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ABSTRACT

This paper provides a new geometric framework to describe non-conservative field theories with explicit dependence on the space-time
coordinates by combining the k-cosymplectic and k-contact formulations. This geometric framework, the k-cocontact geometry, permits the
development of Hamiltonian and Lagrangian formalisms for these field theories. We also compare this new formulation in the autonomous
case with the previous k-contact formalism. To illustrate the theory, we study the nonlinear damped wave equation with external time-
dependent forcing.
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. INTRODUCTION

During the second half of the 20th century, geometric methods have been widely applied to mechanics and field theory with the aim of
providing geometric descriptions of a large variety of systems in applied mathematics, physics, engineering, etc. Some of the most frequent
geometric structures involved in geometric mechanics and field theory are symplectic, multisymplectic, or k-symplectic manifolds (see, for
instance, Refs. 1-10 and references therein). In general, all these geometric methods are applied to Lagrangian and Hamiltonian conservative
systems, that is, without damping.

In recent years, there has been a growing interest in non-conservative systems. In particular, contact geometry'' '~ has been used to
study mechanical systems with dissipation.'*”"” This has many applications in thermodynamics,””' quantum mechanics,”” circuit theory,”’
and control theory”* among others.” "’ Recently, contact mechanics have been generalized in order to deal with time-dependent contact
systems.”"” It is worth pointing out that contact geometry allows us to study more systems than just dissipative ones.’* In recent years, a
generalization of both contact and k-symplectic structures was devised to describe autonomous field theories with damping’* ** in both the
Hamiltonian and Lagrangian formulations.

The main goal of this paper is to extend the k-contact formulation to non-autonomous field theories by combining it with k-cosymplectic
geometry.””” This leads to the definition of a k-cocontact structure as a couple of families of k differential one-forms: the first family accounting
for the space-time coordinates, and the other one encoding the dampings or dissipations inspired by the contact formulation. It is worth
noting that the number of independent variables ina the system coincides with the number of “dissipation coordinates.” This new geometry
enables us to introduce the notion of a k-cocontact Hamiltonian system as a k-cocontact manifold together with a Hamiltonian function.
With these elements, we can state the k-cocontact Hamilton equations, which indeed add dissipation terms to the well-known Hamiltonian
field equations.®

In addition, we also generalize the Lagrangian formulation of field theories to consider non-autonomous non-conservative ones. In this
new formalism, the phase bundle is M = R* x @F TQ x ]Rk, where the direct sum has to be understood as a fibered sum of vector bundles,
with adapted coordinates (t% ¢, v%,z"). Then, given a Lagrangian function L: M — R, we define a family #¥ of one-forms which, when
L is regular, constitute along with the forms dt* a k-cocontact structure on M. Then, the k-cocontact Lagrangian field equations are the
k-cocontact Hamiltonian field equations for the Lagrangian energy. When written in coordinates, they are the Euler-Lagrange equations
with some additional damping terms. It is worth pointing out that the field equations obtained via the k-contact and k-cocontact formalisms
coincide with the ones obtained by generalizing the Herglotz variational principle’® to the case of field theories.*’

We also compare the k-cocontact formalism introduced in this work in the autonomous case with the previous k-contact formalism and
see that they are partially equivalent, in the same way that autonomous k-cosymplectic systems are closely related to k-symplectic systems.”
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Finally, we apply this formalism to the nonlinear damped wave equation with a time-dependent external force, both in the Hamiltonian and
Lagrangian formulations.

The structure of the paper is as follows: in Sec. II, we provide a review of the k-contact formalism for non-conservative autonomous
field theories. In particular, we provide the main results on k-contact geometry and a brief description of the Hamiltonian and Lagrangian
formalisms. Section IIT is devoted to the introduction of the notion of k-cocontact structure and the study of its geometry. More precisely, we
prove the existence of two families of Reeb vector fields and the existence of two types of special sets of coordinates: adapted coordinates and,
by adding an extra hypothesis, Darboux coordinates.

In Sec. I'V, we develop a Hamiltonian formalism for non-autonomous field theories with damping, generalizing the De Donder-Weyl
formulation for field theories. We provide field equations both for k-vector fields and integral sections, and we prove the existence (but not the
uniqueness) of solutions to these equations. We begin Sec. V by describing the geometry of the phase bundle of k-cocontact Lagrangian field
theories. We also present the field equations, generalizing the Euler-Lagrange equations, and give the conditions for a Lagrangian function to
be regular, that is, to yield a k-cocontact structure. Finally, we study a particularly interesting type of Lagrangian functions: the Lagrangians
with holonomic damping term.

Section VI is devoted to comparing the k-contact formalism introduced in Ref. 34 with the k-cocontact setting presented in this

work in the autonomous case. In order to illustrate the geometric formalism introduced in Secs. 1I-VI, in Sec. VII, we study the
example of a nonlinear damped wave equation, describing all the geometric objects involved, both in the Lagrangian and Hamiltonian
formulations.

