-
like definitions with related but mainly different and even contradictory meanings, it is
relevant to fix properly the terminology. Hereafter, we will deal with k-polysymplectic
manifolds, i.e. manifolds endowed with a closed nondegenerate differential two-form
taking values in a k-dimensional vector space.

Remarkably, k-polysymplectic geometry has proved to be useful in the analysis
of systems of ordinary differential equations and their so-called superposition rules
(de Lucas and Vilarifio 2015). Note that (de Lucas and Vilarifio 2015) uses mainly
the k-symplectic structure notion, namelZ a family of k differential closed two-forms
w1, ..., w; on a manifold M so that ﬂazl kerwy, = 0 and dim M = n(k + 1) for
some natural number r. It is also worth stressing that the study of systems of ordinary
differential equations via k-polysymplectic geometry differs substantially from the
standard framework, which is focused on systems of partial differential equations, and
leads to new lines of research.

More specifically, this work focuses on studying systems of first-order differ-
ential equations describing the integral curves of a vector field. Moreover, we
assume that the vector field is Hamiltonian relative to a k-polysymplectic mani-
fold, which here amounts to the fact that it is Hamiltonian relative to a series of
presymplectic forms whose kernels have zero intersection. We aim to develop an
energy—momentum method for such systems of ordinary differential equations with
an underlying k-polysymplectic geometry. To achieve this goal, we will begin by
reviewing and improving previous works on k-polysymplectic Marsden—Weinstein
reductions (Blacker 2019; de Lucas et al. 2023; Garcia-Torafio Andrés and Mestdag
2023; Marrero et al. 2015; Munteanu et al. 2004), which is one of the basis of our
k-polysymplectic energy—momentum method. Hopefully, our review will solve previ-
ous problems and inaccuracies in the k-polysymplectic reduction literature, and will
allow us to understand the meaning of some of the findings of this work.

The first k-polysymplectic reduction was developed by Giinther Awane (1992),
de Le6n et al. (2015), Gilinther (1987). Unfortunately, his work was flawed mainly
due to the improper analysis of the double orthogonal relative to a k-polysymplectic

@ Springer



42 Page4of 54 Journal of Nonlinear Science (2025) 35:42

form. More specifically, Giinther (1987, Lemma 7.5 and Theorem 7.7) contain main
Glinther’s mistakes, while Marrero et al. (2015, Section 2.2) provides an interest-
ing counterexample showing Giinther’s error'. Another similarly flawed attempt to
develop a k-polysymplectic reduction was accomplished in Munteanu et al. (2004).
These mistakes were fixed in Marrero et al. (2015), where sufficient conditions to
accomplish a k-polysymplectic reduction were established. Despite that, Marrero et
al. (2015, Lemma 3.4) implicitly suggests that Sard’s Theorem justifies that it is enough
to assume that the k-polysymplectic momentum map is a submersion. Although this
assumption works very well in the classical symplectic Marsden—Weinstein reduction
theory and Sard’s Theorem can be used to justify it Blankenstein and Ratiu (2004),
our work proves that this condition is far from ideal in the k-polysymplectic geom-
etry realm and why Sard’s Theorem cannot be used in this new context. Moreover,
practical examples showing that it is convenient to assume that the momentum map in
k-polysymplectic geometry is not a submersion are provided. Then, we stress that it
is appropriate to use a formalism with k-polysymplectic momentum maps that admit
only weak regular points, as accomplished in de Lucas et al. (2023). We highlight that
this provides a practical generalisation of the k-polysymplectic Marsden—Weinstein
reduction and it completes the analysis performed in Blacker (2019), Garcia-Torafio
Andrés and Mestdag (2023), Giinther (1987), Marrero et al. (2015).

Necessary and sufficient conditions for a k-polysymplectic Marsden—Weinstein
reduction were described implicitly in Marrero et al. (2015, pg. 12) and spelled out in
detail by Blacker in Blacker (2019). Unfortunately, one of Blacker’s main theorems,
namely (Blacker 2019, Theorem 3.22), has a small misleading typo in the statement
of the conditions (as pointed out in Garcia-Torafio Andrés and Mestdag (2023)), in its
proof, and it presents other minor technical issues concerning the existence of certain
submanifold structures. These latter facts are shown and explained in this work for
the first time. It is also worth noting that Blacker analyses the occurrence of orbifolds
in k-polysymplectic Marsden—Weinstein reductions for regular values of momentum
maps related to pathological Lie group actions.

The need for the use of Ad*-equivariant momentum maps in the k-polysymplectic
Marsden—Weinstein reductions was removed in de Lucas et al. (2023) by extending
to the k-polysymplectic realm the classical theory of affine Lie group actions on
symplectic manifolds (Ortega and Ratiu 2004). Next, Garcia-Torafio and Mestdag
reviewed in Garcia-Torafio Andrés and Mestdag (2023) the sufficient conditions for the
k-polysymplectic Marsden—Weinstein reduction devised in Marrero et al. (2015). They
claimed that just one of the sufficient conditions for the k-polysymplectic reduction
given in Marrero et al. (2015, Theorem 3.17, condition (3.6)) is enough to ensure the
existence of a k-polysymplectic Marsden—Weinstein reduction. In this work, we show a
mistake in the proof of one of the main results in Garcia-Toraflo Andrés and Mestdag
(2023), used to justify the previous claim. Indeed, we here point out that Garcia-
Torafio Andrés and Mestdag (2023, Lemma 3.1) is false via a counterexample, and
prove the general independence of the conditions in Marrero et al. (2015, Theorem

! Thereisa typo in Marrero et al. (2015, pg. 4) as its authors refer to Theorem 7.6 in Giinther (1987), which
does not exist: there is only Definition 7.6. Flawed Giinther’s reduction theorem is described in Giinther
(1987, Theorem 7.7).
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3.17). Moreover, our work also explains other properties relative to such sufficient
conditions.

In order to illustrate a relevant example of k-polysymplectic Marsden—Weinstein
reduction, we review the construction of a k-polysymplectic manifold induced by &
symplectic manifolds and a related k-polysymplectic Marsden—Weinstein reduction.
It is worth noting that, in this case, and in our applications in Sect.5, the sufficient
conditions for the k-polysymplectic Marsden—Weinstein reduction given in Marrero
et al. (2015) are generally simpler to apply than Blacker’s necessary and sufficient
conditions, as the conditions in Marrero et al. (2015) do not depend on double k-
polysymplectic orthogonal spaces and can be verified using structures easily available
in our examples.

Next, an energy—momentum method for Hamiltonian k-polysymplectic systems is
developed. This entails the definition and characterisation of a relative equilibrium
notion for k-polysymplectic Hamiltonian systems. In short, a relative equilibrium
point for a k-polysymplectic Hamiltonian system is a point at which the dynamics
is determined by a Hamiltonian Lie symmetry of the k-polysymplectic Hamiltonian
system. After a k-polysymplectic Marsden—Weinstein reduction, relative equilibrium
points project onto equilibrium points of a k-polysymplectic Hamiltonian system
on a reduced k-polysymplectic manifold. Our k-polysymplectic energy—momentum
method also requires the development of an appropriate modification of known sym-
plectic stability techniques to a k-polysymplectic realm. In particular, the stability of
relative equilibrium points for k-polysymplectic Hamiltonian systems is characterised
by analysing the character of k different functions having, mainly, degenerate critical
points, namely their Hessians are degenerate at critical points. As in the symplectic
case, a formal stability giving sufficient but not necessary conditions for the stability
in the reduced space are given. The interest in our formal stability condition is justified
by our applications. Although the formal stability condition is easy to verify and can
be used in many cases, it is worth noting that proving its properties is quite more
difficult than in the symplectic case. Moreover, we here just sketch that it is possible
to develop many other alternative sufficient conditions to ensure stability.

Then, some applications of our k-polysymplectic energy—momentum method are
developed. In particular, the theory of Lie systems is used to transform certain automor-
phic Lie systems (Carifiena and de Lucas 2011; Carifiena et al. 2000, 2007; Winternitz
1983) into k-polysymplectic Hamiltonian systems. A Lie system is a non-autonomous
system of first-order differential equations whose general solution can be written as
an autonomous function, a superposition rule, of a generic family of particular solu-
tions and some constants. Lie systems are very important due to their applications and
mathematical properties (Carifiena and de Lucas 2011; de Lucas and Sardén 2020).
Automorphic Lie systems are Lie systems in Lie groups of special relevance, in par-
ticular, in control theory (Carifiena and Ramos 2003). A k-polysymplectic manifold is
used to study complex Schwarz equations, which are here studied through the theory
of Lie systems and k-polysymplectic geometry for the first time (see de Lucas and
Sardén 2020 for the analysis of the real, simpler, case). It is worth noting that the com-
plex Schwarz equation provides the description, when written as a first-order system
of differential equations, of certain properties of the Schwarz derivative, which has
applications in string theory, modular forms, hypergeometric functions (Guieu and
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Roger 2007; Hille 1997; Lehto 1979), and other related equations (Bozhkov and da
Conceigdo 2020). Automorphic Lie systems related to quantum oscillators with dissi-
pative terms are also studied via k-polysymplectic techniques. We develop methods to
study certain dynamical systems via Hamiltonian k-polysymplectic systems. This is
applied to a family of k particles in a three-dimensional space, that are under the effect
of different isotropic potentials and have no interaction between them. In this case, the
techniques of our k-polysymplectic energy—momentum method are illustrated. Fur-
thermore, a particular type of affine Lie system is used to show certain aspects of our
k-polysymplectic energy—momentum method. Potentially, the ideas used in this latter
example could be used to study affine control systems of a similar type (Carifiena
and Ramos 2003). Other examples related to differential equations with polynomial
coefficients are presented and analysed.

The structure of the paper goes as follows. Section 2 presents the basic notions and
terminology to be used in our work. More particularly, Sect.2.1 provides a review
of the fundamentals of Lyapunov stability. In Sect.2.2, we delve into the theory
of k-polysymplectic manifolds, introducing the concept of an @w-Hamiltonian vector
field and function on such a manifold in Sect.2.3, and studying k-polysymplectic
momentum maps in Sect.2.4. Section3 is dedicated to enhancing the existing
Marsden—Weinstein reduction procedures for k-polysymplectic manifolds and pre-
senting a k-polysymplectic Marsden—Weinstein reduction of the dynamics governed
by an w-Hamiltonian vector field. Note that this implies that some previous results,
like (Marrero et al. 2015, Theorem 4.4), are here slightly modified to analyse more effi-
ciently systems of ordinary differential equations. Relevantly, this section surveys and
corrects many inaccuracies and mistakes in the previous literature. Section4 intro-
duces an energy—momentum method for systems of ordinary differential equations
(ODEs) with an underlying k-polysymplectic structure. We define and characterise
the concept of a relative equilibrium point for such systems. A theory of stability for
the analysis of relative equilibrium points for k-polysymplectic Hamiltonian systems
is presented. In Sect. 5, we thoroughly examine several relevant examples, including
the complex Schwarz equation, the product of multiple symplectic manifolds along
with a related family of isotropic oscillators, an affine first-order system of differential
equations related to Lie systems and, potentially, to control systems, and quantum har-
monic oscillators with dissipative terms. Finally, Sect. 6 summarises the conclusions
of our work and offers insights into potential avenues for further development.

2 Fundamentals

Let us set some general assumptions and notation to be used throughout this work.
It is hereafter assumed that all structures are smooth. Manifolds are real, Hausdorff,
connected, paracompact, and finite-dimensional. Differential forms are assumed to
have constant rank unless otherwise stated. Summation over crossed repeated indices
is understood, although it can be explicitly detailed at times to improve the clarity of
our presentation. All our considerations are local to stress our main ideas and to avoid
technical problems concerning the global manifold structure of quotient spaces and
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similar issues. Hereafter, X(P) and Q¥(P) stand for the € (P)-modules of vector
fields and differential k-forms on a manifold P.

2.1 Lyapunov Stability

Let us establish some fundamental notions and theorems on the stability of dynamical
systems used in our k-polysymplectic formulation of the energy—momentum method
(de Lucas and Zawora 2021; Zawora 2021).

Since all manifolds considered in this work are paracompact and Hausdorff, they
admit a Riemannian metric g (Lee 2009). The topology induced by g is the one of the
manifold (Lee 2009, 2012; Zawora 2021). The metric g induces a distance in P so
that the distance between two points x1, xp € P is given by

dg(x1, x2) :=1inf {£g(y) | ¥ : [0, 1] > P, y(0)=x1, y(1) =x},

where £4(y) is the length of the smooth curve y : [0, 1] — P relative to the metric g.
Moreover, consider

dx
5= X(x), VxeP, 2.1

where X is a vector field on P. A point x, € P such that X(x,) = 0. Such a point is
called an equilibrium point of (2.1), or indistinctly, of X. Furthermore, x, is stable if,
forevery ball By, ; := {x € P | dg(x, x.) < €}, there exists aradius § (¢, x.) such that
every solution x(¢) of (2.1) with initial condition x(fp) = xo € By, s(s,x,) for some
fo € R is contained in By, ; fort > fy. An equilibrium point x, € P is unstable if it
is not stable.

The fact that the topology of a manifold is the same as the topology induced for
any metric on it allows one to show that every dg, independently of the associated g,
induces the same stable and unstable points for (2.1).

Lyapunov theory studies the stability of equilibrium points of first-order differential
equations. Let M : P — R be a function and let us define

M(x) := (XM)(x), Vxe€P.

Let us recall the basic Lyapunov theorem for autonomous systems (2.1).

Theorem 2.1 Let x, be an equilibrium point of (2.1) and let M : P — R be a
continuous function such that M(x,) = 0, M(x) > 0, and M(x) < 0 for every
x € By, ;\{x.} and somer € RY. Then, x, is stable.

In the literature, the function M is called a Lyapunov function (Vidyasagar 2002).
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2.2 On k-Polysymplectic Manifolds

This section recalls the basic notions in k-polysymplectic geometry to be used later
on. This is relevant as a single term may refer to different not equivalent geometric
concepts in the literature.

Hereafter, we work with differential £-forms on P that take values in R*. The space
of such forms is denoted by QZ(P, Rk), while its elements will be written in bold.
Moreover, R* has a fixed basis {e1, ..., ex} giving rise to a dual basis {el, R ek} in
RF*, Hence, an element @ € QZ(P, Rk) can always be written as @ = w* ® ¢, for
some uniquely defined differential £-forms o', ..., ®* on P. A differential £-form on
P taking values in R¥, let us say o, is nondegenerate if

k
ker w = ker(o” ® ¢y) 1= ﬂ ker * = 0.

a=1

Let us introduce the following definition that will be useful to simplify the notation
of our further work. Let # = 9% ® ¢, € Q¢(P, RF) be an R¥-valued differential
£-form on P. Then, the contraction of ¥ with a vector field X € X(P) is defined as

ix? = (1x9%) ® eq =: (7, X) € Q1P RY).

