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Abstract

This work reviews the classical Darboux theorem for symplectic, presymplectic, and cosym-
plectic manifolds (which are used to describe mechanical systems), as well as certain cases of
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on polarisations for (k-)(pre)(co)symplectic structures arise.
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1 Introduction

Since its very origins, differential geometry has been applied to many branches of mathemat-
ical physics to study different kinds of physical systems, and it has led to many developments.
Symplectic geometry, namely the study of closed non-degenerate two-forms, the so-called
symplectic forms, was one of the first areas of differential geometry to be introduced. Sym-
plectic geometry has its origins in the study of celestial mechanics [45], it has a relevant
role in classical mechanics [2, 10], and it has inspired the development of many other useful
geometric structures with relevant applications [1, 6, 27, 41, 42, 44].

One of the fundamental results in symplectic geometry is the Darboux theorem, which
describes the local structure of finite-dimensional symplectic manifolds [18]. Roughly speak-
ing, the Darboux theorem states that a symplectic form can be locally written as a differential
form with constant coefficients of a particular type, namely as the canonical symplectic form
of a cotangent bundle in adapted coordinates, @ = dg’ A dp; [1, 43]. There exist several
types of infinite-dimensional symplectic manifolds, and some of them do not admit a Dar-
boux theorem [46]. Hereafter, we focus on finite-dimensional manifolds, unless otherwise
stated.

The Darboux theorem can be proved in different ways [1, 9], and its proof can be extended
to presymplectic forms, namely closed two-forms of constant rank [17]. It is well-known that
symplectic and presymplectic forms describe the phase spaces for autonomous regular and
singular dynamical systems in mechanics. For non-autonomous mechanical systems, the
suitable structures are the so-called cosymplectic and precosymplectic manifolds [16, 20].

As a preliminary goal, this paper reviews the theory of Darboux theorems for symplectic
and presymplectic manifolds, and it analyses their relation to the so-called flat compatible
symplectic and presymplectic connections [7, 34, 61]. Connections are hereafter assumed
to be linear and torsionless, being the second condition usual in the literature and a key to
the description of certain features of the differential forms and integrable distributions to be
studied in this work. We also provide proofs of the Darboux theorems for cosymplectic and
precosymplectic manifolds. The Darboux theorem for precosymplectic structures is assumed
in many references but its proof seems to be absent in the literature [16].

To achieve a geometrical covariant description of (first-order) classical field theories, the
above-mentioned structures have been generalised in several ways. The simplest ones are the
so-called k-symplectic manifolds, introduced by Awane [4, 6] and used later by de Le6n et al.
[22,24,25] and Norris [48, 51] for describing first-order classical field theories. They coincide
with the polysymplectic manifolds described by Giinther [39] (although these last ones are
different from those introduced by Sardanashvily et al. [35, 56] and Kanatchikov [40], that
are also called polysymplectic). This structure is used to give a geometric description of
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regular field theories whose Lagrangian and/or Hamiltonian functions, in a local description,
do not depend on the space-time coordinates (or the analogous). In the degenerate case we
use k-presymplectic structures, which allow us to describe the corresponding field theories
given by singular Lagrangian functions [37]. It is worth stressing that there exist several ways
of defining k-presymplectic manifolds, some of which have apparently been proposed and
studied in the present work for the first time.

A natural extension of k-symplectic manifolds are k-cosymplectic manifolds, which enable
one to generalise the cosymplectic description of non-autonomous mechanical systems to
regular field theories whose Lagrangian and/or Hamiltonian functions, in a local description,
depend on the space-time coordinates (or the analogous) [21, 23]. As previously, the singular
case of these theories leads to the introduction of k-precosymplectic manifolds, which can
be defined in different manners, as shown in this paper and studied in previous works [38].

The Darboux theorem was generalised and proved for k-symplectic manifolds in [4, 25,
29] and for k-cosymplectic manifolds in [21]. The Darboux theorem plays a relevant role
in these theories since, for instance, it significantly simplifies the proofs of many results
[52]. In this work, we provide a (as far as we know) new Darboux theorem for k-symplectic
and k-cosymplectic linear spaces. We also provide new proofs for the Darboux theorems
for k-symplectic and k-cosymplectic manifolds. Our proofs reveal new properties of such
types of manifolds concerning the properties of their Lagrangian submanifolds. In partic-
ular, new details about the existence of the hereafter called polarisations for k-symplectic
and k-cosymplectic manifolds are obtained. Moreover, classical proofs of the k-symplectic
manifold rely on coordinates and special, rather lengthy calculations [6]. Others are focused
on connections and give indirect proofs [29]. Meanwhile, our proof of the k-symplectic Dar-
boux theorem is intrinsic and short. Moreover, our proof could have been made shorten by
relying on known results, but we decided to give a full explanation of all the structures and
results involved, which made it longer than strictly needed to prove the canonical form of
k-symplectic manifolds.

Darboux theorems for k-symplectic manifolds are closely related to the notion of polari-
sation [4]. This means that we search for coordinates where the k-(co)symplectic structures
take a form with constant coefficients of a particular type. Nevertheless, one could find new
coordinates where the k-(co)symplectic forms would take constant coefficients of another
different type. This would potentially lead to Darboux coordinates of other types.

Moreover, one may try to find coordinates to put the differential forms of a k-symplectic
structure on a canonical manner. This leads to the existence of a certain type of associated
distribution. Notwithstanding, Darboux coordinates can be defined to additionally put a basis
of the distribution in a particular manner. It is worth noting that, in the case of k-symplectic
manifolds, the conditions to obtain Darboux coordinates putting the associated differential
forms into canonical form ensure that there exists a canonical basis of the distribution too.
Meanwhile, our k-cosymplectic Darboux theorem shows that the conditions to put the dif-
ferential forms associated with a k-cosymplectic manifold are different from those needed to
ensure also a canonical form for a basis of the associated distribution. Moreover, our analysis
also sheds some light in the existence of Darboux coordinates for k-cosymplectic manifolds,
and it complements the results given in previous works [32, 49]. In particular, it is worth
noting that Theorem I1.4 and Theorem 5.2.1 in [21, 49] can be slightly misleading, as part of
the assumptions needed to prove such theorems are only described in Remark 2.5 and Note
5.2.1, after them, respectively.

Then, we study k-presymplectic manifolds. These structures appear as a side problem in
k-symplectic or multisymplectic theories [29]. We here prove that the very definition of a
k-presymplectic manifold can be set in different ways, depending on the features that we want
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them to have, e.g. to fit the analysis of systems we are dealing with. Some of these notions
of k-presymplectic manifold do not admit a Darboux theorem of the initially expected form,
even for the linear k-presymplectic cases. Then, we study some different possible definitions
of k-presymplectic manifolds, and we provide some counterexamples showing that a Darboux
theorem does not need to exist for them. This is quite unexpected, as it was previously assumed
that Darboux theorems must be satisfied for them. It is worth noting that the authors in [37]
remark that the existence of a Darboux theorem for k-presymplectic manifolds is an open
problem, although they skip this by giving intrinsic proofs of their results. The same happens
when we consider k-precosymplectic manifolds [38] in order to deal with non-autonomous
field theories described by singular Lagrangian functions.

As in the k-presymplectic manifolds case, one has the same type of problems and similar
solutions are given. A Darboux theorem for precosymplectic manifolds has been provided.
Although this result has been used in the literature [16, 26], it seems that a proof is missing.
More generally, we have provided definitions of k-pre(co)symplectic manifolds admitting
Darboux theorems. This gives an alternative approach to previous point-wise and local Dar-
boux theorems in [29] for the k-presymplectic case. Moreover, our point-wise and local
k-precosymplectic Darboux theorems seem to be new. Note also that k-precosymplectic
manifold do not have canonically defined Reeb vector fields. This causes that the Darboux
theorems may not involve the existence of a basis of them given in a canonical form. More-
over, the distribution defined to put the differential forms of k-precosymplectic manifolds in
a canonical manner does not admit a canonical basis unless additional conditions are given.

Finally, we have the multisymplectic manifolds first introduced by Kijowski, Tulczyjew,
and other authors [31, 36, 41, 42], which constitute one of the most generic structures for
studying the behaviour of Lagrangian and Hamiltonian field theories (see [54] and references
therein). Nevertheless, although there are some partial results [47], a Darboux-type theorem
for multisymplectic manifolds in general is not known. In particular, a class of multisymplec-
tic manifolds with a local structure defined by Darboux type coordinates was characterised
in [13], and certain kinds of multisymplectic manifolds admitting Darboux coordinates have
been described in [19], giving a sufficient condition that guarantees the existence of Darboux
charts.

While studying the different geometric structures, we analyse the existence of linear
connections compatible with them. Some of our results are known, see for instance symplectic
connections [7, 34], k-symplectic connections [8], k-cosymplectic [49], multisymplectic and
polysymplectic connections [30]. On the other hand, some of the connections compatible
with these and other structures are here proposed. Moreover, we here review the subject and
serves as a reference point for further works.

The structure of the paper goes as follows. Section?2 reviews the Darboux theorems for
symplectic, presymplectic, cosymplectic, and precosymplectic structures and its relation to
flat compatible connections. In Sect. 3, we provide a new proof of the Darboux theorem for
k-symplectic manifolds, which is simpler than previous proofs [4, 6, 53]. We also discuss
the existence of Darboux coordinates in k-presymplectic manifolds and show that in order
to ensure its existence, some very restrictive hypothesis are required. Section4 is devoted
to study the existence of Darboux coordinates in k-(pre)cosymplectic manifolds. We give
a new proof of the Darboux theorem for k-cosymplectic manifolds [21]. We also see that
it is not possible to ensure the existence of Darboux coordinates, unless some additional
conditions are imposed. In Sect.5 we review the existing results on Darboux coordinates
for (pre)multisymplectic structures. Some new results on this topic are presented. Finally,
Sect. 6 summarises our results and gives some hints on future work. It is worth noting that
we explain how the use of flat connections with torsion may be used to study geometric
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structures related to differential forms that are not closed, such as contact ones. This will be
the topic of another paper.

2 Darboux theorems, flat connections, and symplectic-like structures

Let us set some general assumptions to be used throughout this work. It is hereafter assumed
that all structures are smooth. Manifolds are real, Hausdorff, connected, second countable,
and finite-dimensional. Differential forms are assumed to have constant rank, unless other-
wise stated. Sum over crossed repeated indices is understood. Sometimes, the summation
sign, X, will be used to make clear the range of the indexes we are summing over. All our
considerations are local, to avoid technical problems concerning the global existence of quo-
tient manifolds and similar issues. Hereafter, M and Q are assumed to be manifolds, X (M)
and QF(M) stand for the € (M)-modules of vector fields and differential k-forms on M.
Moreover, connections are assumed to be linear and torsion-free.

More particularly, this section reviews (co)symplectic and (co)presymplectic manifolds
and give the corresponding Darboux theorems. It also analyses the relation of Darboux the-
orems with compatible flat connections. We will also introduce the concept of characteristic
distribution, as it will play an important role when generalising, in Sects. 3 and 4, the results
of this section.

2.1 Symplectic and presymplectic manifolds

This section reviews the definition of symplectic and presymplectic manifolds, and it also
analyses their corresponding Darboux theorems. In the context of presymplectic manifolds,
we recall the definition of their characteristic distributions. For symplectic and presymplectic
manifolds, the relation between compatible connections and Darboux coordinates is studied.

Definition 2.1 A symplectic manifold is a pair (M, ®), where M is a manifold and w is a
closed differential two-form on M that is non-degenerate, i.e. the contraction txy w = 0, for
a vector field X on M, if and only if X = 0.