Unless otherwise stated, all maps are assumed to be €, and all manifolds are smooth, connected, and second countable. The sum of
crossed and repeated indices is understood. The direct sum of two vector bundles over the same base space is to be understood as the Whitney
sum of vector bundles.

Il. REVIEW ON k-CONTACT SYSTEMS

In this section, we review the k-contact formalism for non-conservative field theories. In the first place, we introduce the geometric
framework: k-contact structures. Then, the Hamiltonian®* and the Lagrangian®> formalisms are presented.

A. k-contact manifolds

Consider an m-dimensional manifold M. A generalized distribution on M is a subset of D ¢ TM such that D, c T<M is a vector subspace
for every x € M. A distribution D is said to be smooth if it can be locally spanned by a family of vector fields, and regular if it is smooth and of
locally constant rank. A codistribution on M is a subset of C ¢ T*M such that C, c Ty M is a vector subspace for every x € M.

Given a distribution D, the anihilator D° of D is a codistribution. If D is not regular, D° may not be smooth. Using the usual identification
E** = E of finite-dimensional linear algebra, it is clear that (D°)° = D.

A differential one-form # € Q' (M) generates a smooth codistribution, denoted by (1) c T*M. This codistribution has rank 1 at every
point where 7 does not vanish. Its annihilator is a distribution (1)° ¢ TM that can be described as the kernel of the linear vector bundle
morphism 7 : TM — M x R defined by #, where TM and M x R are understood as vector bundles over M. This codistribution has corank 1
at every point where # does not vanish.

In the same way, every two-form w € Q*(M) induces a linear morphism @ : TM — T*M, defined as @(v) = i(v)w. The kernel of this
morphism @ is a distribution ker @ c TM.

Given a family of k differential one-forms 7', . .., 7* € Q' (M), we will denote

o CC= (...t cTM.

o D¢ (CC)o =ker #' n---nker 4 c TM.

e DR —kerdy' n---nker dy c TM.

o "= (D" cT*M.

With the preceding notations, a k-contact structure on a manifold M is a family of k differential one-forms 7',...,%* € Q'(M) such
that D€ c TM is a regular distribution of corank k, D® ¢ TM is a regular distribution of rank k and D€ n D® = {0}. We call C€ the contact

codistribution, D € the contact distribution, DR the Reeb distribution, and CR the Reeb codistribution. A manifold M endowed with a k-contact
structure ', . .., #* € Q' (M) is a k-contact manifold.

Remark 2.1. In the particular case k = 1, a 1-contact structure is given by a one-form #. In this case, we recover the notion of a contact
manifold.'”"*

Given a k-contact manifold (M, 1), the Reeb distribution D" is involutive and, therefore, integrable, and there exists a unique family of

k vector fields Ry € X(M), called Reeb vector fields of M, such that i(Rq )% = & and i(Ry)dn? = 0. The Reeb vector fields commute and span
the Reeb distribution DX = (Ry, ..., R).
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Example 2.2 (Canonical k-contact structure). Consider k > 1 and let Q be a smooth manifold. The manifold product M = & T*Q x R* has
a canonical k-contact structure given by the one-forms ', . . ., #* € Q' (M) defined as

nu _ dzoc _ Ga)

where (2',...,2) are the canonical coordinates of R* and 6% is the pull-back of the Liouville one-form 0 of the cotangent bundle T*Q with
respect to the projection pr* : M — T Q to the a-th component. Take coordinates (q') on Q. Then, M has natural coordinates (q', pf,z"). Using
these coordinates, we have

; 0 0 0
" - 4~ prdd, DR:<—,...,—>, Re= 2.
1 ! 7! 7" oz*

Example 2.3 (Contactification of a k-symplectic manifold). Consider a k-symplectic manifold (P, w") such that w* = —d6" and the product
manifold M = P x R¥. Let (z*) be the Cartesian coordinates of R* and denote also by 6 the pull-back of 6% to the product manifold M. Consider
the one-forms 1 = dz® — 6% € Q' (M).

Then, (M, ") is a k-contact manifold because C© = (', ..., 4*) has rank k, dn® = —d6%, and DX = N ker d6% = (8/0z', ...,8/0Z") has
rank k since (P, w") is k-symplectic, and the last condition is immediate.

Notice that the so-called canonical k-contact structure described in Example 2.2 is just the contactification of the k-symplectic manifold

P =a"T*Q.

Theorem 2.4 (k-contact Darboux Theorem). Consider a k-contact manifold (M, n") of dimension dim M = n + kn + k such that there
exists an integrable subdistribution V of D with rankV = nk. Then, around every point of M there exists a local chart (U, q',pf,2*), 1 < a <k,
where 1 < i < n, such that

; d d
“lU = dz* - pidq, DRU:(R,X:—>, U=(==).
’1| Z pi q | 8za V| (apix>

These coordinates are called the Darboux coordinates of the k-contact manifold (M, n").