In short, the exterior differential, the Lie derivative with respect to vector fields,
and many other operations on differential forms can naturally be extended to £-
differential forms taking values in vector spaces by considering the natural action
of the above-mentioned operations on the components of R¥-valued differential forms
and extending them to (P, R¥) by linearity.

A k-vector field on a manifold P is, essentially, a family of k vector fields on P.
We write X(P, Rk) for the space of k-vector fields on P and its elements will be
written in bold. Moreover, a k-vector field, let us say X, can always be written in a
unique manner as X = Xy ® ey for a family Xy, ..., X of vector fields on P. The
contraction of a k-vector field X = X, ® e, with a k-differential form @ = 0v* ® ¢4
is the function on P defined as follows

ixw :=1x,0% = (o, X).

Now, let us turn to one of the main fundamental notions to be studied in this paper.

Definition 2.2 A k-polysymplectic form on P is a closed nondegenerate R¥-valued
differential two-form @ on P. The pair (P, w) is called a k-polysymplectic manifold.

Consider a k-polysymplectic manifold (P, w), and let W, C T, P at some p € P.
The k-polysymplectic orthogonal complement of W), with respect to (P, ) is

Wk = vy, € TyP | @(wp, vp) =0, Yw, € W,}.

k-Polysymplectic manifolds are called, for simplicity, polysymplectic manifolds in
the literature (Marrero et al. 2015). Nevertheless, the latter term may be misleading
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as refers here to a different concept shown below. Hence, to avoid confusion, we will
use the full term k-polysymplectic manifold. Let us define polysymplectic manifolds,
k-polysymplectic manifolds, and related notions.

Definition 2.3 Let P be an n(k + 1)-dimensional manifold. Then,

e A polysymplectic form on P is a nondegenerate differential two-form, w, taking
values in R¥. We call (P, w) a polysymplectic manifold.

e A k-symplectic structure on P is a pair (w, D), where (P, ) is a polysymplectic
manifold and D C TP is an integrable distribution on P of rank nk such that

w|lpxp =0.

In this case, (P, w, D) is a k-symplectic manifold. We call D a polarisation of
(P, w).

If the two-form w is exact, namely @ = dé for some 0 € Ql(P, Rk), in any of the
notions in Definition 2.3, then such concepts are said to be exact.

Note that the difference between polysymplectic and k-polysymplectic manifolds
relies on the fact that in the polysymplectic case, the dimension of the manifold is
proportional to k + 1 if the polysymplectic form takes values in R¥.

2.3 On ®-Hamiltonian Functions and Vector Fields

Let us survey the basic theory on k-polysymplectic vector fields and functions. Recall
that we will not be concerned with the local or global character of the structures to be
defined next.

Definition 2.4 Given a k-polysymplectic manifold (P, @ = w* ® ey), a vector field
Y € X(P) is w-Hamiltonian if it is Hamiltonian with respect to all the presymplectic
forms w!, ..., a)k, namely tyw® is closed for« = 1, ..., k. Let us denote by X, (P)

the space of w-Hamiltonian vector fields in a k-polysymplectic manifold (P, w).

Note thatif ty w® is closed, then it generally admits a potential function only locally.
Anyhow, this work is mainly concerned with local aspects and the fact that the potential
function may not be globally defined will not have any repercussions in what follows.

It is convenient for the study of w-Hamiltonian vector fields to introduce some
generalisation of the Hamiltonian function notion for presymplectic forms to deal
simultaneously with all associated hl, . Rk (see Awane 1992; de Lucas and Vilarifio
2015 for details).

Definition 2.5 Given a k-polysymplectic manifold (P, ® = o* ® ey), we say that
h = h* ® e, is an w-Hamiltonian function if there exists a vector field X on P such
that tx, @ = dh, namely 1y, w* = dh® fora = 1, ..., k. In this case, we call k an
w-Hamiltonian function for Xp. We write G5°(P) for the space of w-Hamiltonian
functions of (P, w).

@ Springer



42 Page 10 of 54 Journal of Nonlinear Science (2025) 35:42

An w-Hamiltonian vector field (resp. function) will be simply called k-Hamiltonian
at times, if w is understood from context or its specific expression is not relevant. In
Merino (1997), the author defined the k-Hamiltonian system associated with the Rk-
valued Hamiltonian function £ as the vector field X}, of the above definition. Moreover,
Awane (1992) called h a Hamiltonian map of X when X is additionally an infinitesimal
automorphism of a certain distribution on which it is assumed that the presymplectic
forms of the k-symplectic distribution vanish.

Example 2.6 Consider the two-polysymplectic manifold (R?, @), where {u, v, w} are
linear coordinates on R? and w = w! ® ¢] + w? ® ¢, where (see de Lucas and Vilarifio
2015 for details)

4 1 4y?
P ——I;du Adw + —dv Adw + %du A dv,
v v v
5 4 Sw
w” = ——2du Adw + —3du Adv,
v v
is a two-polysymplectic form. The vector fields
0 0 0 0
X; =4’ — +duv— + 0> —, Xp=—,
! " 8u+ ”vau+v Jw 2 ou
are w-Hamiltonian with w-Hamiltonian functions
wrw? 2 ulw
f=(4uw—8 ——>®el+<4u—l6—>®ez,
v2 2 v2
2

w w
g:_2U_2®61_4¥®62’

respectively, relative to the two-polysymplectic form . A

Every w-Hamiltonian vector field is associated with at least one w-Hamiltonian
function. Conversely, every w-Hamiltonian function induces a unique w-Hamiltonian
vector field.

Proposition 2.7 The space €5°(P) relative to k-polysymplectic manifold (P, ®)
becomes a Lie algebra when endowed with the natural operations

h+g:=h"+¢g% QRey, Ah:i=Ah"®ey,

where h = h® @ eq, § = 8% @ eq € € 3°(P), L € R, and the Lie bracket {-, -} :
E(P) x €3°(P) — €5°(P) of the form

(h,g)o=1h", "V ®er + -+ (", g") i ® e,

where {-, -}« is the Poisson bracket naturally induced by the presymplectic form »®,
witha =1, ..., k.

@ Springer



Journal of Nonlinear Science (2025) 35:42 Page 11 0f54 42

The product of @w-Hamiltonian functions
hxg = (h'g) @er+ -+ (h'g") @ ex,

is not in general an w-Hamiltonian function (de Lucas and Vilarifio 2015, pg. 2239).
Hence, (€,°(P), *, {-, -}») is not in general a Poisson algebra (de Lucas and Vilarifio
2015, pg. 2239). Moreover, the map {k, -}, : g € €°(P) — {g, h}y € CJ°(P),
with b € €5°(P), is not, in general, a derivation with respect to * either. Hence, k-
polysymplectic geometry is quite different from Poisson and presymplectic geometry.
Nevertheless, {h, g}, = 0 for every locally constant function g € €°(P) and any
h € €5°(P). This Lie algebra admits other properties, as shown next.

Proposition 2.8 Consider a k-polysymplectic manifold (P, ®). Every w-Hamiltonian
vector field Xy, acts as a derivation on the Lie algebra (€,°(P), {-, -}e) in the form

Xnf={f ho Vfet](P),

where h is an w-Hamiltonian function for Xp,.

2.4 k-Polysymplectic Momentum Maps

Let us survey the theory of k-polysymplectic momentum maps. Note that the presented
results are not restricted to Ad*f-equivariant momentum maps (see de Lucas et al. 2023
for further details).

Definition 2.9 A Lie group action ®: G x P — P on a k-polysymplectic manifold
(P, w) is a k-polysymplectic Lie group action if CDZ‘,w = w for each g € G. In other
words,

Zip0=0, VEeg,

where £p is the fundamental vector field of & related to & € g, namely £p(p) =

&, @ (exp(t§), p) forany p € P.

Definition 2.10 A k-polysymplectic momentum map for a Lie group action ® : G x
P — P with respect to a k-polysymplectic manifold (P, ) is a mapping J® : P —
(g*)F such that
1gp@ = (1g,0") ®eq =d{JT,€),  VEeg. 2.2)
Equation (2.2) implies that J® : P — (g*)* satisfies
1,0 =d(J% &), vE e g~
P

and conversely. For simplicity, we will write (J®, &) =: J £
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Before continuing studying k-polysymplectic momentum maps, recall that every
Lie group G gives rise to a Lie group action I : (g,h) € G x G > I,(h) = ghg™'e
G,suchthat I, : h € G~ I(g, h) € G forevery g € G. Then, the adjoint action of
G onits Lie algebra, g, reads Ad : (g, v) € G x g Adg(v) = Telg(v) € g. In turn,
the co-adjoint action becomes Ad* : (g, ?) € G x g* Ad;,1 ¥ =voAd,-1 € g".

The following definition has been widely used in the literature (Marrero et al. 2015),
although we will see that the Ad**-equivariance condition is no longer necessary (see
de Lucas et al. 2023 for details). Moreover, we have changed the standard notation
Coad* to Ad** to shorten it.

Definition 2.11 A k-polysymplectic momentum map J® : P — (g")¥ is Ad**-
equivariant if

JPod, = AdZ’il 0J® Vged,

k
where Ad*, = Ad*_, ® ® ® Ad*_, and
g g g

Ad* G x (g9 —  (g9)k
(8.m) > AdE

In other words, the diagram aside is commutative for every g € G.
Jd)
P = (g
o Jaet,

(O]
P L gk,
To simplify the notation, let us introduce the following definition.

Definition 2.12 A G-invariant @-Hamiltonian system is a tuple (P, @, h, J®), where
(P, w) is a k-polysymplectic manifold, % is a w-Hamiltonian function associated with
Xp,themap ® : G x P — P is a k-polysymplectic Lie group action satisfying
®oh = h forevery g € G, and J ® is a k-polysymplectic momentum map related
to ®. An Ad* -equivariant G-invariant -polysymplectic Hamiltonian system is a
G-invariant w-Hamiltonian system (P, w, k, J cI’) such that J® is Ad*k-equivariant.

For simplicity, one sometimes calls w-Hamiltonian system a triple (P, @, h) for a
certain w-Hamiltonian function k.
Let us provide the formalism needed to avoid the Ad**-equivariance.

Proposition 2.13 Let (P, w, h, J®) be a G-invariant w-Hamiltonian system. If

Vogix € Pr—JP(0,0)) — Iy () eR, VgeG, VEeg,

o]
Adk_|
8

then ¥ , ¢ is constant on P for every g € G and § € g*. Moreover, 6 : g € G —
a(g) € (g%, which is uniquely determined by the condition (o (g), &) = Vg for
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every & € g~, satisfies

0(g182) =0(g1) + Ad;’il 0(g2), V81,8 €G.
1

*)k of the form

Themapo : G — (g
G(g)zJCDoq)g—Ad:Iil Jq), g€,

is called the co-adjoint cocycle associated with the k-polysymplectic momentum map
J® on P. Moreover, J® is an Ad**-equivariant k-polysymplectic momentum map if
and only if 0 = 0.

Amapo : G — (g")F

is a coboundary if there exists g € (g*)* such that

o9 =n—Ad¥ n,  VgeG.

Proposition 2.14 Let J® : P — (g*)* be a k-polysymplectic momentum map related
to a k-polysymplectic action ® : G x P — P with co-adjoint cocycle o. Then,

(1) there exists a Lie group action of G on (g*)* of the form
A (g, m) €Gx (@) > 0(g) + A, =1 Ag(w) € (g9,

(2) the k-polysymplectic momentum map J® is equivariant with respect to A, in other
words, for every g € G, one has the commutative diagram aside.

0]
P = @)

lcpg 1A

[}
P L (g,

Proposition 2.14 ensures that every k-polysymplectic momentum map J® gives
rise to an equivariant k-polysymplectic momentum map relative to a new action
A : G x (g9 — (g"¥, called a k-polysymplectic affine Lie group action. Note
that a k-polysymplectic affine Lie group action can also be expressed by writing
Ag, (u', ..., u5) = (Aéul, el A’;;ﬂ‘) € (g")¥, where the mappings A!, ..., A¥
take the form A% : (g,v) € G X g* — Ad;‘_1 4+ 0%(g) = AZ(W) € g* and

0(g) = (0'(g),...,0%(g)), where 0% (g) = J® o @, — Aolz,1 Jofora=1,...k

and J?, ..., J¥ are the coordinates of J®.

3 k-Polysymplectic Marsden-Weinstein Reduction

Let us now review previous results in the literature for the k-polysymplectic Marsden—
Weinstein reduction to correct previous mistakes and inaccuracies. Furthermore, we

introduce the reduction of the dynamical system governed by an @-Hamiltonian vec-
tor field. This concept is novel, as prior research has focused on dynamical systems
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given by Hamiltonian k-vector fields (Blacker 2019; Marrero et al. 2015). In par-
ticular, this section first reviews the previous k-polysymplectic Marsden—Weinstein
reduction theory and explains some, only apparently, minor inaccuracies. After that,
we focus on resolving a mistake in one of the main results in Garcia-Torafio Andrés
and Mestdag (2023), concerning the conditions to obtain a k-polysymplectic reduc-
tion. Finally, in Subsection 3.2, we analyse the relations between the conditions for
the k-polysymplectic reduction given in Marrero et al. (2015).

3.1 A Review on the k-Polysymplectic Marsden-Weinstein Reduction

Let us recall several definitions that are useful for what follows. Some technical
assumptions will be first set to improve the applicability of k-polysymplectic Marsden—
Weinstein reductions. A weak regular value of a mapping ¢ : M — N is a point
xo € N such that ¢_1(xo) is a submanifold of M and kerT,¢ = T, [¢_1(x0)] for
every p € ¢ '(xo). In particular, regular values of ¢ are weak regular values too.
Moreover, a Lie group action ® : G x M — M is quotientable (Albert 1989) when
the space of orbits of the action of G on M, let us say M /G, is a manifold and the
projection w : M — M /G is a submersion. In particular, this occurs when & is free
and proper. To familiarise the reader with weak regular values, which are essential in
this work, let us present a simple example of a point that is neither a regular value nor
a weak regular value.