The canonical model for symplectic manifolds is the cotangent bundle of a manifold Q,
namely (T*Q, wg), where wg € Q(T*Q) is the canonical symplectic two-form in T*Q,
whose local expression in adapted coordinates {g’, p;} of T* Q on their associated coordinated
open subset of T*Q is wg = dg’ A dp;.

A symplectic manifold (M, w) gives rise to the musical (vector bundle) isomorphism
b:TQ — T*Q and its inverse £ : T*Q — TQ naturally induced by the ¥°°(M)-module
isomorphisms

b: X(M) — Q' (M)

XH—1xw

and = b~!. Note that a vector bundle morphism b can be defined for every two-form w, but
ft only exists when b is invertible or, equivalently,  is non-degenerate.

Definition 2.2 Let (M, w) be a symplectic manifold. Given a distribution D C TM, the
symplectic orthogonal of D is defined by D+ = [eenm Di-, where

DY ={veT,M|w(v,u) =0, Vu € D},
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and [ [, Dy stands for the disjoint sum of all D over x € M.

Symplectic orthogonals allow us to introduce several types of submanifolds of symplectic
manifolds.

Definition 2.3 Let (M, ) be a symplectic manifold and consider a submanifold N C M.
Then,

e the submanifold N is said to be isotropic, if TN C TN <

e the submanifold N is coisotropic, if TN+ C TN.

e the submanifold N is Lagrangian if it is isotropic and coisotropic, namely if TN+ = TN .
Lagrangian submanifolds are also called maximally isotropic and then2 dim N = dim M.

Definition 2.4 Two symplectic manifolds (M7, w1) and (M», wy) are symplectomorphic if
there exists a diffeomorphism ¢ : M| — M, such that ¢*wr = wy.

The classical Darboux theorem states that every symplectic manifold is locally symplec-
tomorphic to a cotangent bundle endowed with its canonical symplectic structure [1, 9]. The
Darboux theorem was initially proved by Darboux [18], but its modern standard proof relies
on the so-called Moser’s trick [43, Theorem 22.13]. The statement of the Darboux theorem
for symplectic manifolds goes as follows.

Theorem 2.5 Let (M, w) be a symplectic manifold. Then, for every x € M, there exist local
coordinates {q", p;} around x where = dq' A dp;.

Note that the Darboux theorem amounts to saying that there exist, on a neighbourhood of
any x € M, two transversal foliations by Lagrangian submanifolds.

In infinite-dimensional manifolds, one can still define a symplectic form, but the induced
musical morphismb : (M) — Q!(M) is, in general, only injective. This gives rise to the so-
called weak symplectic manifolds. Meanwhile, if b : (M) — Q' (M) is an isomorphism,
then the symplectic manifold is said to be a strong symplectic manifold. There exists no
Darboux theorem for general weak symplectic manifolds [46]. Nevertheless, by requiring
appropriate additional conditions, an analogue can be derived [59].

Let us introduce the notion of symplectic connection [7, 57]. Note that the torsion-free
assumption is common in the literature, and it is a key for certain results to be developed.
Indeed, we will show in Sect.6 that skipping it leads to a more general theory, but more
involved, inappropriate, and unnecessary for our present work. Apart from that last comment
to be given in the conclusions of this work, all connections are assumed to be torsion-free,
unless otherwise stated.

Definition 2.6 A symplectic connection on a symplectic manifold (M, w) is a connection V
on M such that Vw = 0. The symplectic form w is said to be parallel relative to V.

Every symplectic manifold admits local symplectic connections.

Indeed, as a consequence of the Darboux theorem, one can construct a local symplectic
flat connection for (M, w) around every x € M by assuming that its Christoffel symbols
vanish in some Darboux coordinates defined around x.

Such a connection is flat and torsion-free. In general, flat symplectic connections cannot
be globally defined, as it is known that the curvature of a connection is linked to the topology
of the manifold where it is defined on. Milnor proved and surveyed in [50] several results on
the existence of connections on the tangent bundle to a manifold. For instance, the tangent
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bundle to a closed and oriented surface of genus g has no flat connection if |2 — 2g| > g. The
sphere S? has zero genus. Hence, there is no flat connection on S?, which admits a natural
symplectic structure wg> that can be defined by considering S? embedded in R? and setting

(0g)x (v, VL) = (x, v, x VL),  VxeR3 Vo, v, eT,§*CT,R> =R,

where tangent vectors at x € S? are naturally understood as vectors in R3 and, hence, their
vector products are defined. Meanwhile, (-, -) stands for the natural scalar product in R3. Let
us recall that, if a connection is flat, the parallel transport of a tangent vector along a path
contained in a small open set U does not depend on the path. Thus, a basis {ey, ..., e,} of
Ty M gives rise, by parallel transport, to a family of vector fields X1,..., X, on U C M,
such that X;(x) = ¢; fori =1,...,n. Then, Vx,X; = 0 and, since V is torsion-free, one
has that

0=T(Xi, X)) = Vx, Xj — Vx, X; — [X;, X;] = —[X;. X;1. Vi, j=1,....n

Hence, there exist coordinates {xl, ..., x"} on a neighbourhood of x such that X; = 9/ dx!
fori =1, ..., n. Moreover, the Christoffel symbols of the connection vanish on U.

Using the above result and assuming the local existence of a flat torsion-free connection
compatible with a symplectic form, one may prove the Darboux theorem in a very easy
manner. In fact, every symplectic form w on M can be put into canonical form at any point
x € M for a certain basis {e1, ..., e,} of Tt M, i.e.

n
w, = Zezi—l Al
i=1

Recall that on a neighbourhood of every point x € M, one can define a coordinate system

{x!,..., x"} around x so that there exists vector fields X; = d/9x', withi =1,...,n,such
that

VyiX/ =0, Vi, j=1,...,n,
and X;(x) =e¢; fori =1, ..., n. Since V is a compatible symplectic connection for @, one
has that

Vyio(X/, X5 =0, Vi, j,k=1,...,n.

Hence, one has

2n
W= dezj*l Adx?
i=1
In a similar way, but weakening the conditions in Definition 2.1, we can introduce the concept
of presymplectic manifold. Recall that we assume differential forms to have constant rank.

Definition 2.7 A presymplectic form on M is a closed two-form & € Q2(M) of constant
rank. The pair (M, w) is called a presymplectic manifold.

Let us construct a prototypical example of presymplectic manifold. Let (M, w) be a
symplectic manifold, and let N be a submanifold of M. Consider the canonical embedding
denoted by jv: N <> M, and endow N with the induced two-form wy = jy, which is
closed. Then, (N, wy) is a presymplectic manifold provided the rank of wy is constant. To
see that the condition on the rank of ;3 w is necessary, let us consider the counter example
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given by the canonical two form, w = dx A dpx +dy Adp,, on T*R? and the immersed
submanifold given by jr+gr : (x, px) € T*R — (x, p)zc/Z, 0, py) € T*R x T*R ~ T*R2.
Then, jf.pew = pydx A dp,, which is not symplectic at the zero section of T*R.

Before introducing the characteristic distribution associated with a presymplectic mani-
fold, let us fix some terminology about distributions. A (generalised) distribution on M is
a subset D C TM such that D N T, M is a vector subspace of T, M for every x € M. A
distribution D on M is said to be smooth if, for every x € M, there exists a neighbourhood
U, of x and (smooth) vector fields X1, ..., Xy on Uy so that Dy = (X1(y), ..., Xx(y)) for
every y € U,. A generalised distribution D is regular if it is smooth and has constant rank.
A (generalised) codistribution on M is a subset C C T*M such that Cy = CNTiM is a
vector subspace of T M for every x € M. The smooth and/or regular notions introduced for
distributions also apply to codistributions.

Definition 2.8 Given a presymplectic manifold (M, w), its characteristic distribution is the
distribution

Co=kero={veTM|w(,- ) =0}

A vector field X € X(M) belonging to C,, i.e. such that ty w = 0, is called a characteristic
vector field of (M, w).

Note thatC,, = ker b. In the case of symplectic manifolds, b is a vector bundle isomorphism,
and thus C,, = {0}. Moreover, C, is a distribution because w has constant rank. But the kernel
of a general closed two-form does not need to be a smooth generalised distribution. For
example, wp = (x2+y?)dx Ady is a closed two-form on R, but it is not presymplectic, as its
rank is not constant. Moreover, ker wp is a generalised distribution (ker wp) 0,0y = T(0,0) R?
while (ker wp)(x,y) = O for every (x, y) € R2 different from (0, 0). Indeed, ker wp is not a
smooth generalised distribution.

Proposition 2.9 The characteristic distribution C,, of a presymplectic manifold (M, w) is
integrable.

Proof The integrability of C, follows from the closedness of the symplectic form w, the
constancy of his rank, and the Frobenius theorem. O

If w is a presymplectic form on M, its characteristic distribution is integrable. Moreover,
around every x € M, there exists an open neighbourhood U of x such that the space of integral
leaves of C,,, let us say U /C,,, admits a natural manifold structure and the projectionn : U —
U/C, is a submersion. Let us prove this fact. Since C,, is integrable, the Frobenius theorem

ensures that, for every x € M, there exists a local basis of vector fields, {0/ axl, ...,0 / dxk 1,
spanning C,, on a coordinated neighbourhood U, of x with coordinates {x!,...,x"}. Ina
small enough open subset U of U, containing x, one can assume that x!, ..., x" take values

in an open ball of R”. Then, the space of leaves of U /C,, is a manifold of dimension n — k
and the mapping 7 : U — R"~¥ is an open submersion. We will then say that C,, is simple
on U. Since w is invariant relative to the elements of its characteristic distribution, and it
vanishes on them, there exists a unique two-form @ on U /C,, such that 7*@ = w. In this
way, @ is closed and nondegenerate because if tx, @ = 0, then there exists a vector field X
on U such that 7, X = X¢, and then ty w = 0. Since C,, = ker w = ker T, then X¢ = 0.

With this in mind, we are ready to state the Darboux theorem for presymplectic forms.
Note that this theorem can be stated since presymplectic forms are assumed to have constant
rank. Otherwise, it would be difficult to establish a series of canonical forms for closed
two-forms even in the most simple cases, e.g. on RZ2.
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Theorem 2.10 (Darboux theorem for presymplectic manifolds) Consider a presymplectic
manifold (M, w). Around every point x € M, there exist local coordinates {q*, pi, 7'},
wherei =1,...,rand j =1, ...,d, such that

-
w= Z dqi Adpi,
i=1
where 2r is the rank of w. In particular, ifr = 0, then w = 0 andd = dim M. If 2r = dim M,
then d = 0 and {q', pi} give a local coordinate system of M.

Proof Consider an open neighbourhood V of x € M where the integral foliation F defined by
the distribution C,, = ker w is simple. Let P be the manifold of leaves of | andletw: V —
P be the canonical projection. There exists a symplectic form @ on P given by w = 7*®.
The Darboux theorem for symplectic manifolds ensures that there exists an open coordinate
neighbourhood U C P of w(x) withlocal coordinates {', ..., G", p1, ..., pr}suchthat® =
> _,dg Adp;onU.Defineq’ = g'om and p; = p;om fori = 1,...,r and we choose d =
dim M —2r other functions 7!, . . . , 79, functionally independent relative to the previous ones.
This gives rise to a local coordinate system {ql, e q", P1y s Dy 2 zd} around x.
This chart satisfies the conditions of the theorem. O

The definition of a presymplectic connection is a straightforward generalisation of
Definition 2.6 to the presymplectic realm (see [61]).