Example 3.1 Let f : R*> — R be defined by f(x,y) = x2. Consider the vector
field X = % on RZ. Then, (txdf)(x,y) = 0if x = 0. However, X is not tangent
to £71(0) = {(x,y) € R?|x = 0}, since T(p ) f~1(0) = (%) for every y € R.
Therefore, as ker T(o,y) f # T(0,y) £~ (0), it follows that 0 € R is not a weak regular
value of f. Indeed, it is not a regular value either since Tf = 0 at points of £~!(0).

More generally, for any function f : M — N, apoint A € N is not a weak regular
value of f if T}, f(vp) = 0 for some v, € T, M with p € f£~1() that is not tangent
to the submanifold £~ (%).

Let us comment on the regular values of k-polysymplectic momentum maps. The
codomain of a k-polysymplectic momentum map J® : P — g*f may have a large
dimension, even larger than the dimension of P, for instance, due to the presence of k
copies of g*. This implies that it may be impossible for J® to be a submersion when
k is large enough. Being a submersion is the typical condition used in many types of
Marsden—Weinstein reductions (Garcia-Torafio Andrés and Mestdag 2023; Marrero
et al. 2015). But this property is harder to satisfy in k-polysymplectic geometry. Note
that it is sometimes assumed in the literature that Sard’s Theorem ensures that J® is
frequently a submersion because the set of singular points in P of J®, i.e. the set of
points where J® is not a submersion, has an image with zero measure (see Marrero
et al. (2010, Lemma 3.4) or Blankenstein and Ratiu (2004, pg. 212)). Nevertheless,
the whole image of J® may also be a zero measure subset and, in this case, it may
happen that J® is not a submersion at points in a dense subset of P. Indeed, J® is not a
submersion at any pointin P when k dim g* > dim P.Insuchacase, J® has no regular
points in g**. That is one of the reasons why the analysis of weak regular values for k-
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polysymplectic momentum maps in de Lucas et al. (2023) is relevant. It also explains
why in the symplectic case, when k = 1, the assumption of J® being a submersion is
not so problematic. Note also that one has to assume some regularity conditions on the
coordinates of J ‘11), R J,? to ensure that their level sets are submanifolds, but such
mappings do not use to have regular values in k-polysymplectic problems for k > 1.

It is also worth stressing that Blacker in Blacker (2019, Theorem 3.22) does not
provide any explicit assumption in the structure of J®~!(u), although it is implicitly
assumed that J®~! (w) is a manifold. In general, Blacker’s work (Blacker 2019) does
not analyse in detail the technical conditions on the manifold structure of J o-1 ().
Notwithstanding, the structure of spaces of the form J*~!(u)/G u 1s investigated.

Lemma 3.2 below will be used to characterise in the next section the so-
called k-polysymplectic relative equilibrium points of G-invariant @-Hamiltonian
systems. More importantly, Lemma 3.2 is introduced to prove k-polysymplectic
Marsden—Weinstein reduction theorems. The proof of Lemma 3.2 appears in de
Lucas et al. (2023). Interestingly, Giinther’s wrong version of Lemma 3.2 made his
k-polysymplectic reduction to be flawed. In fact, Giinther states in Giinther (1987,
Lemma 7.5) a wrong expression for condition (1) in Lemma 3.2. In his work, Giinther
implicitly claims that, as in the symplectic case, one has

ker o =T, (1971 a0) 0T, (17 ) =T, G 0T, (147 )
=T,(Gyp).

but the equality between the second and the third expressions is only an inclusion
D (see Marrero et al. (2015, pg. 12)). It is worth stressing that Giinther justifies his
Lemma 7.5 by merely saying that its proof is like in the symplectic case (Giinther
1987, pg. 48). Moreover, Munteanu et al. (2004) includes a related mistake. Finally,
we refer to Marrero et al. (2015, Sections 1 and 2.2) for a comment on these errors.

Lemma3.2 Let (P,w,h, Jq)) be a G-invariant w-Hamiltonian system and let p €
(K be a weak regular value of J® : P — (g*)X. Then, for every p € J®~1(p), one
has

() T,(Ghp) =T,(Gp)NT, (I* (W),
@) T,d* () = T,(Gp)*-~.

Let us review the conditions of the k-polysymplectic Marsden—Weinstein reduction
theorem, which will be crucial in the k-polysymplectic energy—momentum method
to correct a mistake in one of the main results in Garcia-Torafio Andrés and Mestdag
(2023), in fact, the one, Garcia-Torafio Andrés and Mestdag (2023, Proposition 1),
giving the name to the paper.

Recall that the first correct k-polysymplectic Marsden—Weinstein reduction the-
ory can be found in Marrero et al. (2015). The necessary and sufficient conditions to
perform a reduction were given by C. Blacker in Blacker (2019), although there is arel-
evant typo in his theorem, as commented in Garcia-Torafio Andrés and Mestdag (2023).
The k-polysymplectic Marsden—Weinstein reduction theorem was proved in Marrero
et al. (2015) assuming that the k-polysymplectic momentum map J® : P — (g*)¥
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is Ad*K-equivariant. A version of the k-polysymplectic Marsden—Weinstein reduction
theorem without this condition was accomplished in de Lucas et al. (2023). In its
correct and most modern form, the reduction theorem reads as in Theorem 3.3 below
(see Lucas et al. (2023, Theorem 5.10) for details). Note that when we say that u is a
weakly regular value of J®, we also assume that all the components of p are weakly
regular too. It is worth stressing that even if u is a regular value of J®, then each
component u® of p does not need to be regular for J® since J2~!(u®) > J*~ ().

Theorem 3.3 (k-polysymplectic Marsden—Weinstein reduction theorem) Consider a
G-invariant w-Hamiltonian system (P, @, h, J®). Assume that p = (', ..., ub) €
(g%)F is a weak regular value of J® and Gﬁ acts in a quotientable manner on J®~ ().
Let Gﬁz denote the isotropy group at u* of the Lie group action A* : (g,9) €
G xg*—> A% g, ) e g fora = 1,..., k. Moreover, let the following (sufficient)
conditions hold

ker(T,J8) = T,(J* 7' (W) + kero? + T,(Ghap). a=1,....k (3.1

k
TpGap) = () (kera +T,(G ) NT, A~ (), (3.2)

a=1

for every p € J*~1(p). Then, J®~'(n)/GA, ®y) is a k-polysymplectic manifold,
with @y, being uniquely determined by

T0p = Ju@
where j, : J®*~Y(u) < P is the canonical immersion and Ty I () —
Jo-! (;L)/Gﬁ is the canonical projection.

The following theorem shows the reduction of the dynamics given by an w-
Hamiltonian vector field X, on P as a consequence of Theorem 3.3, which will
be essential for our k-polysymplectic energy—momentum method. Note that in previ-
ous works on k-polysymplectic Marsden—Weinstein reductions, the k-polysymplectic
Marsden—Weinstein reduction theorem has been applied to reduce the dynamics given
by an @-Hamiltonian k-vector field (Marrero et al. 2015, Theorem 4.4). Nevertheless,
since our k-polysymplectic Marsden—Weinstein reduction theorem concerns just -
Hamiltonian vector fields, the conditions of that theorem can be simplified as follows.

Theorem3.4 Let (P,w,h, J‘p) be a G-invariant w-Hamiltonian system and let
®yuh = h for each g € G. Then, the one-parametric group of diffeomorphisms
F; of the vector field Xy, induces the one-parametric group of diffeomorphisms F; of
the vector field X g, on J‘I)_l(/L)/Gﬁ such that IXf, @ = dfyand jph =, f,.

Proof First, note that CDZh = h and our assumptions, in particular dJ/’;w = w, yield
&g Xy = Xy, for each g € G. Therefore,

1, d(J®, &) = —tep1x, 0 = —1e,dh =0, V£ eg.
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Hence, X, is tangent to J®1(n). Next, for every £ € g, we have
Uep. Xp1® = Leplx, @ — lepLx, @ = 0,

so by the virtue of ker @ = 0, we obtain that [£p, X;,] = 0. Thus, the vector field Xy,
projects onto a vector field Y on the reduced manifold J *>=lw)/G ﬁ. In other words,
the one-parametric group of diffeomorphisms F; of X, induces the one-parametric
group of diffeomorphisms F; of Y so that 7wy, o F; = F; o my for each t € R. Then,
by Theorem 3.3, one has

];:dh = ];:(Lxhw) = Lth;w = Lxhn;wu, = n;(Lyw,L), (3.3)

where we denoted by Xj, both the vector field X on P itself and its restriction to
J®~1(w). The same slight abuse of notation will be hereafter done to simplify the
notation.

Due to the invariance of k relative to G ﬁ, there exists a reduced R¥-valued function

Sy on J®~1(w) such that Juh = 7, f . Finally, expression (3.3) gives
7, dfy = judh = 7y ey

which shows that ¥ = X fa is an wy-Hamiltonian vector field and f, is an -
Hamiltonian function associated with X fur O

Now, let us recall the sufficient and necessary conditions for a k-polysymplectic
reduction given by Blacker in (3.4). His main result is described in Theorem 3.5
with our notation and we have corrected the typo in Blacker (2019, Theorem 3.22)
on the k-polysymplectic Marsden—Weinstein reduction. It is worth noting that the
typo also appears in the proof of Blacker (2019, Theorem 3.22) and is evident after
applying Blacker (2019, Theorem 2.14) to @,. Theorem 3.5 also adds certain essential
technical conditions that were not explicitly written in Blacker (2019, Theorem 3.22).
As remarked by Blacker in Blacker (2019), but apparently not noticed by Mestdag
and Garcia-Torafio in Garcia-Torafio Andrés and Mestdag (2023), the sufficient and
necessary condition (3.4) also appeared previously to Blacker in a different more
implicit manner in Marrero et al. (2015, pg. 12). It is worth seeing also the related
work (Martinez 2015) treating the reduction of poly-Poisson structures.

Theorem 3.5 Let (P, w, h, Jq’) be an Ad*k—equivariant G-invariant w-Hamiltonian

system and let p € (g*)* be a fixed regular value of J®. If the stabiliser subgroup

Gy of p under the Ad*™ action is connected, and Py, = J<D_l(;l,)/G,L is a smooth

manifold, then there is a unique R¥-valued two-form @y € Qz(P,L, R¥) such that
*

Ty@p = ];w where j, :J®Y(w) <= P is the inclusion and Ty I () - Py is

the canonical projection. The form wy is closed and nondegenerate if and only if
T,(Gup) = (T,(Gp)" " NT (G, Vped® ). (G4

For the sake of completeness, let us now consider the first example of a k-
polysymplectic Marsden—Weinstein reduction related to a non-regular value of a
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k-polysymplectic momentum map. More examples with potential practical applica-
tions will be shown in Sect. 5. Let us analyse the completely integrable, and separable
in variables, system in R?* of the form

Al 0 4% Fo(1y) 1 k>1 (3.5)
— =0, _— = s o =1,..., > 1, .
dr dt o
for some arbitrary functions Fi, ..., F; : R — R. Thisrelated to an @-polysymplectic
Hamiltonian system on R relative to the k-polysymplectic form @ = o ® e, where
o', ..., o are the presymplectic forms

0% =do% AdI“, a=1,...,k,

where it is important to stress that the right-hand side is not summed over the indices
o = 1,..., k. One has the basis of fundamental vector fields 8/891, el 8/89"’]
associated with the Lie group action

DAy, =13 01,, Ok, D)
e RF 1 x R%* A +61, .00, -1 +6k—1,6k, I) GRZk,

with I = (Iy, ..., It) € R¥. Note that the functions F, . . ., Fi have been chosen to be
of the form F, = F,(ly), witha = 1, ..., k, to ensure that (3.5) is w-Hamiltonian.
The latter also explains why (3.5) is called separable. One may now consider a k-
polysymplectic momentum map

J°:0.DeR*— (I1,....00 Qe+ ...+ 0,..., 1—) ®ex—1 + (0,...,0)
k
®e; € (R(k—l)*) ’

which has no regular points (the codomain of J® has dimension larger than its domain
for k > 3) and it is Ad*k-equivariant. Note that (3.5) gives rise to an R¥~!_invariant
w-Hamiltonian system.

One may consider the reductions of  and (3.5) for any value of u = (1!, ..., 0)®

er+...+(,..., uk_l) ®ep_1 € (R(k_l)*)k. Then,

I ) = {0u, 1) e R* | I =, oo, i =Y 01, ... 0k Ik € R)
~ Rf x R.

The isotropy subgroup Ry ! ~ R¥~ acts on J*~! () via ® and the reduced manifold

is diffeomorphic to R2. The presymplectic forms o', ..., ©*~! become zero after

reducing, but the reduction of * is symplectic. Hence, @ « becomes a k-polysymplectic
form with only one symplectic form different from zero. Since the w-Hamiltonian
function of the initial system is a first integral of the 0y, . .., 6x_1, one can project the
initial system onto
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d[k_o dek—F(I)

dt - ’ d[ - k k ’
which is Hamiltonian relative to d6; A dI;, where 6, I are considered as variables
in R? in the natural manner.

3.2 On the Conditions for the kPolysymplectic Marsden-Weinstein Reduction

It was claimed in Garcia-Torafio Andrés and Mestdag (2023, Proposition 1) that condi-
tion (3.2) is enough to ensure that there exists a k-polysymplectic Marsden—Weinstein
reduction. In this section, we first show that this is not true and the proposition in
Garcia-Torafio Andrés and Mestdag (2023, Proposition 1) is incorrect. This is done
by pointing out a mistake in the proof of Garcia-Torafio Andrés and Mestdag (2023,
Proposition 1) and then giving a counterexample where (3.2) is satisfied, but there is
no k-polysymplectic Marsden—Weinstein reduction and, indeed, (3.1) does not hold.
Next, we illustrate that it may happen that (3.1) is satisfied, but (3.2) is not. Finally,
we prove an example of a possible k-polysymplectic reduction where (3.1) and (3.2)
are not simultaneously satisfied. To keep our exposition simple and highlight our main
ideas, we restrict in this subsection all k-polysymplectic momentum maps to the Ad**-
invariant case, as done in Garcfa-Torafio Andrés and Mestdag (2023), Marrero et al.
(2015).