Definition 2.11 A presymplectic connection relative to a presymplectic manifold (M, ) is
a connection V on M such that Vo = 0.

The Darboux theorem for presymplectic forms implies that there exists, locally, a flat
presymplectic connection. The other way around, the existence of a flat presymplectic con-
nection for a presymplectic manifold (M, w) allows us to prove the Darboux theorem as in
the case of symplectic forms. In particular, we have proved the following.

Lemma 2.12 Every presymplectic manifold (M, w) admits locally defined flat presymplectic
connections V, i.e. Vo = 0.

At this point, it becomes clear that if a differential form admits a compatible flat torsion-
less connection, it must be closed. Hence, no flat torsion-less compatible connection exist
for contact forms, locally conformally symplectic forms, and other differential forms that are
not closed [33, 60]. We have stressed the word “torsion-less” despite every connection in this
work is assumed to be so, because in the conclusions of this work will show that removing
this condition may lead to deal with no-closed differential forms.

2.2 Cosymplectic and precosymplectic manifolds

Let us review the definition of cosymplectic [3, 11, 26] and precosymplectic [16] mani-
folds, their corresponding Darboux theorems, and their relations to flat cosymplectic and
precosymplectic connections.

Definition 2.13 A cosymplectic structure in M is a pair (w, ), where w € Q*(M) and
n € Q1(M) are closed differential forms such that 5 does not vanish and ker n@ker w = TM.
The triple (M, w, n) is said to be a cosymplectic manifold.
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Note that a cosymplectic structure on M implies that M is odd-dimensional. The fact that
7 is non-vanishing implies that (n) ® Imw = T*M and dim M = 2n + 1 for n > 0. Then,
(M, w, n) is a cosymplectic manifold if and only if n A " is a volume form on M, where we
assume that @® = 1. In particular, a cosymplectic manifold (M, w, 1) yields a presymplectic
manifold (M, w). Note that the case dim M = 1 may give rise to a cosymplectic manifold
according to our definition [58].

The characteristic distribution of a cosymplectic manifold (M, w, 1) is the rank one
distribution given by C,, = ker w, and it is often called the Reeb distribution. The following
proposition states that (M, w, n) induces a unique distinguished vector field, called Reeb
vector field, taking values in ker w.

Proposition 2.14 Given a cosymplectic manifold (M, w, n), there exists a unique vector field
R € X(M) that satisfies

trn=1, tgw=0.

A cosymplectic manifold (M, w, n) induces a €°° (M )-module isomorphismb: X(M) —
Qlm) given by b(X) = tx w + (tx n)n, whose inverse map is denoted by § = b~!. Then,
the Reeb vector field R reads

R =1n.

Consider the product manifold R x T*Q and the projections 71: R x T*Q — R and
m: R x T*Q — T*Q onto the first and second manifolds in R x T*Q. If ¢ is the natural
coordinate in R and wy is the canonical symplectic form on T* Q, then the triple

(R x T*Q, mjwg, n{dt) )

is a cosymplectic manifold. Let us consider the pull-back of # to R x T*Q via 71, and the
pull-back of some Darboux coordinates {qi , pi} for wg to R x T*Q via m,. Let us denote
such pull-backs in the same way as the original coordinates to simplify the notation. Then,
in the coordinates {t, ¢, p;}, the Reeb vector field of (R x T*Q, nywg, w{dt) read 9/9t.
Locally, 5w = dg' A dp; and 7jdr = dr.

Theorem 2.15 (Cosymplectic Darboux theorem [26]) Given a cosymplec{ic manifold
(M, w,n), there exists, around each point x € M, local coordinates {t,q", p;}, where
1 <i <n, such that

n = dt, a):dqi Adp;.

Proof Since (M, w) is a presymplectic manifold and w has corank one, there exist for any
point x € M aneighbourhood U of x with coordinates {s, qi, pi}, withi =1, ..., n, so that
w = dg' A dp;. Consider now a potential function of 1, which exists because 7 is closed,
and denote it by ¢. Since n A " is a volume form, {z, qi, pi}is a coordinate system around
x and n = dr and w = dg’ A dp;. O

The Darboux theorem for cosymplectic manifolds states that every cosymplectic manifold
is locally diffeomorphic to the canonical model (1) (see [11, 26]). In Darboux coordinates,
the Reeb vector field R for a cosymplectic manifold (M, w, n) is written as R = %.

The Darboux theorem for cosymplectic structures implies that there exists, around each
point, a flat connection V such that Vi = 0 and Vw = 0. Indeed, V can be chosen to be
the connection with zero Christoffel symbols relative to some Darboux coordinates. This

justifies the following definition.
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Definition 2.16 A cosymplectic connection relative to (M, w, 1) is a connection on M such
that Vi = 0 and Vw = 0.

Let us show that the existence of flat cosymplectic connections allows us to prove the
Darboux theorem for (M, w, n). At a point x € M, the fact that kern, ® kerwy, = T, M

implies that there exists a basis of T, M of the form {ey, ..., e2,+1} so that n, = 21+ and
wy = Y %1 A ¢¥ relative to the dual basis {e!, ..., e***!} in T*M. Due to the fact
that V is flat, there exists a family of commuting parallel vector fields X1, ..., X2,41 such

that X;(x) =¢; fori =1,...,2n + 1. Since
in[n(Xj)]:O, Vxl.[a)(Xj,Xk)]:O, i,j,k=1,...,2n+1,

the dual basis of differential one-forms 7!, ..., 72"*! to X1, ..., Xon41 is such that
n
= £t w= ZTZFI A7l
i=1
Since X1, ..., X2,+1 admit a coordinate system so that X; = d/dx;, withi = 1,...,2n+1,
then v/ = dx? fori = 1,...,2n + 1, and the Darboux theorem for cosymplectic manifolds

follows. Note that this is due to the fact that the connection is assumed to be torsion-free.

Cosymplectic manifolds can be generalised by assuming that n € Q! (M) andw € Q*(M)
are closed forms on M, but ker n N ker w is a distribution of fixed rank that is not necessarily
zero. This implies that @ is a presymplectic form on M. This gives rise to the definition
of a precosymplectic manifold. When ker n N ker w = {0}, one retrieves the definition of a
cosymplectic manifold.

Definition 2.17 A precosymplectic structure in M is a pair (w, 1)), where @ € Q2(M) and
n € Q(M) are closed differential forms such that ker n N ker w is a regular distribution
strictly included in ker w at every x € M.

If rank w = 2r < dim M, the triple (M, w, n) is said to be a precosymplectic manifold of
rank 2r.

It is worth stressing that the fact that ker nNker w is a regular distribution strictly contained
in ker  implies that n A @’ is a non-vanishing form and &’ *! = 0 for a certain fixed r, and
conversely. Therefore, w has constant rank 2r, with 2r < dim M.

Remark 2.18 Let (P, w) be a presymplectic manifold with Darboux coordinates {g*, p;, z/}.
Consider the manifold R x P with the induced coordinates {z, qi, Di» 7/ } obtained as usual,
namely, qi, Di» 7/ are the pull-back to R x P of the chosen variables in P. Then, (R x
P, 5w, m{dt) is a precosymplectic manifold. In the obtained local coordinates, mjw =
dg’ A dp; while m{dt is denoted by d¢ to simplify the notation.

Remark 2.19 Consider the regular distribution D = kerw N kern of a precosymplectic
manifold (M, w, n). Then, D is involutive because ker w and ker n are so. The foliation
associated with D defines a local projection

n: M — M= M/(kerw Nkern), )

where M is the quotient manifold of the leaves of D. Recall that we are assuming that Misa
manifold for simplicity. Indeed, one of the general assumptions of our paper is that manifold
structures and other existing mathematical local structures are defined globally. Actually,
one can only ensure that for every x € M and a local neighbourhood U, of x, the space
M /(ker w N ker n) is a manifold. Hence, by our general assumptions, there exists a unique
cosymplectic structure (@, 77) on M such that 7*@ = w and 7*7 = 1.
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As in the case of cosymplectic manifolds, we can define special types of vector fields for
precosymplectic manifolds.

Definition 2.20 Given a precosymplectic manifold (M, w, 1), a vector field X € X(M)
satisfying

ixw=0, 1xn=1,

is called a Reeb vector field. The space generated by Reeb vector fields, namely ker w, is
called the Reeb distribution of (M, w, n).

Note that, if R € X(M) is a Reeb vector field, then R + Y is also a Reeb vector field for
every Y € ker w N ker 5. In other words, Reeb vector fields for precosymplectic manifolds
need not be univocally defined.

Finally, let us state the Darboux theorem for precosymplectic manifolds, whose proof
seems, as far as we know, to be absent in the literature. Nevertheless, it is always implicitly
assumed that it holds [16, 26] and it is quite straightforward.

Theorem 2.21 (Darboux Theorem for precosymplectic manifolds) Let (M, w, n) be a pre-
cosymplectic manifold With rank w = 2r < dim M — 1. For every x € M, there exist local
coordinates {t, q*, pi, 7'} around x, where 1 <i <rand1 < j <dimM — 1 — 2r, such
that

-
n =dt, w:quiAdpi. 3)

i=1

Proof Sincewisa presymplectiq form, there exist coordinates {qi , Di» z; } on aneighbourhood
U of x such thatw = Y ";_, dg' A dp;. Since (ker n Nker w)° = (n) @ Im w and n does not
vanish, one has that rankew < dim M — 1. One the other hand, 7 is closed and, therefore, there
exists a function r on U, where U can be chosen smaller if necessary, such thatn = dfandw =
dg’ A dp;. Since n A " does not vanish, {t, ¢*, p;} are functionally independent functions.
Finally, one can choose additional functionally independent coordinates, zb, ..., 7" with
respect to {t, g, p;} and (3) will hold. O

As in the previous cases, there exists a locally defined flat connection V whose Christof-
fel symbols vanish on the chosen Darboux coordinates. Then, n and w become parallel
differential forms relative to V. This motivates the following natural definition.

Definition 2.22 A precosymplectic connection relative to a precosymplectic manifold
(M, n, ) is a connection on M such that Vi = 0 and Vw = 0.

Note that, as previously, the existence of a flat precosymplectic connection allows one to
provide a brief proof of the Darboux theorem for precosymplectic manifolds.

3 k-symplectic and k-presymplectic manifolds

Let us introduce and provide Darboux theorems for k-symplectic manifolds. This will give a
new, complementary approach, to the classical results [4, 14] and some new more mod-
ern approaches [29]. Moreover, we will discuss the existence of Darboux theorems for
k-presymplectic manifolds. Furthermore, this will be done by providing new simpler, shorter
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and more geometrical proofs of Darboux theorems for k-symplectic manifolds while giving
more details and, as far as we know, a new Darboux theorem for linear spaces [4]. Addition-
ally, we will give a new proof about the existence of a complementary for a polarisation that
is isotropic relative to the differential two-forms of a k-symplectic structure. On the other
hand, Darboux theorems give rise to the hereafter called flat k-symplectic and k-presymplectic
connections, which, in turn, lead to other proofs of respective Darboux theorems. It is worth
noting that an alternative, somehow different, development of these ideas for the k-symplectic
case can be found in [14]. Moreover, some new structures will arise in our approach and our
results concerning k-presymplectic manifolds seem to be absolutely new.

Definition 3.1 Let M be an n(k+1)-dimensional manifold. A k-symplectic structure on M
is a family (a)l, AL V), where V is an integrable distribution on M of rank nk, and

!, ..., oF are closed differential 2-forms on M satisfying that

(1) o*|yyy =0,forl <a <k,
@ NE_ kero® = {0}.