First, the proof for Garcia-Torafio Andrés and Mestdag (2023, Proposition 1) has
a mistake, as there is an inclusion written in the opposite way. In particular, since
T,d%* () c T,A271(u®) fora = 1,...,k and every p € J®~!(n) for a
regular . € g**, one has

{v eT,P |0 (W, T, I () = = o (v, T, I (b)) = 0]
cloeT,Plo @ Td" w) =+ = o* . T, () =0}
instead of
{u eT,P | o', T uh)) = - =, T, IP (1) = 0}
S {oeT,P o, T ) =+ = ok, T, () =0}

as claimed at the end of page 8 in the proof of Garcia-Torafio Andrés and Mestdag
(2023, Proposition 1). In other words, if v is perpendicular to T, (J ®=1(n)) relative
to each w”, one cannot infer that v is perpendicular to each T, (J 3 -1 (u®)) relative to
o* fora =1, ..., k, since the latter conditions are more restrictive. Then, the proof
of Garcia-Torafio Andrés and Mestdag (2023, Proposition 1) only gives

k
[ (ker jiee®|,) NTI* (1) € (TGP NT,(Gp)HF, vp e J* (),

a=1
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instead of the claimed

k
[ ker jiew™|,) NTI* (1) O (T, (Gp) )N T, (Gp)yHF, vp e J* (),

a=1

which makes the proof of Proposition 1 fail in proving (3.4), namely the k-
polysymplectic Marsden—Weinstein reduction necessary and sufficient condition, and,
therefore, the statement of Proposition 1. Indeed, the above mistake is ultimately due
to the fact that Garcia-Toraflo Andrés and Mestdag (2023, Proposition 1) is false and
the comments that follow in Garcia-Torafio Andrés and Mestdag (2023) contain some
inaccuracies.

Let us provide a counterexample to show that Garcia-Torafio Andrés and Mestdag
(2023, Proposition 1) does not hold. More specifically, we here describe an R-invariant
w-Hamiltonian system relative to a two-symplectic form satisfying condition (3.2) but
not giving rise to a k-polysymplectic Marsden—Weinstein reduction. Before that, it is
convenient to recall some results from Marrero et al. (2015).

It was proved in Marrero et al. (2015) that ker 0% C ker T,J® on J®~!(w), which
allows one to define the following commutative diagram (see Marrero et al. (2015, pg.
12))

o
Tp

/\ Ker TpJg:

T

T, '(w) —L—— ker T,J® ;

o
ker oS

for all p € J®~!(u), where ; and 7 are the canonical injection and projections,
respectively. For simplicity, the equivalence class of an element v in a quotient will be
denoted by [v]. To avoid making the notation too complicated, the specific meaning of
[v] will be understood from context. According to Proposition 3.12 in Marrero et al.
(2015), the above diagram induces the maps

T (Jq) 1( )) keerJg)
~o . ApUT (0 ker -1

: , . a=1,...,k Vpel :
T T, (Gup) (EPp) I E g} P )

where gy« is the Lie algebra of G« and {[(§p),] | € € gue} = pri({(Ep)p | € €
gue}) and prof :T,P — T,P/ker a)g is the canonical projection onto the quotient.
The conditions (3.1) at p € P are equivalent to each 7?1‘;‘ being surjective, respec-

tively (Marrero et al. 2015, Lemma 3.15), while (3.2) amounts to 0 = ﬂf[: | ker 7?[‘;‘
(see (Marrero et al. 2015, Lemma 3.16)).
Consider P = R* with linear coordinates {x, v, z, t} and the presymplectic forms

o' =dx Ady, w? =dx Adr +dy Adz,
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which give rise to a two-polysymplectic form @ = ! ® e¢; + w*> ® e, because
w? is a symplectic form and ker w! N ker > = 0. Consider the Lie group action
D: (A x,y,z,t) e Rx R* > (x+A,y,z,1) € R*. The Lie algebra of fundamental
vector fields of @ is V = (d,) ~ R. Moreover, & admits a two-polysymplectic
momentum map relative to (R*, @) given by

I (e, y, 2,0 eRY — = (3, 1) € (RY)?,

which is clearly Ad*2-equivariant. Additionally, J® is regular for every value of (R*)2.
Hence, J®~'(y, 1) = {(x, y,z,t) € R* : x, z € R} ~ R? is a submanifold for every
(y,1) € (R*)? and

T,d% (3, 0)) = (3:,3,), VpeJ® (0.

Moreover, G, = R for each p = (y,1) € (R*)? and G acts freely and properly
on J®~1(p). Let us prove that condition (3.2) does not imply nor the reduction of w,
namely (3.4), neither (3.1).

In our example, one has . = (y, t) with u! = y and u? = ¢, while

ker T,J® = (8y, 8., 8;), kerow' = (3,,9;), kerT,J¥ = (dy, dy,d,), kerw® =0,
and
[Ep)pl g egnt=(0:]), {[Ep)pl: & €g,e}t= [0

on J®~!(u). Then, we have the mappings

7y ([0:0) =Ty () /Tp(Gpp) —> (0) = (ker T,J 7/ ker w),)/([0])
and
Ty (19:0) = T,p(3* W) /Typ(Gpp) —> (19,1, [3]) = (ker T,J3 [ ker ) /([9:]).
As 72([9:]) = [9:], we have

ker %, = ([0:]),  ker7, = (0).

Hence, ker 7?,1, N ker ﬁ,z, = 0 and condition (3.2) is satisfied. But Im ff,z, = ([9;]) and

77[2, is not surjective. Thus, condition (3.1) does not hold for « = 2 in our example.

In fact, w!, @?* become isotropic when restricted to J -l (u) and give rise to two zero
differential two-forms on J®~1( i)/ Gy, which is a one-dimensional manifold. Hence,
no two-symplectic manifold is induced on J >=lw)/G u despite that condition (3.2)
is satisfied.

One can directly prove that condition (3.2) is satisfied in the previous example,
but condition (3.1) is not. This shows more easily that Proposition 1 in Garcia-Torafio
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Andrés and Mestdag (2023) is false and that (3.2) does not imply (3.1), but our previous
approach illustrates how we obtained our counterexample. Indeed, in our present
counterexample, the fact that J?IQ, is not surjective implies that (3.1) does not hold.
Recall that

ker TpJS = (3, 3y, 3;),  Vp e J® '(w),
while

T,J* () + kerw? + T,(G 2 p)
= (3, 8;) + {0} + (3y) = (35, 3;),  VpeJ® ).

On the other hand, condition (3.2) is satisfied since
Tp(Gpp) = (0x)
and
(ker ), + T (G 1 p)) N (ker 7 + T, (G2 p)) NT, AP~ () = (3s),
reads
({9, 82) + (9x)) N ({0) + (3x)) N (Bx, 32) = (dx)-

Since this example is constructed so as to obtain a one-dimensional reduced manifold,
it is known that the reduction of the two-polysymplectic form is not a k-polysymplectic
form.

The following examples illustrate some relations between the conditions (3.1), (3.2)
and the existence of k-polysymplectic Marsden—Weinstein reductions.

Example 3.6 This example shows that if condition (3.1) is satisfied, then condition
(3.2) does not need to hold. Consider a two-polysymplectic manifold (R®, ). Let
{x1, x2, x3, X4, X5, X6} be global linear coordinates on R® and define

©=ow ® ey +a)2®ez = (dx; A dxpy 4+ dxs A dxe) ® ey
+(dx3 A dxg + dxs5 A dxg) ® es.

Then, ker w}, = (03, 04), ker a)f, = (01, 03), and ker w},ﬂker a)f, = Oforevery p € RO,
This turns @ into a two-polysymplectic form.

Let us provide now a Lie group action proving our initial claim. Given the Lie group
action ® : (A; x1, x2, x3, X4, X5, Xg) € RxR6 — (x14+A, x2, x3+X, x4, X5, Xg) € RG,
its Lie algebra of fundamental vector fields reads (d; + 93). The two-polysymplectic
momentum map associated with @ is given by

J® 0 (x1, x2, X3, x4, X5, X6) € RO —> (x2, x4) = p € (R*)?,
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whichis Ad*z-equivariant. Moreover, every g = (x2, X4) € (R*)? is aregular value of
J®. Therefore, J*~1 () = {(x1, x2, X3, x4, x5, X6) € R® : x1, x3, x5, x6 € R} =~ R*
is a submanifold of R® for every u € (R*)? and

T,J® (W) = (31, 83,05, 36), Vp eI (w).

Hence, ker T,J® = (31, 33, 04, 05, d6) while ker T,JS = (31, 82, 3, 95, d6). Condi-
tion (3.1) holds because both sides of the condition are equal to

(01, 03, 04, 05, d¢) = (01, 03, 5, D) + (03, 04) + (91 + 03),
(01, 02, 93, 05, d¢) = (01, 03, 5, D) + (01, D2) + (1 + 93),

forJ2.J ;D , respectively. However, condition (3.2) is not satisfied, namely

2
m (ker a)g + Tp(Gﬂap)) N Tde)_l(M)

a=1
= ({93, 04) + (91 + 03)) N ({31, 32) + (31 + 93)) N (1, I3, I5, Dg)
= (31, 03) # (01 + 03) = Tp(Gpp),

for any p € J‘D_l(;/,). By Marrero et al. (2015, Lemmas 3.15 and 3.16), one has that

?Ell, and ?f; are surjective but ker ?fll, N ker ﬁ; # 0. One can also verify this fact by

computing 7’?[‘;‘ for « = 1, 2. Namely, this follows from

7y (1011 [9s]. [96]) € T,(3* ™ ())/Tp(Gpp)

> ([05]. [96]) = (ker T,J} /ker w},)/([91 + 331
7o ([91]. [95). [96)) € T,(I® ™ (w))/Tp(Gpp)

> ([05]. [96]) = (ker T,J3 / ker ) /([91 + 931).

forall p € Jo-d (w). Note that [0 + 93] = [91] in the first line, while [9; + 93] = [93]
in the second. A

Example 3.7 Let us prove that the k-polysymplectic Marsden—Weinstein reduction
theorem in Marrero et al. (2015) gives sufficient, but not necessary conditions for
the reduction to hold. In this respect, there are cases where the reduction is possible,
condition (3.2) holds, while condition (3.1) does not. To illustrate this, let us con-
sider a two-polysymplectic manifold (R’, w), where {x1, ..., x7} are global linear
coordinates and

(u:w1®el+a)2®ez
= (dx; Adxy +dxs Adx7 +dxz Adxe) ® e; + (dx3 Adxg + dxs Adxg) Q er.

This give rise to a two-polysymplectic structure on R’ since ker w! = (d4), ker w? =
(81, 32, 87) and ker w! N ker w* = 0. Consider the Lie group action ® : R x R7 —
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R corresponding to translations along the x5 coordinate. Then, its Lie algebra of
fundamental vector fields is (d5). A two-polysymplectic momentum map associated
with @ reads

JP 0 (et x2, 63, x4, 5, %6, ¥7) € RT = (x7,%6) = 1 € (R?)*,
Note that J® is Ad*2-equivariant and every u € R?* is a regular value of J®. Then,
J®~ () = {(x1. x2, x3, x4, X5, X6, x7) € R7 | x1, X2, x3, x4, x5 € R} > R’
is a submanifold of R” for every p = (x7, xp) € R2 and
T,A® () = (01,82, 93,84, 85),  Vp eJ* ' (w).

Condition (3.2) is satisfied, while (3.1) for J ;D is not since

Ty (1011, (821, 1031, [0a]) € Ty~ )/ Tp(Gup) 1= (1911, 1221, 1951, [d6])
= (ker T,J "/ ker »})/([9s]).

1
p

T,(Gup) = R* inherits a two-polysymplectic form, namely

Therefore, 77, is not surjective. However, the reduced manifold P, = T, (J =T/

@y = dxi Adxy ® e; +dxz Adxs ® e,

in the variables xi, x2, x3, x4 naturally defined in P,. In summary, both conditions
(3.1) and (3.2) ensure a k-polysymplectic Marsden—Weinstein reduction. But they are
not necessary, they are only sufficient. A

3.3 On the k-Polysymplectic Manifold Given by the Product of k Symplectic
Manifolds

Let us review a relevant example of k-polysymplectic manifold and apply Theorem 3.3
to it (see Marrero et al. (2015) for details). This will illustrate how the k-polysymplectic
reduction theorem works. Remarkably, many practical examples have a related k-
polysymplectic manifold similar to the one in this section. Moreover, this structure
will be used in one of the physical examples studied in Sect. 5.

Let P = Py X - - - X Py for some symplectic manifolds (P, *) witha =1, ..., k.
If pr, : P — P, is the canonical projection onto the «-th component, P,, in P,
then (P, w = Zf;:l pri w* ® ey) is a k-polysymplectic manifold. To simplify the
notation, we will write pr} v* as »“. Moreover, assume that a Lie group action “ :
Gy X Py — Py admits a symplectic momentum map J % . P, — g} and each ®*
acts in a quotientable manner on the level sets given by weak regular values of J®*
foreacha =1, ... k.
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Define the Lie group action
D (gl kX ) € G X P (D) (x1), ..., DY () € P. (3.6)

Then, g = g1 x --- X gk is the Lie algebra of G and we have the k-polysymplectic
momentum map

J:(xl,...,xk)ePr—>(O,...,J"‘,...,O)@eaeg*k

where J¥(x1, ..., xx) = J® (xo) fora = 1,..., kand g* = g7 X --- x g is the dual
space to g. Suppose, that u% € g, is a weak regular value of J ** . p, > g, for each
a=1,...,k.Hence, u = (0,...,u%, ...,00) Qey € (g*)k is a weak regular value
of J. Then, ® acts in a quotientable on the level sets of J.

Therefore, if p = (x1, ..., xx) € J~'(n), it follows that

ker T, J =T P @ - @ker T J* @ @ Ty, P,

( (u)) —kerTleq> -@kerTkaq)k,

kerw‘l",—Tlel@ @ Ty Pa1 ©{0} O Txyp Par1 © -+ ® Ty Prs
Ty (Gl p) =T (Grx) @+ @ Ty, (Glave) @+ & Ty (Grxi)
p)=T

( ( 1x1>69 EBTxk(G kxk).

Then, it follows immediately that
ker TpJ® =T, (J7'w) +kerofy + T, (GAp) . a=1.....k

and
1, (685) = () (kerof + 7, (62 p)) 0T, (17 ).
g=1

for every weakly regular pu € (@) and p € J~!(p). Recall that, by Theorem 3.3,
these equations guarantee that the reduced space J~!' (1) /G ﬁ can be endowed with a
k-polysymplectic structure, while

) RAVICHESS L TOVICHNISSIES Ll (T Ve
A
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4 The k-Polysymplectic Energy Momentum-Method
4.1 k-Polysymplectic Relative Equilibrium Points

This section introduces the notion of k-polysymplectic relative equilibrium point rel-
ative to an w-Hamiltonian vector field X. This notion is devised to analyse the relative
stability of w-Hamiltonian vector fields and extends the relative equilibrium point
notion for symplectic manifolds to the k-symplectic realm (see Abraham and Mars-
den 1978 for details on the symplectic case). In brief, a relative equilibrium point for
a dynamical system given by a vector field is a point whose evolution is given by Lie
group symmetries of the vector field. If the vector field is additionally Hamiltonian
relative to some geometric structure, then it is usual to demand the Lie group symme-
tries to leave invariant the same geometric structure (Lucas et al. 2024). It is generally
interesting to analyse the behaviour of solutions close to relative equilibrium points,
i.e. if they get closer or move away from those points.

Definition 4.1 Let (P, w, h, Jq’) be a G-invariant w-Hamiltonian system. A point z, €
P is a k-polysymplectic relative equilibrium point of the w-Hamiltonian vector field
X, if there exists £ € g so that

(Xn)(ze) = (6P)(2e)-

The above definition retrieves, for k = 1, the standard relative equilibrium notion for
symplectic Hamiltonian systems (Abraham and Marsden 1978). Furthermore, Lemma
3.2 and the fact that X}, is tangent to the level sets of J® show that £ € g in Definition
4.1 is, in fact, an element of g , which is a Lie subalgebra of g, and u, = J®(z,).

Note that a k- polysymplectlc relative equilibrium point z, € P projects onto
7y, (2Ze), with p, = J®(z,), which becomes an equilibrium point of the vector field
X Fun obtained by projection of X}, onto the reduced space J®~'(u,)/ Gﬁg. This
explains the term relative used in the relative equilibrium point term.

The following theorem provides the characterisation of k-polysymplectic relative
equilibrium points of an w-Hamiltonian vector field Xj by studying the critical points
of a modified R¥-valued function hg on P. This is an application of the Lagrange
multiplier theorem, where the role of the multiplier is played by & € g.

Theorem 4.2 Let (P, w, h, Jq)) be a G-invariant w-Hamiltonian system. Then, z, € P
is a k-polysymplectic relative equilibrium point of Xy, if and only if there exists € € g
such that z, is a critical point of the following R*-valued function

he :=h—(J® - p,. &), (4.1)

where p, := J®(z.) € (g9)*.

Proof Let z, be a k-polysymplectic relative equilibrium point of X, i.e. Xp(z.) =
&p(ze) for some & € g. Then,

dhe (ze) = d(h — (J®,£)(z0) = (1x,-£,®)(ze) = 0.
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Hence, z, € P is a critical point of the RF_valued function hg.

Conversely, assume that z. is a critical point of some hg with & € g. Then, 0 =
dhe(z.) = (tx,—£p®)(2) = 0 and (Xp — &p)(z.) € kerw,. Since kerw = 0, one
has that X, (z.) = ép(z.). Hence, z, is a k-polysymplectic relative equilibrium point
of Xy, O

Example 4.3 (The cotangent bundle of two-covelocities of R?) Let Q be an n-
dimensional manifold and let 7o : T*Q — Q be the cotangent bundle projection.
Consider the Whitney sum @k T*Q =T*Q ®¢ W ®o T*Q of k copies of T*Q and
the projection zr]é : @k T*Q — Q. Itis well-known that @k T*Q can be identified
with the space of one-jets, J'(Q, R¥)g, of maps y : 0 — R¥ with y(g) = 0, via the
diffeomorphism qu)/ e JHQ, Ry > (dyl(q), e dyk(q)) € @k T*Q, where
y% is the a-th component of y (de Leén et al. 2015). Then, @k T*Q is called the
cotangent bundle of k-covelocities of Q. Moreover, J ' (Q, R¥) is a k-polysymplectic
manifold (see de Ledn et al. 2015 for details).

The following example will illustrate our k-polysymplectic energy—momentum
method. Consider that (R®, @) is a two-polysymplectic manifold with the two-
polysymplectic form

©=o ®el+a)2®ez=(dx1Adx3 +dxy Adxy) ® e;
+ (dx; Adxs +dxo Adxg) Q@ er

since
1 0 0 2 0 0
kerow ={—~\,—), kerw® ={——7>\,—),

and ker w! N ker ®®> = 0. Let us consider the Lie group action ® : R x R® — R®
given by

D : (A x1, X2, X3, X4, X5, X6)
ERXRO > (x; + A, xa4+ A, x3+ A, xa+ A, x5+ A, x6 + A) € R,

The fundamental vector fields associated with the Lie group action @ are spanned by

a a a d a a

bp=—+—+—+—+—+—

9x1  dx»  9x3  Ox4 Oxs  0xe

Note that the Lie group action ® is two-polysymplectic since it leaves w invariant,
namely .Z;, @ = 0. Then, ® gives rise to a two-polysymplectic momentum map J @
for p = (u', u?) given by

J® 1 (x1,x2, x3, x4, x5, %6) € RS —> (x3 + x4 — X1 — X2, X5 + X6 — X] — X2)
=pu € (R
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Therefore, the level set of the two-polysymplectic momentum map J® has the follow-
ing form

o1
J7 ()
= {(X1,X2,X3, X4, x5,%6) €ER® | x3+xs—x1—x2 = pu!, xs+xg—x1—x2= MQ} .

4.2)

Note that every p € (R*)? is a regular value of a two-polysymplectic momentum map
J® and J®~!(n) ~ R*. Since ® is defined on a connected one-dimensional Lie group
R = G, one has that J® is an Ad*?-equivariant two-polysymplectic momentum map.
Then,

T)(Gup) = Tp(Gip) = Ty(Gpp) = <3871 B R Rt 3876> ,
ad d a ad ad a ad a
dxy  Ox dx;  dxs’ dxp 374%@>

_< a 0] ad ad d ad 0] d >

) ) ) + - T~ + —
0x2 0x1 0x3 0xgq 0Xxp dxs 0xy 0x6
6
0] d ad d d ad 0 d
T o=l = PO P PO k]
p(J (IL)) <Z 8)6,‘ 3X3 BX4 8)62 + 3)63 + 3X5 8x1 3XQ>

and one can verify that conditions (3.1) and (3.2) are fulfilled.

Recall that ¢ : Jd’_l(u) < P is the natural immersion and 7, : J‘I’_l(u) —
I (n)/G u 18 the canonical projection. Then, remembering that the elements of the
Lie group R act by translations on R® via ®, Theorem 3.3 yields that the reduced man-
ifold (J®~'(n) /Gu = R3, ®y) is a two-polysymplectic manifold with coordinates
(1, y2, y3) € R3, satisfying that

Y1 = X1 — X2, Y2 = X3 — X1, V3 = X5 — X1,
Y4 =X|+ X2 —X3— X4, Y5 = X1 + X2 — X5 — X6, Y6 = X1,

with
Wy :a)}t®el +wi®e2 =dyiAndy, Qe +dy; Ady3 ® er.
Next, let us consider an w-Hamiltonian vector field, Xz, on P = R® whose o-

Hamiltonian function is R-invariant. Then, X} is tangent to each Jo-! (m), and it
will have the following form
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X—Fi:a—f-F8 a—l—Fa—i-8+a
h= l,_ 0x; 2 0x3  0x4 3 dxp  0x3  0Xxs

for certain uniquely defined G-invariant Fy, . .., Fy € €°°(P).Then,apointz, € P is
a two-polysymplectic relative equilibrium point of X}, if and only if Xy, (z.) = &p(ze),
which holds, if and only if, F1(z.) = 1 and F»(z.) = F3(z.) = Fa(z.) = 0. However,
let us verify that we obtain the same result using Theorem 4.2.

First, dh! and dh? read

dh' = ix,0' = — (F1 + F2 + F3)dx
—(F1 — F)dxy + (F1 4+ F4)dxs + (F1 + F3 — Fy)dxg,
dh? = ix,0* = — (F) + F3)dx; — Fidxa + (Fy + Fs) dxs + (Fi + F3 — Fy) dxe .

Then, Theorem 4.2 yields that z, € P is a two-polysymplectic relative equilibrium
point of X, if and only if dh}(z,) = 0 and dh}(z.) = 0 for some & € R. Indeed,
using (4.2), one has

dh} =dh' —dJ} = = (Fi+ F, + F3 = §)dx; — (F1 — F, — §) dx

+(Fi1+ Fs—§)dxs + (F1 + F3 — Fy — &) dxy, 4.3)
dhi =dh* —dJi = — (Fi + F3 — £)dx; — (F1 — §) dx2
+ (F1 + F4 —&)dxs + (F1 + F3 — Fy — &) dxe, 4.4)

for £ € R. Since at z, both (4.3) and (4.4) must vanish, one gets that this happens
if and only if Fj(z.) = & and Fa(z.) = F3(ze) = Fa(z.) = 0. Therefore, z, € P
is a two-polysymplectic relative equilibrium point of X under the above-mentioned
conditions.

Finally, letus verify that ., (z.) is a critical point of the £y € T (n,) /Gy,
The reduced vector field X fu, has the form

~ ~_ 0 ~ ~ ~_ 0 ~ 0
Xp =QFy—F)—+ U2+ F3— Fy)— — Fy—,
The ay1 ay2 ay3

where F; = n;el?,' fori = 2, 3, 4. Note that the projection exists because F>, F3, F4
are G-invariant. Then,

Aty G ) = (ix,,00)
¢ Helte

= (2f4(nue (ze)) — F3(7T[l,e (ze))) dy2
+ (F4(7Tp,e (ze)) — F2(7T[Le (ze)) — F3(7[[Lg (Ze))) dy; =0,
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and

dflze (n”’e (Ze)) = (txfﬂe wi")ﬂ’ (ze)
_ (2F4(jfﬂe (Ze)) _ ﬁ:ﬁ(n[te (Ze))) dy3 =+ F4(7T[Le (Ze))dyl = O

Indeed, 7y, (z.) is a critical point of f x> hence z, € P is a k-polysymplectic relative
equilibrium point of X fu

4.2 Stability in the k-Polysymplectic Energy Momentum-Method

Letus develop the stability analysis related to the k-polysymplectic energy—momentum
method relative to a k-polysymplectic manifold (P, w). Recall that Theorem 4.2
characterises k-polysymplectic relative equilibrium points as critical points of the
R¥-valued function (4.1). However, when studying the stability of k-polysymplectic
relative equilibrium points, due to the symmetry of our problems, we need to inves-
tigate how the second variation of k¢ in the directions tangent to the isotropy group
Gﬁe affects the positive definiteness of hg. Note also that the results of this section
are concerned with cases when a k-polysymplectic reduction is possible and (3.4) is
satisfied.

Let us define the second variation of kg at a k-polysymplectic relative equilibrium
point z € J®~! (i) as the mapping (8%h¢)-, : T, A® (1)) x T-,F* (1)) —
R, with u, = Je (z¢), of the form

(%) 1w = Xk:Ly (d(xang)) @e. (.5)

a=1

for some vector fields X, Y on P defined on a neighbourhood of z, € P and such
that v = X,,, v, = Y,,. The following proposition shows that, since z is a k-
polysymplectic relative equilibrium point, the above definition does not depend on the
value of the particular chosen vector fields X, Y out of z, and (52hg) 2, 1s well-defined.

Proposition 4.4 Letz, € P be ak-polysymplectic relative equilibrium point of Xy, ona
k-polysymplectic manifold (P, ). If {x1, . . ., x,} are coordinates on a neighbourhood
of ze € P, then

n 82ha
@z, (w.v) = ax_ai'(ze)w,-vj, Vw,veT, 3% (). a=1,... .k
ij=1""1""1

where w = Y7, w;9/dx; and v ="y 1, v;9/dx;.
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Proof From (4.5) fora =1, ..., k, we have

(8°hE)z, (w, v) = ty (dixdh).,

n 82 oz
= Z 950 (Ze)wtvj + Z E (Ze) (Ze)v]
i,j= ! i,j=1
n aZha
= Z 9x;10x; (Ze)wivj,

i,j=1
where X = Z?:l X;d/dx; with X(z,) = w, and we have used that z, is a k-
polysymplectic relative equilibrium point and, therefore, h¢ has a critical point at

Ze, Namely (Zh‘g)(ze) = 0 for every vector field Zon P anda =1, ..., k. O

Note that the maps (52h?)ze are symmetric for ¢ = 1, ..., k. Therefore, (82h§) Ze
is symmetric. Let us study (4.5) in more detail.

Proposition 4.5 Let (P, w, h,J®) be a G-invariant w-Hamiltonian system and let
Ze € P be a k-polysymplectic relative equilibrium point of Xy. Then,

(8°he);, ((EP)z v:) =0,  VCegn. Vv, €T, I ().
with u, = J®(z,). Moreover,
6°h$)z, (Yo, ) =0, VY., ekero? NT,J* ()., a=1,....k. (46)

Proof First, since h € €°°(P, Rk) is G-invariant and J® is equivariant with respect
to the k-polysymplectic affine Lie group action A : G x (g*)f — (g*), then for every
g € Gand p € P, one has

he (Dg(p) = h(Dg(p)) — JE(Dg(p)), £) + (e, &)

k
=h(p) — (AJ®(p). &) + (e, &) = h(p) = Y (I3 (), AL &) ® ew + (. E),
a=1
where AT : g — g% is the transpose of A, for ¢ € G and Ay, ..., Ag are its

components. Let us substitute g = exp(¢¢), with ¢ € g, and differentiate with respect
to t. Then,

Il
N

d
(tcpdhs)_ <J3’ (p), 5' OAeTxp (t0)ab > ® ea
a=1 1=
k

= I8P (€5)e) ® ea. @.7)

a=1
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where (§gA “)¢ is the fundamental vector field of Ag :Gxg— gaté € g for
o = 1,..., k. Taking the second variation of (4.7) relative to p € P, evaluating at
Ze € P, and contracting with v, , one has

k

(6%h6)_ (@Pzcrv) = = DT (T 0T (v2) - (5] @ e

a=l1

Therefore, the second variation (Szhg)Z ((¢p)z,» vz,) vanishes since v, € T,

J® () C ker T, J®.
Concerning (4.6), it is a consequence of (4.5) and the fact that, for every vector
field Y on J®~!(,) taking values in ker o* N T(J®~!(u,)), it follows that

wydh® = (X, Y) =0, yd{J?, &) = w*(Ep,Y) =0,

fora =1,...,kandevery £ € gon J® (u,). O

Proposition 4.5 and Proposition 3.2 state that (82h £ )Z is degenerate in the directions
tangentto T, (G ﬁf Zg) , while each (82h‘g) z. is degenerate in the directions of ker ? N

T,, (Jq’_l(ue)). On the other hand, since ker(62hg)ze contains ker T, 7y, one can
define a bilinear two-form on Tﬂﬂe (ze) Pu,» with Py = Jo-l (;Le)/Gl’fe, by reducing
to that space the bilinear two-form (82h5) z.- By using an adapted coordinate system,
one can prove that the reduction of (Szhg) z 10 Tr, (z,) Pu, gives the behaviour of
the Hessian of f, on Py, . It is worth noting that the reduction f, to Py of h¢
on J®-! (m.) does not depend on £, as the value of ks on points of Jq)’l(ue) does
not really depend on &: it is only the restriction of & to J*~!(x,). Note also that
only directions transverse to the orbit of GA are significant for determining, via the
variation of kg, the stability character of f u, atone of its equilibrium points.