Under the above hypotheses, (M, ol ..., o, V) is called a k-symplectic manifold. We call
V a polarisation of the k-symplectic manifold.

Our notion of k-symplectic manifold matches the one given by Awane [4, 6]. Moreover,
it is equivalent to the concepts of standard polysymplectic structure of Giinther [39] and
integrable p-almost cotangent structure introduced by de Ledn et al. [24, 25]. In the case
k = 1, Awane’s definition reduces to the notion of polarised symplectic manifold, that is a
symplectic manifold with a Lagrangian foliation. We will illustrate in forthcoming examples
that the distribution V is needed to ensure the existence of a particular type of Darboux
coordinates.

In fact, Giinther calls polysymplectic manifolds the differential geometric structures
obtained from our definition by removing the existence of the distribution V. Meanwhile, a
standard polysymplectic manifold in Giinther’s paper is a polysymplectic manifold admit-
ting an atlas of Darboux coordinates. Note that a polysymplectic manifold may have atlas of
Darboux coordinates without a distribution V. In a particular case, if we think of symplectic
manifolds as a one-symplectic manifold, then it is clear that it has local Darboux coordi-
nates, but the standard symplectic manifold on the sphere does not have a polarisation [5].
Then, Giinther’s definition is more general than ours, while it is equivalent to our definition
if the compatibility of two charts Darboux coordinates {y', pi'} and {xf, m{} involves that
x = x(y) and the momenta are transformed accordingly, namely 7% = 7“(y, p) are the
momenta of the {x'}. Otherwise, the equivalence is only local.

Let us provide a Darboux theorem at the tangent space of a point of a k-symplectic
manifold. Since every k-symplectic manifold (M, wl, ..., o, V)induces at every T, M for
x € M aso-called k-symplectic vector space, Theorem 3.2 can be understood as a Darboux
theorem for k-symplectic vector spaces.

Theorem 3.2 (k-symplectic linear Darboux theorem) Assume that (M, ol ..., o, V)isa
k-symplectic manifold. For every x € M, there exists a basis {e], Ll ef, RV eE}ﬂzl ,,,,, k
of TEM such that

n k
of =3 nel. V=CVa. Vo=leh....é}). B=1...k
i=1 a=1
Note that {ey, ..., e,, e};, R eg} is the dual basis in T, M.
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Proof The result amounts to the Darboux theorem for symplectic linear spaces for k = 1.
Hence, let us assume k& > 1. Since {0} = ﬂ];:] ker w“, one has that

TIM =Imow! +--- +Imo, VreMm. )

Although all posterior structures in this proof refer to the point x, the point will be omitted
to simplify the notation. Since wﬂ|VXV = 0, one has that wﬂ(V) cVeforg=1,...,k.
If W is a regular distribution supplementary to V, then rank W = n, and rank o? (W) < n.
Note that

o' (V) + -+ ok (V) cve.
Due to (4) and the above discussion, one has that
o' (W) + -+ o (W)
is a distribution of rank nk, at least. This implies that rank @P (W) =n and
D W B WSV =TM, V°=0o'(V)+---+k (V).

Ifw*(v+w) = 0,wherev € Vandw € W, thenw®(v) = —w*(w). Since o* (W)Nw*(V) =
0 and rank w*|w = n, then @*(v) = 0 and @w“(w) = 0, which implies that w = 0 and
v € ker w*. Hence, ker o* C V. We can consider the distributions

Vg= () kero®, B=1,....k#1, o V'=V k=10.
1<a<k
a#p
Note that @?(V,) = 0 for « # Bandforeveryo, B =1,...,k.

Let {wyq, ..., w,} be a basis of W. Since w®(W) has rank n and its elements do not
belong to V°, then the restrictions of w*(w1), ..., ®*(wy,) to V are linearly independent
and there exist vy, ..., v, in V such that ®“(vy), ..., ®*(v,) are linearly independent on
W,e.g o*(w;,vj) =§;jfori, j =1,...,n Hence, rank * (V) > n. Since *(V) C V°,
then rank @*(V) = n. In particular, rank *(V) = n for every « = 1,...,k. Since
ﬂ];:l kerw® = 0and Imw®(V) Cc V¥ fora = 1,...,k, it follows that ¢ : v € V >

('), ...,0f@W) e Vo ® ® @ V°, where & stands for a Whitney sum of vector bundles
in the natural way, is injective. Hence, ¢ becomes an isomorphism and V =~ EBZ: 1 Ve
Indeed, v = Z{;:l ¢’1 (pr,(v)), where pr, : (wi,...,wx) € V@ --- P V°
©,...,0,wy,0,...,0) = V° P --- @ V°,is the corresponding decomposition.

Since V = 691;:1 Vy and wﬂ(V,g) C V°hasthe same rank as V2, it follows that rank Vg =
n. Hence, one can consider a basis {el, ..., e"} of V°. There exists a basis f/}, R fé’ of

each V# such that w"‘(fé) = —eiég fori =1,...,nanda, 8 =1 ..., k. Considering a
dual basis { fl.’S , €'} of T M, one has that

f = nfl+cldnel. =1,k )

B B B i
Ife; = f; +cije~’,then

n

a)ﬁ:Zei/\e?, B=1,...,k.

i=2
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Note that the change on the covectors ef; implies that, in the dual bases to the bases {ei, ef‘}

and {e’, f#} in T{M, one has that fo’; = efx fora = 1,...,kandi = 1,...,n. Hence,
Vo= (fl ...y =(el,....ef) fora=1,... k. u]
It stems from Theorem 3.2 that @', . .., @* have constant rank. This fact comes from the

definition of k-symplectic structure, the dimension of M, and the rank of V. Note also that
the last paragraph in the proof of Theorem 3.2 can be almost straightforwardly changed to
put a symplectic linear form and a Lagrangian subspace into a canonical form.

Definition 3.3 Given a k-symplectic manifold (M, »!, ..., o*, V) with k # 1, we set
k
Vg=[)kero®, B=1.... .k

a=1

aF#p
Lemma 3.4 For a k-symplectic manifold (M, wl, ..., &%, V), the distributions V', ..., V¥
satisfy that every x € M admits a coordinate system {y', ..., y": Yoo yn} ona
neighbourhood of x so that

d d

Vo ={——=,--..,—), a=1,... k.
Iyt Iy

Proof Lety!, ..., y" be common functionally independent first-integrals for all vector fields

taking values in V. If k = 1, the result follows trivially, so we assume k > 1. Given different
op,...,ak—1 € {1,...,k}, one has that

Vo, @ ® Vi, = kera)ﬁ,
where $ is the only numberin {1, ..., k} notincluded in {«1, . . ., ax—1}. Hence, the distribu-
tion Vy, @ - - - @ Vy,_, hasrank n(k — 1), itis integrable because P is closed, and the vector
fields taking values in it have n common local first-integrals ylﬂ ey y,’? such that dyf3 A

-~-/\dyfAdy1/\-~-Ady” #O.Byconstruction,{yll,...,y,],,...,y’l‘,...,y,’f,yl,...,y"}

becomes a local coordinate system on M and

Vo = (ﬁ kerdy’) N ﬂ kerdyf

i=1 #a
i=1,..., n
a d . . o o
Moreover, —, ..., —3 vanish on all coordinates y{, ..., y5 with @ # 8. Hence,
ay; dYn
k
ad ad o
Vﬁ—<aﬁ,,aﬁ>— m kera), ,3—],,](
1 In a#p=1
O
Theorem 3.5 (Darboux theorem for k-symplectic manifolds) Let (M, ol, ..., o5 V)bea

k-symplectic manifold. Around every point x € M, there exist local coordinates {q', pih,
withl <i <nandl < «a <k, such that

n
: a
o = E dg' Adpf, V:< a>_7 . 6)
P li=1,..., n,
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Proof By our Darboux theorem for k-symplectic vector spaces, namely Theorem 3.2, there

exists a basis {e!, ..., ¢"; ef,...,ef a=1,.k of T{M such that o} = Z?:] AN e for
o = 1,...,k. The basis is chosen so that the dual basis {ej, ..., e,, egt, ..., en}, with
a = 1,...,k, is such that V = (e}, )a=1,.. k. Recall that the subspaces in T, M of the
i=1,..., n
form
k
Vgx = m ker % =<e’18,...,ef>, B=1,...,k,
a=1
a#p

satisfy that V, = EBIE 1 Vax. By Lemma 3.4, there exist variables {yj, y’-g }, with j =
I,...,nand B = 1,...,k, such that, locally, V <i’ﬂ,... 8ﬁ>wnh/3_1 k.

Moreover, ker w? = D, 2 V. Using previous results and since o }V v = 0, we have
b = f’ﬂdy A dyj + g,de A dy/ for certain functions &ij f ,withi,j =1,.

and B = 1,..., k. Since dwf = 0, it follows that £/# = £/ (! ,yf’) and g;; = g,-,(y 3 )
fori, j,I = 1,...,n. Therefore, each w? can be considered as a differential two-form on
R?". Moreover, each V# can be then considered as a Lagrangian distribution of a symplectic

two-form @?, when it is considered as a differential two-form on R, Consequently, for a
fixed B, one has

d

0=— ﬂy X, [a/ayfw

ij=1...n = X\ eWp =V,
8y/

Note that the orthogonal is relative to the restriction of w? to R%". Whatever, by additionally
considering ¢ xP w* = 0 for ¢ # B, one can also see that X f . becomes a vector field taking
Vi

values in V. What follows is an adaptation of the Liouville-Mineur—Arnold theorem (see
also [15]). Since V* is integrable, we can consider a leaf F' of V¢ and its canonical inclusion

F: F — M.Letusdefinethemap¢:x € M +— y'(x),...,y"(x)) € R". Consider
a regular point x’ € M of ¢. Since the map ¢ is regular in an open neighbourhood of x’,
there exist vector fields Y7, ..., ¥, on a neighbourhood of x” such that ¥; and on R” are

¢-related fori =1, ..., n. Consider the inner contractions ®% = 1y, »* fori = l, ...,non
a neighbourhood of x" in M and the vector fields X ;‘,., which take values in V,,. Then,

Lyo. (O
¥

§ =t o = o (Y}, X)) = 0" (X5, ¥)) = —Yjy' ==8 i, j=1,...,n

Hence, given two vector fields X ;‘,., X ‘j ;> one has

(@OF)(X%, X)) = X% OU(XY)) — X% 0F (X%) — OF (X%, X% ) =0.

yi?

The latter is due to the fact that [ X ‘5,, X;’f_,] is the Hamiltonian vector field of {yi , yj} =
X ;‘_i yi = 0 because X yi takes values in V,,. Thus, ];(H)"‘ is closed and there exists a potential

JE©¢% = dpf. And recalling that w®|y, xv, = 0, it follows that % = dy' Ad p;. Moreover,

it follows that
0
Vo = , =1,...,k,
¢ <3p§’> ¢
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and V takes the proposed form. O

Let us recall that the above proof could have been cut by the half by referring straightfor-

wardly to the Liouville-Mineur—Arnold theorem, as since {y;, y;} = 0, withi, j =1,...,n,
that theorem implies that there are functions p’ls R pf with § = 1,...,k such that
wf = dy' A dpl’-g for each § = 1,...,k. Instead, we decided to give a complete, self-

contained proof. Without this full explanation, Theorem 3.5 would probably be the shortest
direct proof of the Darboux theorem for k-symplectic manifolds in the literature. Although
Theorem 3.5 relies on Lemma 3.4 and the k-symplectic linear Darboux theorem, Lemma 3.4
is a rather straightforward geometric result, which was described carefully to verify all the
details, and only the factthat V = @1;21 V% is needed from the k-symplectic linear Darboux
theorem to prove our full k-symplectic Darboux theorem.