There are many manners to ensure the stability of a k-polysymplectic reduced
Hamiltonian system. This suggests us to give the following definition of formal sta-
bility. For the case of a symplectic manifold, it retrieves the standard condition for the
stability of a reduced symplectic problem (Marsden and Simo 1988).

Definition 4.6 Let (P, , h, J®) be a G-invariant @w-Hamiltonian system and let z, €
P be a k-polysymplectic relative equilibrium point of Xj,. Then, z, is called a formally
stable k-polysymplectic relative equilibrium point if, for a family of supplementary
spaces S* such that S* @ (T, (G z) +ker o NT,, J® () = T, J* " (m,))

and 8" + -+ + S + T, (Gp z0) = T.,J®" ' (,)), one has

(62h§‘)7 (vs,,0:) >0,  Yu, €SN\O0}, a=1,....k (4.8)
Note that, given a family of subspaces Wi, ..., Wj of a vector space E such that
ﬂlgt:lWa = 0, one cannot infer that any supplementary spaces V, & W, = E will

satisfy V| 4+ - .- + Vi = E. This is, essentially, why the condition S Ly 4+ 8k 4+
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T,, (Gﬁe) was added. Indeed, to ensure the stability on the reduced manifold, we will

use the fact that the projection of S! + - - - 4+ S¥ to the tangent space to an equilibrium
point in a reduced manifold spans the total tangent sEace at that point.

If a system satisfies our formal stability, then ) ,_, fs has a strict minimum at
7u,(ze) and the function is invariant relative to the evolutlon of the reduced w,-
Hamiltonian system. Hence, that system is stable. The converse is not true, as in the
symplectic case (Abraham and Marsden 1978). We will not study all methods to prove
stability in the reduced k-symplectic Hamiltonian system in this paper, and we will
leave this for further work.

The proof of the above-mentioned fact relies on using a coordinate system on
Jo-! (1,) adapted to its fibration onto Py, and the fact that the obtained results involve
geometric objects that are independent of the coordinate system (see de Lucas and
Zawora 2021; Zawora 2021 for a symplectic analogue). In the adapted coordinate
system, the Hessian of f u, on the reduced space Py, at my, (z.) is retrieved by the
Hessian of kg on directions of T, Jo-! (i,)) that are not tangent to ker T, 7, . The
Hessian of the reduced function f, can be decomposed into k components. The

vector subspaces S, ..., S project onto a series of spaces spanning Tx,, 20 Pr, -
Condition (4.8) implies that

2 ra
d Re

0z;07;
2 ra

Re i
Ty (ze))v'v! >0, YveT Py, ,
3Zi3Zj( /Le( c)) = T, (Ze) e

(T, @GNV >0, Vo eImTy, ()mu, (S\0},

forae =1, ..., k. Then,

k 82 Ol
Z o a < (T, 2V’ >0, Vv €Ty, ) Pu, \O0}

Consequently, the second-order Taylor part of Zk | fy, is definite-positive and we
have a strict minimum. The components fﬂ are constants of motion for X Fue® and
hence the flow of X fu , foraninitial condition close enoughto 7y, (z.) canbe restricted
to an open nelghbourhood of 7y, (ze)-

It is worth noting that we will also call formally stable k-polysymplectic relative
equilibrium points points for which each (4.8) is negative-definite, as similar results
can be obtained. In particular, their projections will be stable equilibrium points. It is
simple to obtain many more stability criteria.

5 Applications and Examples

This section illustrates how the theory and applications of the previous sections can
be applied to relevant examples with physical and mathematical applications.
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5.1 Complex Schwarz Equations

The first example illustrates how locally automorphic Lie systems (Gracia et al. 2019)
can be seen as @-Hamiltonian systems relative to a k-polysymplectic structure.

Consider the differential equation the ¢-dependent complex differential equation
given by

dz dv da 3 a2
R = —="_19 .1
5 v, ” a, 5 775 + 2b(t)v, z,v,a € C, 5.1

for a certain complex ¢-dependent function b(t) defined on O = {(z, v, a) € T2C :
v # 0}, which can be considered as a system of real differential equations in a natural
manner.

The system (5.1) can be understood as the complex analogue of the Lie system
on Or = {(z,v,a) € T?R : v # 0} studied in de Lucas and Vilarifio (2015). More
specifically, (5.1) is a first-order representation for the third-order complex differential

equation
a3z (dz\7" 3 (d%z\* (dz\ 2
defdzy 2 (92 =) .
de3 \ dt 2 \ dr? dr

The left-hand side of the above expression retrieves, for z € R, exactly the real version
of the Schwarzian derivative (also called Schwarz equation) of a function z(¢) of ¢,
usually represented by {z(?), t}s., which appears in many research problems. The ideas
in our work and (5.1) can be used to potentially extend to the complex realm results
for the real third-order Kummer—Schwarz equation and Schwarz derivatives obtained
via Lie systems (see Bozhkov and da Concei¢do 2020; de Lucas and Sard6n 2020 and
references therein). Itis worth noting that the Schwarz derivative plays a significant role
in studying linearisation in time-dependent systems, projective systems, mathematical
functions theory, and more (cf. Guieu and Roger 2007; Hille 1997; Lehto 1979).
In real coordinates

v = Re(z), v2 =Tm(z), v3=Re(v),
vy = Jm(v), vs =%Re(a), v = Tm(a),

the system (5.1) is associated with the #-dependent vector field
X = X1+ 2br(t) X2+ 2b;(2) X3,
where bg (1) = Re(b(2)), by (t) = IJm(b(¢)), and

3 d 3 3 3240506 + (02— VD)3 B
Xi=v3—+vyy—+1v5— +v6— + = —
! 331)1 43112 531)3 631)4 2 v%—}—vi dvs

3 2030506 — v4(vE —v2) 9
2 1)32, + v‘% dvg’
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0
Xo=v3— +v4—, X3 = —v4— + v3—)\
2 331)5 431)6 3 431)5 381)6
X 0 ad ) d ) d ¥ d d
= —v3— —v4— — 25— — 2v6—, =vy— — V3 —
4 381}3 481)4 531}5 681)6 5 481)3 38v4
] 0
+2v— — 2v5—,
631)5 531)6
0 0 | 0 3 2v3v5V6 — v4(v2 — v2) |
X¢=—v4— +v3— —Vvg— +V5— — — B 25 LI
dvy vy av3 ovg 2 (v3 +vy) dvs

3 2v4v5v6 + U3(U§ — v%) 0
2 (v% +v3) dvg

These vector fields satisfy the following commutation relations

[X1, X2l = X4, [X1,X3]1=Xs5, [X1,X4]l=Xy, [X1, X5] = X¢, [X1, X6l =0,
[X2, X3]1=0, [X2, X4l =—X2, [X2,Xs5]=-X3, [X2, X¢l=—X5,
[X3, X41=—-X3, [X3,X5]=X>, [X3, X6l = X4,
[X4, X5]1=0, [X4, X6l = — X6,
[Xs5, X6l = X1,
Then, X1, ..., Xi give rise to a Lie algebra of vector fields Vi, that is isomorphic

to C ® sl, as a real vector space. Indeed, (X1, X2, X4) =~ sl(2, R) =~ (X3, X4, X¢).
Additionally, C®sl, decomposes as (X1, X4, X2)® (X¢, X5, X3). Then V. is graded
as Voo = E_1 @ Eog @ Ey, where E_1 = (Xg, X1), Eg = (X4, X5), and E| =
(X3, X3), with [E;, E;] = E; j, where the sum is in the additive group {—1, 0, 1}. A
long calculation shows that X1 A --- A X # 0 almost everywhere. The latter linear
independence and the fact that X, ..., X4 span a Lie algebra of vector fields spanning
TO explains why it is said that (5.1) can be related to a locally automorphic Lie system
(cf. Gracia et al. 2019).

Meanwhile, the Lie algebra of Lie symmetries of the system (5.1) related to the Lie
algebra Vi, reads

(22 L 9 — o) K
2Y1 = (v —v; + 2vjvp + 2(viv3 — vavg) + 2(v3v + vivg)
vy vy ov3 dvg

0 0
+2 (v% + vivs — vf — v2v6> FY + 2(vs5v2 4+ 2v3V4 + V2Vg) —,
5

dvg
¥ — d _ d
2 = aUl ’ 3= 31}2’
Y 0 d d ad d d
= -V — —V)—— —V3—— — Uy— — Us— — Vg—,
4 l31)1 281)2 331)3 431)4 581)5 68v6
Y ad n d d n ad d
= — V] — V4—— — V33— Vg— — V5 —.
T %00 au T tous Cavs | Covsove
0 2 s\ 0 d 0
2Y = —2vjvp— + (vl — v2> — — 2(vav3 + vivg) — 4+ 2(v1V3 — VaVg) —
dvy vy av3 0v4
a0 0
—2Qv3v4 + vov5 + Vivg) — + 2 (v% — U% + vivs — v2v6) —_—
dvs dvg
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In other words, [ X;, Y;] = Oforeveryi, j =1, ..., 6. The commutation relations for
the vector fields Y1, ..., Yg are
[Y1.Y2l=Ys, [Y1,Y3]1=Y5, [Y1.Y4]=Y1, (Y1, Y51 =Ys, [Y1. Y61 =0,
[Y2.¥31=0, [Y2. Yal ==Y2, [Y2,.Ys]=-Y3, [Y2,Y6]l=—V5,
[Y3,Y4]=-Y3, [V3,Y5]=T2, [Y3, Y6l = Y4,
[Y4,Y5]1 =0, [Ys, Y6l = =Y,
[Ys, Yol =Y.
Note that Yq, ..., Ys admit identical structure constants as X, ..., Xg. One can
choose one-forms 771, e, 176 to be the dual to Y7, ..., Yg. The existence of these dual
forms is ensured by the condition Y1 A - - - A Yg # 0 and the fact that Y7, .. ., Y span

TO. These dual one-forms remain invariant relative to the Lie derivatives with respect
to the vector fields X ..., X¢, i.e. Zx,n/ =0fori, j=1,...,6.

Moreover, the differential forms dr)l, e, dn6, or their linear combinations, are
closed differential forms that are invariant relative to the Lie derivatives along
X1, ..., Xe. These properties make them Hamiltonian vector fields relative to the
presymplectic forms dn!, ..., dn®.

The appropriate linear combinations of these forms yield a set of presymplectic
forms with the zero intersection of their kernels, resulting in X1, ..., X¢ being -
Hamiltonian vector fields.

In particular,

dp' ==’ An®—n' An*, A =—n’ An’ —=n* An?,
dp* = —n* A’ =0’ An?, dp*=—n'An*—n’ An°,
1 3 2 1 4
dp’ =—n' An® =n°An?, dn® = —n' An’ = Aqt.
Every vector field in (X1, ..., X¢) becomes an w-Hamiltonian vector field relative

to the two-polysymplectic form dn' ® e; 4+ dn? ® e,. The same applies to dn® ®
e1 + dn® ® e, and many other two-polysymplectic forms. This also extends to three-
polysymplectic forms such as dn' ® e; + dn?> @ e + dn® ® e3, provided that the
kernels of their presymplectic components have zero intersection.

Let us focus on the three-polysymplectic form defined by

w=ow ® eq —|—a)2®ez+a)3®eg =dr}l ® eq ~|—dn2®ez~|—dn4®eg.

A two-polysymplectic Marsden—Weinstein reduction can be performed by taking,
for instance, the w-Hamiltonian vector field X; and the Lie symmetry Xg, which
satisfies that [ X1, X] = 0. Then, a two-polysymplectic momentum map J® : O —
(R*)3 is given by
1x,dd® = 1x,0' ® €1 + 1x,0° ® ez +1x,0° ez =dJ1 @ ey +dL ®er +dJ3 R e3.

It is a matter of a long calculation to prove that dJ; A dJy A dJ3 # 0 based on the
fact that 9(Jy, J2, J2)/0(v1, v2, v3) # 0 almost everywhere. Therefore, J‘I’_l(u) has
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dimension three. Moreover, due to tx,dJ ® — 0, the reduced manifold J q”l(u) /X6
is two-dimensional.
Note that the vector field X is tangent to the level set J*~!(u) since

tx,txsdn® = X1Jy =0, a=1,2,3.

Therefore, by Theorem 3.4 the vector field X | reduces onto the manifold J $-1 (n)/Xe.
Then, after some calculations, we obtain that condition (3.1) is fulfilled. To verify
condition (3.2), which has the form

k
T,(GAp) =) (kerwg + T,,(Gji’p)) NT, A% (),

a=1
one can note that
T,(Gup) = (X¢) C T,(J*'(n)) CT,P.
Moreover, we have
kerw! = (Y2, Y3), kerw?® = (Y1, Ys), kerw® = (Ya,Ys).
In turn, this amounts to obtaining three determinants, each being nonzero, implying

that no element of ker w!, ker @?, ker @? belongs to T,J &-1 (). In particular, at a
generic point,

YoJo Yo 3 YiiqiiJs YaJi YaJo
det <Y312 Y3]3> # 0, det <Y6]1 Y6]3> #0, det (YSJI Y5]2> # 0.

Finally, the condition (3.2) is satisfied, namely
((Y2, Y3) + (Xe)) N (Y1, Ye) + (X6)) N ((Ya, Y5) + (X6)) N T, A* ! (w)) = (Xe).

Hence, Theorem 3.3 can be applied.