Moreover, note that one could have assumed that Darboux coordinates only are concerned
with the canonical expressions of !, ..., o It turns out that given the conditions on the
distribution, once we put !, ..., o in a canonical manner, we also put a basis of V in the
desired form. We will see in next section that this is not the case for Darboux coordinates for
other structures.

Definition 3.6 Given a k-symplectic manifold (M, ol .. o, V), we call k-symplectic
Darboux coordinates the coordinates allowing us to write o', ..., " and V in the form
(6).

The k-symplectic Darboux coordinates will be called just Darboux coordinates when
it does not lead to any misunderstanding. Note that the proof of Theorem 3.5 shows
that k-symplectic Darboux coordinates induce the existence of a distribution V' =
(8/0y", ..., 8/8y™) that allows us to state the following result.

Corollary 3.7 Every k-symplectic manifold (M, ", ..., o*, V) admits, locally, a supple-
mentary integrable distribution V' on M such that V @ V' = TM and o*|y'xy' = 0 for
a=1,...,k

The canonical model of a k-symplectic manifold is the cotangent bundle of k' -covelocities,

namely @k T"Q =T"0®- ! -@T* Q (the Whitney sum of k copies of the cotangent bundle of
amanifold Q), equipped with the distribution V = ker T, where 7% : @k T*Q — T*Qand
T @k T*Q — Q are the canonical projections onto the «-th component and Q respectively,
and the canonical presymplectic two-forms w* = (7%)*w witha = 1, ..., k, where w stands
for the canonical symplectic two-form in T* Q. In this model, natural coordinates are Darboux
coordinates, and the k-symplectic Darboux theorem states that k-symplectic manifolds are
locally diffeomorphic to a cotangent bundle of k!-covelocities. Meanwhile, the distribution
V' is a distribution in @];:1 T*Q whose leaves project diffeomorphically onto Q.

As in the previous sections, one can introduce the notion of compatible connection with
a k-symplectic manifold [8, 14].

Definition 3.8 A k-symplectic connection on a k-symplectic manifold (M, »%, V) is a
connection V on M such that Vo® = 0 foreverya =1, ..., k.

Again, Darboux coordinates allow us to define, locally, a connection, V, such that Vo = 0
fora = 1,..., k. And vice versa, the k-symplectic linear Darboux Theorem allows us to
put !, ..., ®* and the distribution V into a canonical form on the tangent space at a point
and, a flat connection compatible with the k-symplectic manifold enables us to expand this
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canonical form to an open neighbourhood of the initial point where w!, ..., o" and V take
the form (6).

It is worth recalling the interesting work [14], where connections compatible with k-
symplectic structures are studied. These connections depend on the existence of certain
foliations and are canonical once such foliations are given. By using such foliations and
distributions, the Darboux theorem can be proved. We find that our approach here is more
direct than thatin [ 14] and the Darboux theorem is given in our work more geometrically. Note
that a k-symplectic Darboux theorem also appears as a particular case of the multisymplectic
theory in [29].

Now, let us study Darboux theorems for k-presymplectic manifolds (see [30, 37] for some
previous results on this case). This case poses several fundamental problems. First, there
exist several possible definitions of k-presymplectic manifolds depending on their possible
applications or representative cases. Some possible definition of k-presymplectic manifold
can be found in [30]. Meanwhile, [37] defines a k-presymplectic manifold as a manifold
equipped with k closed two-forms. It is clear that we will not have Darboux coordinates with
such a general definition. As shown next, a direct analogue of the Darboux coordinates is not
available in some of the possible definitions of k-presymplectic structure, while cases that
admit Darboux coordinates may not be of physical interest. Let us give a brief analysis of
this matter.

Definition 3.9 Let @];:1 T*Q be endowed with its canonical k-symplectic structure
o', ..., " and let 7: @i:l T*Q — Q be the canonical projection onto Q. A canon-
ical foliated k-presymplectic manifold is a tuple (S, a)fg ey a)§) given by a submanifold
S C @];:1 T*Q such that w|s: § — Q is a fibre bundle and S is endowed, for
js: S — EBIOC(:] T*Q being the canonical inclusion, with the k differential two-forms

0§ = ];‘a)"‘, for « = 1,...,k. The rank of the fibration 7w|s : § — Q is called the
rank of (S, w_lg, ey w’§) while w}g, e wlg are called a canonical foliated k-presymplectic
Structure.

More generally, the above gives rise to the following definition.

Definition 3.10 A foliated k-presymplectic manifold is a tuple (M, o', ..., »*) such that
there exists a canonical foliated k-presymplectic manifold (S, a%, e, wg) and a global dif-
feomorphism¢ : M — Ssuchthat¢p*w§ = o* fora =1, ..., k. Afoliated k-presymplectic
manifold (M, o', ..., a)k) is exact if !, ..., of are exact.

It is worth noting that the previous definition also makes sense for ¢ being, only, a local
diffeomorphism. In that case, the main results to be displayed afterward remain valid, but
many more technical details are to be considered to prove them. To keep our presentation
simple and highlight the main ideas about Darboux coordinates, which are generically local,
we have defined ¢ to be a global diffeomorphism.

Definition 3.9 implies that wg, R a)lg admit a natural distribution V = ker Tr N'TS of
rank dim § — dim Q such that w§|yxy = Ofora = 1,..., k. If § = @i:l T*Q, then

V =ker T and S gives rise to a k-symplectic structure admitting Darboux coordinates.
Let us illustrate by means of a simple example why a Darboux k-presymplectic theorem
does not exist for general foliated k-presymplectic manifolds. It is worth noting that Darboux
coordinates for families of closed differential forms are, at the very last instance, a way of
writing them in a coordinate system so that their associated coordinates are constant. The
following theorem shows that this is impossible for general k-presymplectic manifolds.
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Theorem 3.11 Every rank-zero exact canonical foliated k-presymplectic structure is equiv-
alent to k exact differential two-forms on Q.

Proof An exact canonical foliated k-presymplectic manifold (S C @i:l T*Q, wé, o a)lg)
gives rise, as § is diffeomorphic to Q viam|gs : § C @221 T*Q — Q,to aunique family of
eiact differential two-forms, le ol a)kQ, on Q satisfying thatnl’gwIQ = w_lg, R nl“;ka =
w§.

Conversely, k exact presymplectic two-forms wé, R a)kQ on Q with potentials oL, ..., ok

give rise to a section S = {(q, Gl(q), e, Gk(q)) | g € Q}of w: @];:1 T*Q — Q. Note
that

Jo® = —j5d(pidy’) = —do%|s = ml§0f.  a=1.....k
Then, @ IQ ey a)kQ are exact and equivalent to a rank-zero canonical foliated k-presymplectic
structure. o

Since there is no way to put k arbitrary closed differential two-forms on Q into a coordinate
system so that all of them will have constant coefficients, there will be no general Darboux
theorem for foliated k-presymplectic manifolds, and thus there is no Darboux theorem for
k-presymplectic manifolds in general.

Theorem 3.11 can be considered as an extreme case of canonical foliated k-presymplectic
manifold. For the case of a fibration |g : § — Q of rank one, it is simple to find new
examples where there will be no Darboux coordinates. Assume the simple case of a fibration
of rank one given by a submanifold S C @2:1 T*R? onto R?. Since S has dimension three,
the two differential forms w;, w% can be assumed to have rank two and non-trivial common
intersection of their kernels. In such a case, they are proportional. One of them can always
be put into canonical form for certain variables, because is presymplectic. Since they are
proportional and due to the closeness condition, they depend only on two variables. Hence,
to put them in canonical form with some Darboux variables amounts to putting two different
volume forms on R? in canonical form for the same Darboux variables, which is impossible.

Example 3.12 Let us describe in more detail a more complex example of a foliated 2-
presymplectic manifold that does not admit Darboux coordinates. Consider @3:1 T*R?
and the fibration of the submanifold S onto R? with rank one of the form

1 1 2 2
S ={(p" G, ' Yy + Sy yHdy?, pP (v yhdy! + pSP 0, vt yDdy?)
TA, yl, y2 e R}.
In particular, consider
1 1 2 2
p"=x p =0, pP=rah. pP =0

for a certain function f (A, y!) such that  f/9A is different from the constant functions
zero and one. Hence, wé =dr A dyl and w% = %(A, yl)dx A dyl, which are closed,
proportional, have rank-one kernel and cannot be put into a canonical form for canonical
coordinates because w é a)?g amount to two different volume forms on R2.

There are several manners of defining a k-presymplectic manifold. The following one
offers a possibility.

Definition 3.13 Let M be an (n(k + 1) — m)-dimensional manifold, with 0 < m < nk. A
k-presymplectic structure on M is a family (a)l, ook, V), where V is an r-dimensional
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integrable distribution and o, ..., o are closed differential two-forms on M withrank @® =
2ry and r = Zizl ro, Where 1 < ry < n, satisfying that

o — —
o,y =0, a=1,... k

A manifold M endowed with a k-presymplectic structure is called a k-presymplectic manifold.

We would expect to obtain for every k-presymplectic structure (M, ol ..., o, V), where
rank @* = 2ry, with 1 < r, < n,andevery x € M alocal coordinate system {y', p{} around
x so that

o
w* =dy'i /\dp?f;, a=1,...,k,

for certain i;f‘ ef{l,....,n}forj=1,...,rq foreverya = 1, ..., k. Nevertheless, Example
3.12 represents a counterexample for the existence of Darboux coordinate system for k-
presymplectic structures.

Contrary to previous examples, we will give conditions ensuring that a k-presymplectic
manifold admits Darboux coordinates. Indeed, the manifold S is three-dimensional, while
k = 2. The associated presymplectic forms have rank two. The distribution V is then two-
dimensional and generated, for instance, by the vector fields (d/0A, 9/9 yz). Then, n and m
can be fixed to be two and three.

It is worth noting that for a k-presymplectic structure on M, any Riemannian metric g
on M allows one to obtain a decomposition of a subspace E C T, M as a direct sum of
subspaces

k
EXLkk — F O (m(kerwff)'(“> , ™

where «, € {0, 1}, while (ker a)j’c‘)o = kerw¢ and (ker a)fj)l = (ker a)‘;)l&' , where L is
the orthogonal relative to the introduced metric g. The main aim of this decomposition is to
divide T, M into two subspaces, V, S, given by direct sums of the subspaces in (7) in such a
manner that w* (V) and w*(S) have rank r,, while o* (V) Nw®*(S) = 0fora =1, ..., k. As
in the case of k-symplectic linear spaces, one can now prove a k-presymplectic linear space
Darboux theorem.

Lemma 3.14 (k-presymplectic linear Darboux theorem) Given a k-presymplectic structure
(@', ..., &% V)on M, where rank 0® = 2r® fora =1,...,r.Let D = ﬂi:l ker w® have
rank d and letrank V =r +d = Zfizl ro + d be so that

k
dimVo=ra, V=D&EPVs. D+Va=Vn|()kero |, k£Da=1,...k
p=1 B#a
®)
and dim M = n +r + d. Then, at every TYM, for x € M, one can set a basis of the form
{e],...,e";ezq,v],...,vd},with/t}‘elaC{1,...,n}and|Ia|=rawizhoz=1,...,k,
of TEM such thjaz

Ta M
e %
wi‘:Ze!/\eZ(;, a=1,...,k, Dy = {(v1,...,vq), Vax=<eaj>.
j=1
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Proof Note thatdimM =n +r +d. Since D = ﬂfl:l ker w® has rank d, one has that
Dl =Imo! + - +Imof, VxeM, 9

is such that rank D° = n + r. Since a)ﬂh/Xv = 0, it follows that w? (V) c V° for every f.
We have

o' V)4 -+ ok (V) cve.

Note that rank V° = n. From the second and third condition in (8), it follows that V, N
ker w* = 0. Moreover, one has that rank w*(Vy) = rq = rankw*(V) fora = 1,...,k.
Consider the supplementary § = V1< to V. Then, rank V¢ = dimM — r —d = n and

rank a)f (Sy) < n forevery x € M. Due to (9) and the above, one has that
o' (V) + .o 4 oF (Vi)

is a distribution of rank r at least. By our decomposition, every o allows us to divide V¢
into two spaces in the form Vie =71, ® (ker w* N Vlg), where Y, has rank r, because
kero® =n+r+d—2ry andkero® NV = r +d — ry. Then, 0¥ (V-1e) is equal to the
image of a subspace of rank r, of V¢ and it therefore has rank ro and @® (S) Nw*(V) = 0.
Then,

rank(0' (V) 4+ -+ (V) =7, 0" (V) + -+ (V) = VO (10)

Note thatker w® = n+d +r —2ry and w* (V) = 0% (V, @ (ker o* NV)). Due to the second
expression in (10), the sum of the codistributions S¥ = w*(V) of T*M fora =1, ..., k has
rank 7, but they do not need to be in direct sum. A non-degenerate contravariant symmetric
tensor, g*. on S, = S} + - - 4 S can be used to give a decomposition of it into subspaces
in direct sum of the form

K] seens Kk Ko
S = S,
*

k>
a=1

where k, € {0,1} fora = 1,...,k, while SDIZ* = S¢ and Sg = (Sf)Lg*, namely the
orthogonal in S, of S relative to g*. Take a basis of S, associated with our decomposition.
For the elements of such a basis spanning SZ, there will be unique elements in V,, whose
image under w* give minus the corresponding basis in S3. Take a supplementary to Sy in
T*M, of dimension d + r, dual to a basis adapted to the decomposition of V and vanishing
on V1. It is worth noting that we have a decomposition

™ = [Te @ (kere’ N V)| @ | Voo (P Vs | @D

B#a
and a dual one in S, @ (V12)°. In such a basis, the form of &® goes back to (5) and the same
technique in Theorem 3.2 gives the canonical form for every w* witha = 1, ..., k. Finally,
if wy, ..., wy is a basis of D dual to the one chosen in T} M, one has that

rg )
B -
a)ﬁ:E e“f/\eﬁﬁ, Vﬂ:<eZ’>, B=1,... k.
j=1 g
O
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As proved above, depending on their exact definition, k-presymplectic manifolds need not
have a Darboux theorem (whatever this means, because we can have different ways of defining
such an object). That is why we hereafter a definition of k-presymplectic manifold ensuring
the existence of a particular case of k-presymplectic Darboux theorem. This is done by
assuming the existence of certain integrable distribution with particular properties.

Definition 3.15 A k-presymplectic manifold (M, ', ..., o*, V) is a k-presymplectic man-
ifold such that dim M = n + r + d where d = rank ﬂ]gl:] ker * and rank w* = 2r%, the
V is an integrable distribution such that w|y «y = 0 of rank » + d and there are integrable
distributions @/(;:1 Ve, V1, ..., Vk, D so that

k k
V= Veo®D. D= \kero® D+Vp=[kerw* NV (k#£1)., B=1....k.
a=I a=1

B#a
Lemma 3.16 Given a k-presymplectic manifold (M, ol ..., o, V), the distributions V¢,
with a« = 1,...,k, satisfy that every x € M admits a coordinated neighbourhood with
coordinates

1 1 d
oy L a=1 ks

on a neighbourhood of x so that

\% 9 9 1 k D 9 9
={— ..., — ), a=1,...,k, =({—,...,—).
“T\ gy aye 9zl azd

Proof Lety!, ..., y" be common functionally independent first-integrals for all vector fields
taking values in V. Since D is a regular distribution of rank d given by the intersection of
kernels of the closed forms w!, ..., ok, it is integrable. It is assumed that @E:l Vy 1S

integrable. Hence, V1 @ ... ® V} has common first-integrals 7zl ..., z% suchthatdz! A ... A
dz? Ady' A...Ady" £ 0.If k = 1, the result of our lemma easily follows. Assume that
k > 1. Given different integers «, ..., ax—1 € {1, ..., k}, one has that,

Vo, ® - @ Vo, ®D =kero NV,

where $ is the only number in {1, ..., k} not included in {1, ..., ax—1}. Hence, the distri-

bution Vo, @ --- @ Vy,_, @ D has corank rg, it is integrable, and the vector fields taking

values in it have rg common local first-integrals yf ey yf; such that

le/\~~~/\dzd/\dy{3/\~~~/\dyfﬂ/\dy‘/\.../\dyn?g().

1 1 1 k k 1 d 1 n
By construction, {y, ..., Yy, ¥]seees VpsZse--52%, ¥, ..., y"} becomes a local
coordinate system on M and

d n
Vo = (ﬂ kerdz’) N (ﬂ kerdy’) N m kerdyf.
i=1

i=1 B#a
i=1,..., rg

a o . . . )
Moreover, — withi = 1,...,rg vanish on all coordinates y;’.‘ with o # B and j =

ay;
1,...,rq. Henlce,

0 0
— e, — ) = Vg, B=1,...,k,
<3y1ﬁ 3yf};>
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9 o \_p
ozl ez | T

Once the above is proved, the following theorem is immediate. One only has to slightly
adapt Theorem 3.5 by considering that rank V,, = r, fora = 1, ..., k and to restrict ©*
to the integral submanifolds of V, @ Y, which have dimension 2r*, where w* becomes
symplectic.

and
[m}
Theorem 3.17 (k-presymplectic Darboux theorem) Ler (M, ol ..., o, V) be a k-

presymplectic manifold such that rankw® = 2ry, with 1 < ry < n. The dimension of
M is n +r + d. For every point x € M, there exist local coordinates {y', yzo_,, z/}, with
J

151’Sn,,u‘;elag{l,...,n},|Ia|:ra,lfjfraandlfafk,suchthat
Fa ) k 3
o g o _ _ (A
w _Z;dy i /\dyu(},, Va_<8yZa>’ a=1,...,k, ﬂkera) _<8zj>'
j= j =

4 k-cosymplectic and k-precosymplectic manifolds

Similarly to previous sections, let us study k-cosymplectic and k-precosymplectic mani-
folds. Our investigation will introduce relevant technical issues to be addressed that were not
present in previous sections. One of its main differences with respect to previous Darboux
theorems relies on the fact that Reeb vector fields are not uniquely defined in the case of
k-precosymplectic manifolds. This suggests that Darboux coordinates for k-precosymplectic
manifolds should not assume a canonical form for the Reeb vector fields. Moreover, addi-
tional conditions will be needed to assume so as to obtain canonical bases for the distributions
after having the corresponding differential forms written in a canonical manner.

Definition 4.1 Let M be an (n(k+ 1) +k)-dimensional manifold. A k-cosymplectic structure
in M is a family (n*, 0%, V), with 1 < « < k, where nl, o nk are closed one-forms on
M, while o', ..., o are closed two-forms in M, and V is an integrable nk-dimensional
integrable distribution in M satisfying that

M ' A ARt £0, ¥y =0, o¥lyxy =0,
2 NE_, (ker n* Nkerw®) = {0}, rank N_, kero® = k.

A manifold M endowed with a k-cosymplectic structure is said to be a k-cosymplectic
manifold.

Every k-cosymplectic structure (n%, o*, V) in M admits a unique family of vector fields
Ry, ..., Ry on M, called Reeb vector fields, such that

iR, P =68, g0 =0, aB=1,...  k (11)

Note that the existence of Reeb vector fields is independent of the existence or not of the
distribution V.

Given a one-cosymplectic manifold (M, n, w, V), the pair (n, ®) is a special type of
cosymplectic structure in M that additionally admits the distribution V. Not every cosymplec-
tic structure admits such a V. In fact, consider (M = R x s?, n, w), where 7 is the one-form
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on M obtained by pulling-back the one form df on R, and w is the pull-back to M of the
standard symplectic form on S?. Then, (M = R x S?, 1, w) is not a one-cosymplectic mani-
fold because the standard symplectic form on S? does not admit a distribution as commented
previously in this paper.

Theorem 4.2 (k-cosymplectic Darboux theorem) Given a k-cosymplectic manifold of the
form (M, nl, R nk, a)ll, ok, V), every point x € M admits a neighbourhood with
local coordinates {x“, y', y*}, with 1 < a <k, 1 <i < n, such that

n
n® = dx%, a)“:Zdyi/\dyf‘, a=1,... k.
i=1

9 ad
In these coordinates, R, = Py fora =1,..., k. Ifk # 1, then V = <a—a> where
X Vi

1

b
a=1,....,kandi =1,...,n Ifk = 1 and [ker w, V]Ckerw®V,thenV:<a—a>.
Vi

Proof Sincen!, ..., n*areclosedand n' A---AnF does not vanish at any point of M, one has
that H = ﬂi:l ker n“ is an integrable distribution of corank k. Moreover, V is contained in
H by the definition of k-cosymplectic manifolds. Consider one of the integral leaves, S, of H,
and the natural local immersion js : S <> M. The j5w® along with the restriction of V to S
give rise to a k-symplectic manifold since a vector field taking values in H that is orthogonal
to H relative to !, . . ., w* belongs to ﬂ];:l(ker n* Nker w*) = 0. Hence, j;a)l, e, j;a)k
admit k-symplectic Darboux coordinates. Doing the same along different leaves of H and
gluing the results, we obtain that L nl, R nk have their canonical form. Let us
explain this in detail. The differential forms ol .., o, nl, o, nk are invariant relative to
the Reeb vector fields of the k-cosymplectic manifold and their value in M can be understood
as the extension to M obtained from their value on S by the extension by one-parametric

groups of diffeomorphisms of the vector fields R, ..., Rx. Consider coordinates xb Xk
rectifying simultaneously the vector fields Ry, ..., Ri. If one consider the coordinate system
in M given by the coordinates x, y’, y{¥ on M, where i, y{ are invariant under the flows
of Ry, ..., Ry and match the k-symplectic Darboux coordinates on S, one gets that the x*
are functionally independent of the yi, yf‘. Moreover, since Ry, ..., R are in the kernels of
!, ..., o*and they are invariant relative to Ry, . .., Ry, it follows that their form on M is the
same as in S. Meanwhile, n® = dx* fora = 1, ..., k and the forms ol ..., o, 771, o nk

on M take a canonical form.