5.2 The k-Polysymplectic Manifold Given by the Product of k Symplectic Manifolds

This section presents an illustrative example of the k-polysymplectic Marsden—
Weinstein reduction of a product of k symplectic manifolds (see Sect.3.3). This
example shows different types of systems of differential equations that can be under-
stood as Hamiltonian systems relative to a k-polysymplectic manifold and describes
their reductions. In particular, the so-called diagonal prolongations of Lie-Hamilton
systems, which appear also in the multidimensional generalisations of some integral
systems, like in the case of the Winternitz—Smorodinsky oscillator on T*R (see de
Lucas and Sardén 2020), can be considered as Hamiltonian systems relative to a
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k-polysymplectic manifold. One can also consider higher-dimensional Winternitz—
Smorodinsky oscillators.

Let us provide some new details to the formalism in Sect.3.3. Define P = P; X
-+ x Py for some k symplectic manifolds (Py, ®*), where « = 1, ..., k. This gives
rise to a k-polysymplectic manifold (P, pr)w® ® ey). Assume that each Lie group
action ®* : G4 x P, — P, admits a symplectic momentum map J % . Py — g for
a = 1,..., k. Define the Lie group action of G = G| X ... x G on P as (3.6). If
one defines g = @](;:1 g, then there exists a k-polysymplectic momentum map

JJo--- 0
0J2---0 ’
J:(xt,o o, x) € Pr—(0,....J% ....0Qe,=1| . . . |eg™
00---Jt
where there is a summation over @ and we assume J¥(xy, ..., x;) = Jo (xy) for
a =1, ..., k and the matrix array is a practical representation of the image of J. Note

that w = (0,...,u%,...,0) ®ey € g*k is a weak regular value of J if and only if
each u* e g is a weak regular point of its corresponding J % Assume that some Gﬁ
acts in a quotientable manner on the associated level J~! (). This happens if and only
if every Gﬁ; acts on a quotientable manner on each J =l fora =1,..., k.

We already showed that the conditions (3.1) and (3.2) are satisfied. By Theorem
3.3, these equations guarantee that, on the reduced manifold J~' (1) /G2, there exists
a uniquely induced k-polysymplectic manifold,

k
<J_1(M)/GA ~ 30 /G X x 3TN/, 0 =) o ®ea>

a=1

for some reduced presymplectic forms w1, ..., @, k.
Next, let us consider a vector field X on P that is @w-Hamiltonian and G-invariant.
By Theorem 3.4, the vector field X can be written in the following way

where each X, can be considered as a vector field on P, that is tangent to J -1 (u%)
fora = 1, ..., k. Recall that LXaa)ﬁ = 5£dh"‘ for o, 8 = 1, ..., k. Moreover, this
frequently happens in diagonal prolongations of Lie—-Hamilton systems, where we
have a vector field X" defined on a manifold of the form N™ that can be considered
as a copy of a Hamiltonian system on each N relative to a symplectic manifold on that
N (cf. de Lucas and Sardén 2020). Then,

k k
dh = Zdh“ R ey = thwa ® ey.
a=1 a=1
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Next,hg = h—(J—p,, &) foré € g,and Theorem4.2yieldsthatz, = (z1e, ..., Zke) €
P is ak-polysymplectic relative equilibrium point if and only if each z,,. is a symplectic
relative equilibrium point of a Hamiltonian vector field X, on the symplectic manifold
(Py, %) relative to some &, € gq. Then, a k-polysymplectic relative equilibrium
point z, is formally stable if there exists a series of supplementary spaces S to
Te, (G ze) ® (ker o2 NT,, (7' (1)) in T, I~ (), witha = 1, ..., k, such that

(52hg> (vs,,02) >0, Vo, €SU\{0}, a=1,....k
Ze

and 8" + ... 4+ S + T, (Gp z0) = T, A" ().

5.2.1 Product of Oscillators

Let us detail a practical application of the formalism above. Consider the product of
k isotropic three-dimensional oscillators given by the equations

dxg 2 ;
i = —byx,, a=1,...,k, i=1,2,3,
where the by > 0, with @ = 1, ..., k, are a series of constants. The above system of

second-order differential equations can be written as a first-order system of differential
equations

dx(’;( i

a = P =1,k i=123 (5.2)
Py =—b2x’

dt ata

on the product manifold P = (T*R3)¥. The a-th factor T*R3 in P is a symplectic
manifold equipped with the symplectic form

3
¥ = deé Adpl,
i=1

where we stress that there is no sum over the index «. Then, P is a k-polysymplectic
manifold when endowed with the R¥-valued form @ = Za:l 0% ® ey, where
ol .., * are considered as pulled back to P in the natural way. Moreover, (5.2)

describes the integral curves of the vector field

X =35 (i i
"= : p"axjx “x"‘ap '

i
a=1i=1 o
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which is @-Hamiltonian admitting an @-Hamiltonian function

3 3
h = %Z (pﬁ + bixé) ®ew, pa=p (D) xg=) (xi)%
a=1 i=1 i=1

Let us consider a Lie group action ®* : SO(3) x (T*R%), — (T*R?),, where each
®“ is the lift of the natural Lie group action ¥ : SO(3) x R* — R3 induced by
rotations on R to the a-th copy of T*R? in P. Then, the resulting Lie group action
® on (T*R3)* given by (3.6) reads

® : SO x (T*RHF — (T*RIHX.

The Lie algebra of fundamental vector fields of @ is spanned by the basis of vector
fields on P of the form

d 0 a
£l =<x1——x2—+pl _pz_),
aP Otaxg[ o xoll Olapg[ Olapg[

a

3 0 )
— —pro— |,
op; “0pg
ad 0 ad ad
3 3 1 3 1
=\ Xy7— Xo7=tPo7— Poa7=)>
sozP < aax(}( aaxg Do apg{ Py apg)

with @ = 1, ..., k. These vector fields are Lie symmetries of @ and k. Moreover,
a k-polysymplectic momentum map associated with @ is given by J : (T*R*)F —
[(s0%)*]¥ such that

0
) 3
Eop = <xa@—xaﬁ+l7

Jqy ... q) =(0,0,0;...; 7,72, 73,...,0,0,0) ® ey

s VYar Yaor Yao

2
o’

where ¢, = (xolt,x xg, pé, pg, pg) e T*R3 fora = 1, ..., k, while

1 2 3 1.2 2 1 2.3 3.2 .31 1.3
(Ja’ Ja’ Jot) = (xotpot — XgPos XqPoy — XoPos Xa Po — ‘x()lpol)’

and @ = 1,..., k. Note that the elements of so% are represented by the coordinates
given in an appropriate basis. The function x! p2 — x(% pl is the angular momentum,
Dag of the a-th particle in the corresponding spherical coordinates {7y, 0y, ¢ }. Mean-
while, Lg = (Jol )2+ (]D%)2 + (J(;?)2 is the square of the total angular momentum of
the «-th particle. Both quantities are conserved by the evolution of Xj,.

The momentum map J is (Ad*)k-equivariant. RecallthatJ = (0,...,J%, ..., 00®
eq. Then, p = (0,0,0;...; JO}, J(f, JO?; ...;0,0,0) ® e, is weakly regular value of
J if and only if each triple u® = (J, JO%, J(f) € s0j is a weakly regular value of Jo,
where « = 1, ..., k. Let us fix some weakly regular p. Then,

k
T, ) =P T, I3 7 w),  Ya=(aqi.....q) € P.

a=1
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Moreover,

ELpT) = —dupeijif.  ij=123  ap=1.. .k
The isotropy subgroup of & at p is given by the Cartesian product of all the
isotropy subgroups corresponding to each pu® relative to ®* and & = 1,..., k. To
obtain G ¢, one may verify when 21‘3:1 Ai (&, p) belongs to Ty (J -1 (1q)), namely
Z?:l )L,'(éé,)a J] = 0 for j = 1,2,3 (with no summation over «), which occurs if
and only if

0 —J3 J2\ (M 0
J2o0 sl x]=10
-J2 Jl o A3 0

The matrix of coefficients has rank two for L2 # 0. Moreover, J® has a reg-
ular value at o, when Lg # 0 for every « = 1,...,k. Let us restrict to that
case. Each isotropy subgroup G, has always dimension one. Hence, the reduced
manifold J‘D’l(u)/G,L has dimension 6k — 3k — k = 2k. The conditions for the
k-polysymplectic Marsden—Weinstein reduction results, as already commented, from
the ones for the symplectic reduction on each component, which are satisfied. Hence,
the k-polysymplectic Marsden—Weinstein reduction exists.

Note that h = 1 Sk P2+ pgw/(ro% sin? 6y) + p2,/r2 + b2rl) ® ey and 0® =
drg Adpgr +dBy Adpes +dee Adpeg, foreacha =1, ..., k, in spherical coordinates
for the k component manifolds of (T*R3)X. Then, the differential equations for the
integral curves of X}, read

2 2
dpar Pay pig 2 dpag dpeys  Pay 08 Ou
= 3 2 _3_bar0(5 _=07 = 2 3 )
dt r2sin“ 6y 1y dt dt rZ sin® Oy
dro _ O _Pas 00 Pay
dt o dt r2’ dr  r2sin’6,

k-Polysymplectic relative equilibrium points are given by those points for which the
vector field X, on (T*R3)¥ corresponding to the dynamics is proportional to one
of the fundamental vector fields of ®. In particular, let us take z, € P such that
Ze = (rg, 00 = %’ Yo Par =0, pap = 0, pa(p) and Ly = barozt = Dag for every

o = 1,...,k on analysed points. Then, the @w-Hamiltonian vector field X}, at such
points is
k
Pay 0
Xp = .
27

This implies that z, € P is a k-polysymplectic relative equilibrium point of Xj. Let
us demonstrate this by applying Theorem 4.2. This theorem ensures that z, is a k-

polysymplectic relative equilibrium point of X, if and only if there exists & € 501§
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such that hg = h — (J ® _ u,, &) has a critical point at z,. Indeed, for

&= (plga/rlz»o, 0; -..;pkw/rlf,O, 0) e 5013‘,

the R¥-valued function
he =h—(J° — . § Z(h“ J% = (Lg, 0,0), ..., 0), €) ® ea,

has a critical point at z.. Therefore, z, is a k-polysymplectic relative equilibrium point.
By Theorem 3.3, the reduced manifolds is (T*R)¥ with coordinates {ry, par} for

a =1,..., k. The reduced k-polysymplectic form on the reduced manifold is given
by
k
wlL = Zdru AN dpo[r X Cy s
a=1

and the reduced w,-Hamiltonian reads

k
1
fu= 2Z<pw+—+bé §)®ea
a=1
Furthermore, one has that
dp L2 dr,
d:" _béra"‘r_g’ d;x Par, a=1,... k.
o

LZ
—b2ry + —‘31 =0
rot

fora =1, ..., k. Note that this point is the projection of a k-polysymplectic relative
equilibrium point z, € P.

The Hessian of the functions f is positive-definite in a supplementary to the kernel
of @y« at the equilibrium point. Indeed,

Hess(fu) = <(1) 422)

Moreover, the function Zl;: 1 i has a positive-definite Hessian and the equilibrium
pointbecomes a strict minimum. This means that the reduced k-polysymplectic relative
equilibrium point is stable. In the original manifold, the orbits around k-polysymplectic
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relative equilibrium points remain in the anti-image in J®~! (1) of an open neighbour-
hood of the projection of the k-polysymplectic relative equilibrium points.

5.3 k-Polysymplectic Affine Lie Systems

Let us apply our techniques to a family of affine inhomogeneous systems of first-order
differential equations. It is worth noting that all such systems are Lie systems (Car-
ifiena and de Lucas 2011). We will hereafter call such differential equations affine Lie
systems. Many such systems appear in control theory and other relevant disciplines
(Carifiena and Ramos 2003). In particular, we are here concerned with affine Lie sys-
tems admitting a Lie algebra of Hamiltonian vector fields relative to a k-polysymplectic
form. We call them k-polysymplectic affine Lie systems.

Although our techniques could be extended to other affine Lie systems, let us restrict
ourselves to the particular case

X1 bi(t) 00 000 X1
d|* by (1) 00 000 |x2
— x| =1b3(t)| +bs(r) ]OO O O1 x3 |, (5.3)
S ba(t) 000 00]|x
X5 bs(t) 00-100 X5
where by (), ..., be(t) are arbitrary 7-dependent functions. The above system is the

system of differential equations describing the integral curves of the 7-dependent vector
field

6
X =Y ba(t)Xae,
a=1
where
X1 = 9 X 9 X3 = X4 = 9 X5 = 9
1_8x17 2_8x27 3_ax27 4_8)(:4’ 5_8x55
X d d
=X5— — X3 —.
6 58)63 33)65

These vector fields span a six-dimensional Lie algebra of vector fields V, with the
following non-vanishing commutation relations

[X3, X6l = —X5,  [Xs5, X6] = X3.
Consider the case where by (¢), ..., bg(t) are constants, denoted as ¢y, ...,ce € R,
respectively. Since the vector fields X| A --- A X¢ = 0, the methods presented in
Sect. 5.1 for describing k-polysymplectic forms compatible with Lie systems do not

apply to (5.3). Nevertheless, there exists a two-polysymplectic form on R> given by

@ = (dx3 Adxs +dxg Adxy) ® e; + (dx3 Adxs +dxg Adxn) ® en
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turning all the vector fields of V into w-Hamiltonian vector fields. Indeed, w-
Hamiltonian functions for X1, ..., Xg have the form
hy=—-x4Q®ep, hy)y=—x4Qen, h3=x5Qe; +x5Qe2,

1 1
hi=x1®e1+xx®e, hs=—x30e] —x3R e, h6:§(x32+x52)®el +§(x32+x52)®e2.

The flow of the vector field X4 gives rise to a two-polysymplectic Lie group action
® : R x R> - R3. Moreover, X4, which spans the space of fundamental vector fields
of @, is a Lie symmetry of system (5.3). Then, a two-polysymplectic momentum map
associated with & reads

J® 1 (x1,x2, %3, x4, x5) € RO 1> (x1, x2) = p € R*2,

Note that € R*? is a regular value of J®, and J® is Ad*?-equivariant two-
polysymplectic momentum map. It can be proved that the example satisfies the
conditions (3.1) and (3.2). Hence, Theorem 3.3 can be applied. The vector field X4 is
tangent to J®~! () and T, (G px) = (%) for x € R>. Therefore, P, = J®~!(n)/R
is a two-dimensional manifold and the variables {x3, x5} can be considered in a natural
manner as variables on Py. The reduced two-polysymplectic form reads

wﬂ:w}L@)el+a)i®e2=dX3/\dx5®e1+dx3/\dx5®ez.

To apply Theorem 3.4, the affine Lie system must be tangent to J®*~!(u), which can
be ensured by assuming that its associated @-Hamiltonian function has to be invariant
relative to X4. These conditions are satisfied by imposing ¢; = ¢ = 0. The resulting
vector field, X = ¢3X3 + c4X4 + ¢5X5 + c6 X6, projects onto Py, = J‘b—l(u)/R
giving rise to an @, -Hamiltonian vector field of the form

X 0 0 N 0 N 0
=ce|x5— — x3— c3— +c5—.
K’ 6 58x3 38x5 38)63 Saxs

The w,-Hamiltonian function of X, reads

x% x2
fIL: c3X5 — C5X3 + C¢ 74‘75 R eg
x2  x?
+ | c3x5s — ¢c5x3 + ¢6 ?3+?5 ® er.

Next, the methods introduced in Sect.4 will be employed to find the two-
polysymplectic relative equilibrium points of the w-Hamiltonian vector field

Y = X4 + X6
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and study their stability. According to Theorem 4.2, a two-polysymplectic relative
equilibrium point z, € P is a point for which there exists £ € g >~ R such that z, is a
critical point of each component of the R2-valued function

1
h: = <x1 — & —uh) + §(x32 +x52)) ® e

1
+ (x2 —&E(xp — ,uz) + 5(x32 +x52)> ® eq.

This happens for § = 1 and z, = (x1, x2,x3 =0, x4, x5 =0) € R, where x1, x2, x4
are arbitrary.

To examine the relative stability of z, € R>, note that the supplementary spaces to
T.,(Gp,ze) + ker a)zle and T, (G, ze) + ker wi in T, (J®~'(p,)) have the form

0 0 0 d
S'l=({—,—), 8 ={—,—).
<3X3 GXS> <BX3 8x5>

respectively. Then, S + S? + T, (Gp,ze) = T, ®=l(u,)) and the Hessian of
(82 hé) <, at z, in the subspace S I"and the Hessian of (82h§) <. in the subspace S? are
definite-positive. Therefore, by our criterion, a two-polysymplectic relative equilib-
rium point z, € R is relatively stable, namely its projection to Py, is stable. More
specifically, the reduced system has an w, -Hamiltonian function whose components,
flic, 'fI%e are such that their Hessians at equilibrium points 77 (z.) = (x3 = 0, x5 = 0)
are definite-positive in the directions of ker(a)}%)zg and ker(wig)ze, respectively.
Indeed, the reduced w,-Hamiltonian function reads

1
f”‘e = (x§+x52>®e1 —i—z(x%—i-xsz)@ez

N =

and the function
1 2 2 2
Jue + Ju, =43 + 25,

is invariant under the dynamics of Y, and has a strict minimum at 7y, (z.) = (x3 =
0, x5 = 0). Hence, the reduced two-polysymplectic Hamiltonian system is stable.

5.4 Quantum Quadratic Hamiltonian Operators

Next, let us analyse an example based upon the Wei—-Norman equations for the auto-
morphic Lie system related to quantum mechanical systems described by quadratic
Hamiltonian operators, which describe as particular cases quantum harmonic oscilla-
tors with/without dissipation (Carifiena and de Lucas 2011; Wei and Norman 1963).
In this case, the system of differential equations under study is the one determining
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the integral curves of the time-dependent vector field

6
R
X=> ba()XE, (5.4)
a=1
for certain 7-dependent functions b1 (¢), .. ., bg(¢) and the vector fields
P SR A R WP YR 0 o 1 8 1 0
=—+vs— — -v5—, = —+—+-u——zv5—,
P 90 T P au T 2% dug 2T T T 2% au 2% 9us
) ) ] a 1,9
xRz g0y Loy &, %y 2 0 R_ 9
3 A G e T s T 2 % e 47
] ] 9
XB= — vy —, xE=—.
31)5 31}(, 31)(,

[stxf] =Xxf.
[Xf,xf] —2xk, [X§,X§] = xk,

1
[X{",Xf]zo, [Xf,xf]z—ixf, [Xf,Xf]:X?,

1
[xf,x§]= x£, [xf,xf]:ix;*, [Xf,Xf]:O, [Xf,xg*]:fxg",
[xF. x&] =0, [xF. xE] =0, [xF.xE] =0 [xf.x{] =0, [xE x&] =o0.
It is known that the Lie algebra of Lie symmetries of (XX, ... X g ) is spanned by
5 5 L0 L@ 9 .

=~ tu—, X}

2 P PYE] X = >
vy vy MRS ovs 2 vy dv3 ov3

a a
XE =226 —yjv3)— — e 2 Pu3— — 722 (" — vjv3)vs —,
0v4 dvg

4 dvs
0 0 0 0
Xt =ve P — f e — —puse P —, XE=—.
0v4 dvs dvg dvg

In particular, let us focus on systems (5.4) with constant coefficients and, in particular,

9 9
XR= " oy —

= 4 .
3 dvs dvg

Then, a Lie symmetry of our system is given by

Y= —.
dvs
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A two-polysymplectic form on R® can be defined in the following way

w=0'®e +0* Qe
= (dv; A dvs + dvy A dug 4+ dus A dog
+dvg A dvg) @ er + (dvg A dvg —dvs Adus) Qes .

Note that

0 0 0 0 0 0
kero! = (— + —, — + —), kerw? = (—, —),
dvs  dvs dvy  Jvg vy 0vy

and ker w! Nker w?> = 0 and (R®, ®) becomes a two-polysymplectic manifold. The
vector field Y is a Lie symmetry of the two-polysymplectic form, i.e. Zy® = 0. Then,

Ly3a)] =dvq, Ly3a)2 = duvs,

and a two-polysymplectic momentum map J® associated with the Lie group action
given by the flow of Y reads

J®: x eRO — (v1,v3) = (g")° € p ~ R*2,
Note that every u = (u', u?) € R*? is a weakly regular value of J®, which is Ad*?-
equivariant. The isotropy group for every p € R*? reads G » = R. Hence, J *=l(p) is
a submanifold, as well as Jibfl (,ul) and J;D*] (MZ). Since Y5 is tangent to Jo-l (),

then Py =J >=lw)/G u can be locally coordinated by the functions {v;, v4, v6}.
The vector field X 5 is @-Hamiltonian with

1 2
LX;”") = LXgea) ® e + ‘Xé“" ® en

Uz% vf R
=d U1+? Qe +d v3+7 ® ex =dhs. (5.5)

Then, the reduced two-forms read
a)}L = dvy A dvg + dvg A dug, a)i = dvg A dug.

Furthermore, one has

d 0 ol
k V= — 4+ —), kerw? =(—),
erwy, <8v2 + 3U6> erw, <3v2>

and a)}L, a)i define a two-polysymplectic form on P, . Moreover, the w-Hamiltonian
function of X § is invariant relative to Y. Then, Theorem 3.4 ensures that the projection
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of X § onto P, exists and is given by

ad
XR = —v4—),
dvg

which is the w,-Hamiltonian vector field of the w,-Hamiltonian function

f_ lv_é% 2 ﬁ
o= ,u—l—2 Qe + M+2 ® ez,

which has a critical point at every point (v4 = 0, vg), where vg is arbitrary. Such
points are not stable equilibrium points. In particular, this @,-Hamiltonian function
does not satisfy that f,l + f,f has a strict minimum at the equilibrium point: it has only
a minimum. Note that the points in J*~! () that project onto the above-mentioned
equilibrium points are two-polysymplectic relative equilibrium points. The analysis
of (5.5) with our two-polysymplectic energy—momentum methods at the mentioned
two-polysymplectic relative equilibrium points suggests the same results.

5.5 Equilibrium Points and Vector Fields with Polynomial Coefficients

Let us illustrate certain aspects of our k-polysymplectic energy—momentum method

by studying vector fields with a polynomial behaviour. Moreover, our example will

illustrate some features of weakly regular points of k-polysymplectic momentum maps

and the character of their associated k-polysymplectic Marsden—Weinstein reductions.
Consider coordinates {x;, x2, X3, X4, X5, X6, X7, Xg} on R3 and the vector field X on

R® given by

IS VLR

0X4 0x7

where a, b, ¢, d, e € N. Define the two-polysymplectic for @ on R® of the form

0= ® e +a)2®e2 = (dx3 Adxg +dx; Adxs) ® e
+(dxy A dxg +dxy Adxg) ® er.

Then,

kerol = (0 0 0 BN 2o 2 9 3
* 0xy Oxg 0x7 0xg * 0

kera)}( N kera)z =0

for any x € R®, and thus @ becomes a two-polysymplectic form. [
The vector field X admits the Lie symmetries, Y1 = 3"72, Y, = 3"71, Y; =

0

Brs which span a three-dimensional abelian Lie algebra of vector fields. These Lie
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symmetries are the infinitesimal generators of the translations along the x>, x1, and x5
coordinates, and they also leave the two-polysymplectic form invariant, i.e. £y, 0® = 0
fori =1,2,3 and @ = 1, 2. They give rise to a Lie group action ® : R x R® — R8
that leaves invariant .

Since

Ly,wl =0, LY2w1 =dxs, Ly3a)1 = —dxy,

Lylcz)2 = dx6 y LY2w2 =0 , LY3w2 = O,
a two-polysymplectic momentum map J® can be defined by setting

J%:x e R¥— J®(x) = (0, x5, —x1: x5, 0, 0) € (R*)? ~ (R})2.

dxp’ 0x3° dxq’ 0x7° 0xg

Then, T,J® (n) = <i R i) for each x € J®~1(n) and p € (R?)2.

The two-polysymplectic momentum map J® is Ad*?-equivariant and every u € (R3)?
is a weakly regular value of J® since each J ®=1 () is a five-dimensional submanifold
of R® and its tangent space at each point coincides with the kernel of J® at that point.
Moreover, J® has no regular points.

Note that ¥, and Y3 do not take values atx in T, (G, x) but Y7 does. The assumptions
of Theorem 3.3 are satisfied, and the quotient space T, J®! (n)/Ty (G,Lx) is a two-
dimensional subspace, where

- a a 0 ] _
T.J® 1(/‘!)/Tx (Gux) :<E,B—X4,E,a—xs>, vx € J® I(IL)

and
Wy = a)’IL e + a)i ®er = (dxz Adxg) ® e1 + (dx7 A dxg) ® es.
The vector field X is w-Hamiltonian relative to

dh =130 = txwl ® e + txa)2 ® ey

1 1.
=d (1 +bxf{+1 + —xg“) ® e

c+1

1 1 1
+d (mxg“ T P 1+ex;+l> Be

Moreover, h is invariant relative to the Lie symmetries Yy, Y>, ¥3. By Theorem 3.4,
the vector field X projects onto the quotient manifold and its projection X, is given
by

9 a ] a
X, = R d_ v e_’
K’ 4 3)63 3 8)64 8 3)67 Y7 3)68
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which is an ,-Hamiltonian vector field since

LR XS T oe
dfﬂzlxuwu=d< b4 +m)€§ ® e

According to Theorem 4.2, a point z, is a two-polysymplectic relative equilibrium
point if it is a critical point of hg for some & = (§1,42,83) e g R3. Then, one has
that

dhe =df @ e +dff @ e
= (xffdm + x5dxz — &dxs + $3dx1) ® e;

+ ((xg — &dxg + xgdxg + x?dx7) Rey.

Itfollows that&, = &3 = 0and we have two-polysymplectic relative equilibrium points
of X of the form z, = (x1, x2, 0, 0, x5, x¢, 0, 0) for xg = &1. Infact, x1, x3, x5, X6 are
arbitrary. Indeed, (Xy,)iz,) = 0 for , = J®(z).

To analyse the stability of the above-mentioned two-polysymplectic relative equi-
librium points, let us analyse the second derivatives of k¢ at such points z.. Then,

(8%he)z, = (6%h})z, ® e1 + (8°h}):, ® €2
= (cxg_ldx_g ® dx3 + bxff—]dm ® dx4) R eq

+ (ex?ildx7 ® dx7 + dngldxg ® ng) Res.

Taking into account that the supplementary spaces to T, G, +ker a); ﬂTze I ()
and T, G, + ker a)2 NT,, J®'(w,)) can be chosen S1 = (= 8x4) and 82 =

ax3’
(327 3?63) respectlvely, Definition 4.6 and the posterior explanatlon give that the z,
are stable two-polysymplectic relative equilibrium points if

%h)z, (Vs v2) > 0, Yo, €S!\ {0},
and

(azhg)z (e v2) > 0, Vo, € 82\ {0).

These inequalities hold if and only if b, ¢, d, e = 1. Hence, the z, are formally stable
two-polysymplectic relative equilibrium points of X for b, ¢, d, e = 1. Indeed, it is
immediate that previous conditions of stability imply that in the reduced space close
to the equilibrium point, the coordinates x3, x4, x7, xg are bounded for every motion
close enough to the equilibrium point, which ensures real stability.
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6 Conclusions and Outlook

In this work, we have devised a new energy—momentum method for systems of
ordinary differential equations given by Hamiltonian vector fields with respect to
a k-polysymplectic form. This led to define and charactere k-polysymplectic rela-
tive equilibrium points and introducing new techniques to study stability through
k-polysymplectic geometry. In this respect, we have also reviewed several aspects and
mistakes in previous Marsden—Weinstein reductions for k-polysymplectic forms and
Hamiltonian systems (Blacker 2019; Garcia-Torafio Andrés and Mestdag 2023; Mar-
rero et al. 2015; Munteanu et al. 2004), which is a relevant part in energy—momentum
methods. To illustrate our new energy—momentum method and theoretical results, we
have studied several relevant examples in detail: complex Schwarz equations, the prod-
uct of several symplectic manifolds, with a family of particles subjected to the effect
of an isotropic potential for each of them, affine homogeneous differential equations
(with potential applications to control theory and Lie systems theory), quantum har-
monic oscillators with dissipation, integrable symplectic systems, and some dynamical
systems with polynomial coefficients.

A non-autonomous analogue of the methods devised in this paper could be accom-
plished by using the Lyapunov theory depicted in de Lucas and Zawora (2021). Note
that the stability with respect to k-polysymplectic forms is a topic that requires fur-
ther development. The criteria here used are enough for the family of examples to
be studied, but a deeper study with an analysis of all possibilities is in order. Recall
also that, even in the one-polysymplectic case, the criterion for the stability of the
energy—momentum method, which we here recover as a particular case and is classi-
cal (Abraham and Marsden 1978), is not a necessary condition for the stability of the
reduced system.

The study of complex Schwarz equations and the Schwarzian derivative could be
more appropriately studied through a complex Lie system formalism. We aim to study
this possibility in further works.
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