To obtain a canonical basis of the distribution V, additional conditions must be added
for k = 1. On the other hand, if X > 1, then each distribution V,, is the intersection of the
kernels of w? for B # « along with the intersection with ﬂ]fg:] ker nf. They are therefore
invariant relative to the Reeb vector fields. So, they can be put in canonical form on S and
extended as previously from S to vector fields on M with a canonical form. On the other
hand, if kK = 1, one has that V may not be the kernel of a closed form invariant relative to the
associated Reeb vector field and the previous method fails. To ensure this, one has to assume
[ker w, V] C ker w & V. Equivalently, [R, V] C V for the unique Reeb vector field of the
one-cosymplectic manifold. O

The conditions given in [49, Lemma 5.1.1] and [21] for the Darboux theorem for k-
cosymplectic manifolds may be a little bit misleading since a necessary condition in the case
k = 1, namely V must be invariant relative to the action of the Reeb vector field, is not given
in [21, Theorem I1.4] and [49, Lemma 5.1.1], but in [21, Remark II.5] or [49, Note 5.2.1],

@ Springer



On Darboux theorems for geometric structures induced... Page250f35 131

respectively, after them. Moreover, the above-mentioned condition in [21, 49, Lemma 5.1.1]
can be rewritten in a new way, namely [Ry, V] C V, witha = 1, ..., k, can be rewritten
by saying that the distributions ker w and V are integrable and their direct sum is integrable.
This is also commented in [32].

As shown in the previous theorem, the condition [ker w, V] C V @ ker w is necessary in
order to ensure a canonical form for the elements of a basis of V. Notwithstanding, if one is
mainly concerned with the canonical form of the 77] R nk, ', ..., ", this condition can
be avoided. This is the reason why we skipped [ker w, V] C V @ ker w in our definition of
k-cosymplectic manifolds.

Example 4.3 Let {xl, R xk} be a linear coordinate system on R¥. Given the canonical
projections 7y : RF x (T}()*Q — Rk, 7, RF x (T}()*Q — (T}()*Q, 7o: RF x (T,]()*Q —
R* x Q. The canonical model for k-cosymplectic structures is

R* x (T* Q. (A)*dx*, (F2)* 0™, V = ker(70)s).
where w!, . .., ¥ are the two-forms of the canonical k-symplectic structure on (T,l)* 0.
More generally, one has the following construction.

Example 4.4 Let (N, @, V) be an arbitrary k-symplectic manifold. Given the canonical
projections

an:kaN—>Rk, nN:kaN—>N
define the differential forms
n”‘:nﬂzk(dx"‘), o =nyw", a=1,...,k.

The distribution V in N defines a distribution V in M = R* x N by considering the vector
fields on N as vector fields in M in the natural way via the isomorphism TM = TR* @ TN.
All conditions given in Definition 4.1 are verified, and hence (M = RF x N, n%, % V)is
a k-cosymplectic manifold.

As in the case of k-presymplectic manifolds, there are many ways of defining a k-
precosymplectic structure. Note that in the k-precosymplectic case, one cannot, in general,
extend the notion of Reeb vector fields to give an object that is uniquely defined. Hence, one
may wonder about the necessity of putting them into a canonical form in Darboux coordinates,
since they are not unique. Taking this into account, let us give one of the possible definitions
for k-precosymplectic manifolds. No condition for the determination of the canonical form
of the Reeb vector fields will be assumed.

Definition 4.5 Let M be a manifold of dimension n(k + 1) + k — m, with0 < m < nk. A
k-precosymplectic structure in M is a family (n%, %, V), with 1 < o < k, where n“ are
closed one-forms in M, while w* are closed two-forms in M such that rank w* = 2r,, with
1 <ry < n,and V is an integrable distribution in M of corank n + k satisfying that

nA- A £0, %y =0, o¥lyxy =0, a=1,...,k

rank ﬂZ:] kerow® =k +d,

rank ﬂ];:] (ker w® Nkern®) =d,

one has that V is an integrable distribution admitting a decomposition into integrable
distributions V = @F_, V4 @ D such that D + Vg = (ﬂﬁ#a ker a)“) NV for B =
I,...,kand k # 1 for dim Vg = rg.

Bl e
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A manifold M endowed with a k-precosymplectic structure is called a k-precosymplectic
manifold. We hereafter define r = ZI;:] Tq.

Example 4.6 Consider a k-presymplectic manifold (P, w*, V). Let us construct a k-

precosymplectic structure on R¥ x P. First, consider the canonical projections
REx P P, REx P -5 RE

Then, define n* = t*dx?, where x!, ..., x¥ are linear coordinates in R¥, and w® = 7

fora =1, ..., k. Then, (R* x P, n%, %) is a k-precosymplectic manifold.

* o

w

Let us prove a technical result that is necessary to asses the role played by the distribution
ﬂ];: 1 ker n% in k-precosymplectic manifolds.

Lemma 4.7 Given a k-precosymplectic manifold (M, ', ..., 75, 0!, ..., &%, V), everyx €
M admits a coordinated neighbourhood with coordinates

1

k 1 n _l d .« o
fx' oo xSy, oy, 2 ,yl,...,yra}, a=1,...,k,

on a neighbourhood of x so that

V. 0 9 1 k D 9 9
={—,...,— ), a=1,...,k ={—\., = .
“ ayy Iye ozt az4

Proof Since n',...,n* are closed, they admit potentials x!, ..., x*, respectively. Let
y!, ..., y" be common functionally independent first integrals for all vector fields taking
values in the integrable distribution V such that

dx' Ao Adxf Ady! A AdYT £0.
It is assumed that @5: 1 Vi is integrable. Hence, V| @ - - - @ Vi has common first integrals
z!, ..., z% such that
p=dx' Ao AdxfF AdZ Ao A dZ Ady! AL AdY? #£0.
Given different integers «1, ..., ax—1 € {1, ..., k},and k > 1, one has that,
Vo, ® - @ Vo, ®D =kero NV,

where B is the only number in {1,...,k} not included in {¢q,...,ax—1}. Hence, the
distribution Vo @ -+ @ Vy,_, @ D has corank rg in V, it is integrable, and the vec-
tor fields taking values in it have rg common local first-integrals yf Yoy yfﬁ such that
dy{3 A A dyﬁz A # 0. Note that, if k = 1, a similar result can be obtained by
considering V. = V; @ D and some r; functionally independent integrals of D. By
construction, {xl,...,xk,yll,...,yrll,...,y]f,...,yfk,zl,...,zd,yl,...,y"} becomes a
local coordinate system on M and

d n k
Vo = (m kerdzl) N (ﬂ kerdyl) N ( m kerdyf) N ( ﬂ kerdxﬂ>.
i=1 p=1

i=1 B#a
i=1,..., rg
for k > 1. For k = 1, a similar expression is obtained by skipping the kernels of the
ad :
dyil. Moreover, —5 with i = 1,..., rg vanish on all coordinates y;?‘, y', with @ # $ and
ay;
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j:1,...,ra,andthezl,...,zd.Hence,

a a
<,5’7ﬁ>=v’37 ﬁ=1,...,k,
ayl ayrﬂ

9 S\ _p
ozl gl | T

The corresponding Darboux theorem for k-precosymplectic manifolds reads as follows.

and

Theorem 4.8 (k-precosymplectic Darboux Theorem) Let M be a k-precosymplectic manifold
such that dimM = n +d + r + k, while rank w* = 2ry, with 1 < r, < n. Let us
assume the existence of k Reeb vector fields Ry, . . ., Ry spanning an integrable k-dimensional
distribution and such that they commute among themselves. For every x € M, there exists a
local chart of coordinates

yye ) 1<a<k 1<i<n pgely S{l....n), ol =ry, 1<j<d,
such that

n% =dx%, o%= Zdy”“/\dyl‘ia a=1,...,k.

Ha€ly

If additionally [R;, V] C V, then

k
d d ad
V={—w,—), ﬂ(kern“ﬂkerwa):<f>.
ayloio( BZJ a=1 aZ]

Proof Consider the distribution Y = ﬂft:l ker n*, which is integrable of rank n + d + r.
One can define a leaf S, of Y. Then, one has the immersion j; : S, < M. Since V is
included in Y, one has that jfwl, ey ];fwk allow us to define a k-presymplectic manifold
with Darboux coordinates for the n* and the w* which depend smoothly on . Note that the
o, n are invariant relative to some Reeb vector fields Ry, ..., Ry spanning an involutive
distribution and commuting among themselves. Using this fact and proceeding as in the
Darboux k-cosymplectic manifold structure, we obtain our Darboux coordinates for the n*
and the w“. Note that the same applies to the canonical basis for ﬂf;zl (ker n® Nker w*) even
fork = 1.

Notwithstanding, the form of the basis for the distribution V' needs the additional condition
about its invariance relative to Ry, . .., Ri. Then, gluing together as in Theorem 4.2, the result
follows.

O

Remark 4.9 Note that k-precosymplectic manifolds admit Reeb vector fields, but they are
not uniquely defined by conditions (11). One must impose some additional condition on M
to determine them uniquely. For instance, let us restrict ourselves to a k-precosymplectic
structure on R¥ x M, where M is a k-presymplectic manifold. Then, if we ask the Reeb
vectors fields to be vertical with respect to the projection R x M — R, the system of
equations (11) determines univocally Reeb vector fields. An equivalent way of obtaining this
same family is taking the vector fields {i} on R¥ and lifting them to R¥ x M with the

ox*
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trivial connection dx% ® axia As it is obvious, in Darboux coordinates we have that these

vector fields are R, = axi“ Note that every k-presymplectic structure in this case will also
satisfy the conditions established in our Darboux theorem.

5 Multisymplectic and premultisymplectic structures

Let us now comment on certain results on Darboux coordinates for multisymplectic forms
[13, 29, 55]. First, let us detail some results on (pre)multisymplectic geometry (see [12, 13,
28] for further references).

In the context of (pre)multisymplectic geometry, the standard kernel of a differential form
is called the one-kernel. Recall that we assume differential forms to have constant rank.

Definition 5.1 Let M be an n-dimensional differentiable manifold. A closed form Q €
Q¥ (M) whose one-kernel is a distribution of constant rank is called a premultisymplectic
Sform. Additionally, if txy 2 = 0 for a vector field X € X(M) implies that X = 0, then
is said to be one-nondegenerate and it becomes a multisymplectic form. The pair (M, 2) is
said to be a premultisymplectic or a multisymplectic manifold of degree k, if the one-kernel
of Q2 is one-degenerate or one-nondegenerate, respectively.

First examples of multisymplectic manifolds are symplectic manifolds, i.e. multisymplec-
tic manifolds of degree 2, and orientable manifolds, namely multisymplectic manifolds with
a volume form.

The following is a linear analogue of (pre)multisymplectic manifolds.

Definition 5.2 A k-covector 2 on R” is called a premultisymplectic linear form. If 1, Q =
0 for some x € R" implies that v = 0, then Q is said to be one-nondegenerate and it
becomes a multisymplectic linear form or k-plectic linear form. The pair (R”, 2) is said to
be a premultisymplectic linear space or a linear multisymplectic linear space of degree k,
respectively. Multisymplectic linear spaces given by a k-covector are also called k-plectic
vector spaces.

Other typical examples of multisymplectic manifolds are given by the so-called bundles
of forms, which, in addition, are the canonical models of multisymplectic manifolds. These
canonical models are constructed as follows.

e Let O be a manifold. Consider the bundle p: A¥(T*Q) — 0, i.e. the bundle of k-forms
in Q (also called the k-multicotangent bundle of Q). This bundle is endowed with a
canonical structure called the fautological or canonical form © ¢ € QF (AR (T* Q)) given
by

Oo,(Vi, ..., Vi) = t(px VI A=+ A p VI,

for every i € AK(T*Q) and Vi,..., Vi € Ta(AX(T*Q)). Then, Qp = dBy €
QL (AR (T* Q)) is a one-nondegenerate form and hence (Ak(T*Q), Qp) is a multi-
symplectic manifold of degree k 4 1. Furthermore, denoting by {x*, Diy...i, } the charts of
natural coordinates in A¥(T*Q), these canonical forms read locally as

Q*)Q = Pil...ikdxi] ZANKIRIRIVAN dxi"', QQ = dpil...ik A dxil Ao A dxik'

Such coordinates are Darboux coordinates in A*¥(T* Q).
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e If 7: Q — M is a fibre bundle, let p,: A’;(T*Q) — Q be the subbundle of
AK(T* Q) made of the r-horizontal k-forms in Q with respect to the projection m,
namely the k-forms in Q vanishing when applied to r vector fields that in Q that
are sr-vertical. If pf : A’r‘ (T*Q) — AK(T*Q) is the canonical injection, then ®’Q =
(pH)*@g e QK(AK(T*Q)) is the tautological k-form in AX(T*(Q), and then, taking
Q) = do, € QK+L(AK(T*Q)), we have that (AX(T*Q), Q) is a multisymplectic
manifold of degree k4 1. As above, the charts of natural coordinates in A’f (T*Q) are also
charts of Darboux coordinates, on which these canonical forms have local expressions
similar to the above ones.

Nevertheless, in general, multisymplectic manifolds are not (locally) diffeomorphic to
these canonical models.

Note that a multisymplectic form with Darboux coordinates admits a local flat connection
compatible with it. Furthermore, if the multisymplectic form has a compatible flat connection,
it admits coordinates in which the multisymplectic form has constant coordinates, but it does
not need to be of the previous form. In particular, if a multisymplectic form has kernels
of higher order to those of €2, then there is no Darboux theorem in the above senses. In
particular, this is a typical problem for Darboux coordinates: differential forms can be put
into a form with constants coefficients in many manners and Darboux theorems use to stress
one particular form over others, although others may be of interest too.

In general, multisymplectic manifolds do not need to have a coordinate system that makes
the multisymplectic form to have constant coordinates, which is the very most basic condition
for the existence of a Darboux theorem. Indeed, multisymplectic manifolds of this type are
called flat in the literature [55]. The exact definition is given next.

Definition 5.3 A multisymplectic manifold (M, ) is called flat near x € M, if there exists
a mapping ¢ : U C M — TyM such that ¢(x) = 0 and ¢*w, = w for w, being a
constant-coefficient non-degenerate multilinear-form on Ty M.

Definition 5.4 An (n + 1)-plectic vector space (V, w) is called standard if there exists a
linear subspace W C V such that ¢,y @ = 0 for all u, v € W, and

o' we Wi of(w) e NN (V/W)*

such that o?(wW)(vy + W, ..., vn + W) = w(w, vy, ..., Uy) for every vy, ..., v, € V,isan
isomorphism.

In the above situation, W is unique if » > 2 and then often denoted W,,. From [13, 47,
55], the following result can easily be derived.

Theorem 5.5 Letn > 2 andlet (M, w) be a standard (n+1)-plectic manifold, i.e. (M, w) has
as constant linear type fixed standard (n+1)-plectic vector space. Then, Wy, = | |, cpy Wo, C
T M is a smooth distribution. Furthermore, (M, w) is flat if and only if W,, is integrable.

Let us just recall that our definition of (n 4 1)-plectic symplectic manifold is sometimes
called a n-plectic manifold in the literature [55].

Let us now turn to a type of multisymplectic manifold for which we will obtain Darboux
coordinates.

Definition 5.6 A special multisymplectic manifold is a multisymplectic manifold (M, )
of degree k such that 2 = d®, for some ® € Q! (M), and there is a diffeomorphism
¢: M — AFN(T*Q),dim Q =n > k—1, (or ¢: M — AK~1(T*Q)), and a fibration
m: M — Q suchthat po¢ = (resp. pr 0 ¢ = m), and p*Op = © (resp. d)*@’Q =0).
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And, as a result of the above discussion, we state the following result.

Theorem 5.7 (Restricted multisymplectic Darboux Theorem) Special multisymplectic man-
ifolds (M, Q) are multisymplectomorphic to bundles of forms. Therefore, there is a local
chart of Darboux coordinates around every point x € M.

Like in the k-symplectic and k-cosymplectic cases, some additional properties are needed
to assure the existence of Darboux-type coordinates [47] and then to have multisymplectic
manifolds that locally behave as the canonical models. To state these additional conditions,
we need to introduce some generalisations of concepts of symplectic geometry. So, if (M, 2)
is a multisymplectic manifold of degree k and W a distribution on M, we define [13, 19] the
r-orthogonal multisymplectic vector space at p € M of W as

W ={v e TyM | wAw) A Aw)R, =0, Yur, ..., w, € W)

Then, the r-orthogonal multisymplectic complement of W is the distribution W =
Wyem Wi", and we say that W is an r-coisotropic or an r-isotropic distribution if
whr c Wor W c wtr, respectively (if W = WL then W is an r-Lagrangian
distribution). Let us use previous notions.

Definition 5.8 Let (M, ©2) be a multisymplectic manifold of degree k, and let WV be a regular
one-isotropic involutive distribution in (M, €2).

1. A multisymplectic manifold of type (k, 0) is atriple (M, 2, W) such that, foreveryx € M,

(a) dimW(x) = dim AK=1(T, M /W (x))*.
(b) dim(T,M/W(x)) > k — 1.

2. A multisymplectic manifold of type (k,r) (1 <r <k — 1) is a quadruple (M, 2, W, &),
where £ is a distribution on M such that, for every x € M, one has that £(x) is a vector
subspace of T, M /W(x) satisfying the following properties:

(@) Ifmy: TyM — Ty M /W(x) is the canonical projection, then t(vi A-- - Av) Q2 = 0,
for every v; € TyM suchthat m,(v;) e Ex) (i =1,...,r).

(b) dimW(x) = dim A’;_I(TXM /W(x))*, where the horizontal forms are considered
with respect to the subspace £ (x).

(©) dm(TyM/W(x)) > k — 1.

Then, the fundamental result is the following [19, Corollary 3.31].

Theorem 5.9 (Generalised multisymplectic Darboux Theorem) Every multisymplectic man-
ifold (M, 2) of type (k, 0) (resp. of type (k, r)) is locally multisymplectomorphic to a bundle
of (k—1)-forms AF-L(T* Q) (resp. A’,‘_1 (T*Q)), for some manifold Q; that is, to a canonical
multisymplectic manifold. Therefore, there is a local chart of Darboux coordinates around
every pointx € M.

Definition 5.10 Multisymplectic manifolds that are locally multisymplectomorphic to bun-
dles of forms are called locally special multisymplectic manifolds.

As a relevant example, if 7: E — M is a fiber bundle (where M is an m-dimensional
oriented manifold), J ' is the corresponding first-order jet bundle, and £ is a first-order reg-
ular or hyperregular Lagrangian density, then the Poincaré—Cartan form Q. € Q"1 (J'x)
is a multisymplectic form and (J'7, ) is a (locally) special multisymplectic manifold. If
L is a singular Lagrangian, then (J 'z, Q) is a premultisymplectic manifold.
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Definition 5.11 A special premultisymplectic manifold is a premultisymplectic manifold
(M, Q2) of degree k such that M /ker 2 is a manifold and the unique multisymplectic form
Q' on M/ ker Q such that 7*Q’ = Q is a special multisymplectic form.

The following naturally follows.

Definition 5.12 Let (M, 2) be a premultisymplectic manifold of degree k, and W a regular
one-isotropic involutive distribution in (M, ©2) such that ker 2 C W and d = dim ker .

1. A premultisymplectic manifold of type (d, k, 0) is a triple (M, 2, W) such that, for every
xeM,

(a) dimW(x) —d = dim AK~1(T, M/W(x))*.
(b) dim(T, M/W(x)) > k — 1.

2. A premultisymplectic manifold of type (d,k,r) (1 < r < k — 1) is a quadruple
(M, 2, W, E), where £ is a distribution on M such that, for every x € M, the space
E(x) is a vector subspace of T M /W (x) with the following properties:

(a) If . : TxM — T, M /W(x) is the canonical projection, then t(vy A - - - Av,)R2), =0,
for every v; € Ty M such that my (v;) € E(x), i =1,...,r.

(b) dimW(x)—d = dim A’,“1 (T, M /W(x))*, where the horizontal forms are considered
with respect to the subspace £ (x).

(c) dim(TxM/W(x)) >k — 1.

Theorem 5.13 (Generalised premultisymplectic Darboux Theorem) Every premultisymplec-
tic manifold (M, Q) of type (d, k,0) (resp. of type (d, k, r)) is locally premultisymplecto-
morphic to a canonical premultisymplectic manifold of type (d, k, 0) (resp. of type (d, k, r)).
Therefore, there is a local chart of Darboux coordinates around every point x € M.

As in previous structures, analogous claims can be done concerning the existence of
connected compatible connections with premultisymplectic manifolds.

6 Conclusions and outlook

The focus of this research is the exploration of Darboux-type theorems concerning geomet-
ric structures defined by closed differential forms. The initial section of this study entails
an examination of the Darboux theorem for symplectic, presymplectic, and cosymplectic
manifolds. By imposing minimal regularity conditions, we have successfully established a
proof for a Darboux theorem applicable to precosymplectic manifolds. Within the realm of
geometric mechanics, these manifolds serve as the phase spaces for both regular and singular
autonomous and non-autonomous dynamical systems.

We have presented novel proofs for the Darboux theorem concerning k-symplectic and
k-cosymplectic manifolds. These proofs appear to be simpler compared to the previously
known ones. Additionally, we have introduced and demonstrated new Darboux theorems
for specific families of k-presymplectic and k-precosymplectic manifolds. Furthermore, we
have provided a counterexample illustrating that a general Darboux-type theorem does not
hold for k-presymplectic manifolds. We have conducted a thorough review of previous find-
ings regarding the existence of Darboux coordinates for certain types of multisymplectic
manifolds. Lastly, we have presented fresh results that establish the existence of Darboux
coordinates for particular cases of premultisymplectic manifolds. All of these structures play
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avital role in the geometric representation of both regular and singular classical field theories.
The relations of Darboux theorems with flat connections have been studied, which provides
new viewpoints and gathers previous scattered results in the literature.

The ideas of this paper can be extended to other geometric structures related with closed
one or two-forms of different types. Notwithstanding, the formalism on flat compatible con-
nections does not apply to geometric structures related to families of different forms that
do not allow for a locally constant form and therefore closed, e.g. for contact and precon-
tact structures, and their extensions (which appear, for instance, in the geometric description
of dissipative and action-dependent systems in physics). It would be interesting to find an
analogue of our formalism for such theories. In particular, note that non-closed differen-
tial forms may have flat compatible connections provided non-zero torsion is allowed. For
instance, consider the manifold M = R? with natural coordinates {t, x, p}, the one-form
n = dt — pdx and the connection V in M whose only non-vanishing Christoffel symbol is
F;x = —1. Itis easy to check that 7 is a contact one-form on M, and parallel relative to the
connection V, namely Vi = 0. However, the connection V is not torsion-free: its torsion

0 d
has local expression 7 = dx @ dp ® i dp ® dx ® —. This torsion takes account of the

non-integrability of the contact distribution D = ker n. Meanwhile, V is flat. The relation
between integrability of a geometric structure and the torsion of compatible connections will
be investigated in a future work.

Moreover, this work has studied conditions for Darboux theorems of various types. We
believe that there is still room to provide more types of Darboux coordinates, and that more
research in the study of necessary and sufficient conditions for their existence is needed. In
particular, this especially applies to k-pre(co)symplectic manifolds.
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