B. Hamiltonian formalism for k-contact systems

The geometric setting introduced in Sec. II A allows us to introduce the notion of a k-contact Hamiltonian system.**

Definition 2.5. A k-contact Hamiltonian system is a family (M, 5% h), where (M, ") is a k-contact manifold and he €*° (M) is called a
Hamiltonian function. Consider a map v : D ¢ R¥ — M. The k-contact Hamilton-De Donder-Weyl equations for the map v are

{i(w&)dn“ = (dn - (Lo, )1") o v, 0
i(ya)n" =-hoy,
where v’ : R* = @*TM is the canonical lift of Y to @ TM.
In Darboux coordinates, if the map y has the local expression () = (¢'(£),pF(¢),2%(t)), Eq. (1) read
oq  oh
o "o Y
opi [0k , Oh
ot - ((9q1 +pi aza) ¥, (2)
02" = ‘."% —hlo
atoc - pl ap:x W

Definition 2.6. Consider a k-contact Hamiltonian system (M, 4%, ) and a k-vector field X = (X,) € X*(M). The k-contact Hamilton-De
Donder-Weyl equations for the k-vector field X are

(©)

i(Xy)dn® = dh - (Zr M)1",
i(X )" = -h.
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A k-vector field solution to these equations is a k-contact Hamiltonian k-vector field.
Proposition 2.7. The k-contact Hamilton-De Donder-Weyl equations (3) admit solutions. They are not unique if k > 1.

Consider a k-vector field X = (X, .., X;) € ¥(M) with local expression in Darboux coordinates,

xa_(xa) +(xa)ﬁ +(xa)ﬁ8

opl

Then, Eq. (3) yields the conditions

i Oh
Xa) = >
G = 55
(on on
o)t =~( G 1t o)
a aah
Xa = pi -
(Xa)"=pi 5

Proposition 2.8. Consider an integrable k-vector field X € X*(M). Then, every integral section v : D c R* — M of X satisfies the k-contact
Hamilton-De Donder-Weyl equations (1) if, and only if, X is a solution to (3) .

Proposition 2.9. The k-contact Hamilton-De Donder-Weyl equations (3) are equivalent to

Zx " = =(ZLrh)’,
i(Xo )" = —h.

C. Lagrangian formalism for k-contact systems
The Hamiltonian formalism presented in Sec. 11 B has a Lagrangian counterpart. Consider the phase bundle & TQ x R¥ endowed with

adapted coordinates (q', v}, z*) with the usual canonical structures: the Liouville vector field A = v}, 8?/ and the canonical k-tangent structure

J* = ils). A k-vector field X = (X,) € X*(@* TQ x R*) is a second-order partial differential equation (SOPDE) if
J*(X«) = A

Given a Lagrangian function L : ® TQ x R — R, the Lagrangian energy associated with the Lagrangian L is the function E; = A(L) - L,
and the contact one-forms i € Q' (@" TQ x Rk) associated with L are given by 17 = dz* - 67, where 6f = 'J* o dL.

The Lagrangian L is regular, namely,

oy 8 UJ is non-degenerate, if and only if the contact one-forms 7 define a k-contact structure on

oF TQ x R, Therefore, we can consider the k-contact Hamiltonian system (EB TQ x ]Rk, 17, Er), whose corresponding field equations read

o (oL \_ (oL, oL oL,

ar\au V) "\ og "o a0 )Y

(=" o y)
ot*

=Lovy,
and are called k-contact Euler-Lagrange equations (for more details on the k-contact Lagrangian formulation, see Refs. 35 and 41).

lll. k-COCONTACT GEOMETRY

Lett',..., 7" e Q! (M) be a family of closed one-forms on M, and let ;71, o 11k e Q! (M) be a family of one-forms on M. We will use the
following notations:

. CC=(711,...,;1")CT*M
.DC:(C) —kerqm mkerr/ c TM.
. DR:kerdq m---mkerdq c TM.

o C*=(D*)’ cT'M.

o C8= (.., )T M.

. DS:(Cs)ozker"r\lﬁw-mker?‘cTM.
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With these notations, we can define the following notion of k-cocontact structure:

Definition 3.1. A k-cocontact structure on a manifold M is a family of k closed differential one-forms 7, .. ., 7 € Q' (M) and a family of
k differential one-forms 7', . . ., #* € Q' (M) such that, with the preceding notations,

(1) D¢cTMisa regular distribution of corank k.

(2) DScTMisa regular distribution of corank k.

(3) DRcTMisa regular distribution of rank 2k.

(4) DN DS is a regular distribution of corank 2k, D n DX is a regular distribution of rank k, and D® n D® is a regular distribution of
rank k.

(5) D nD*nD3={0}.

We call C€ the contact codistribution, D € the contact distribution, DX the Reeb distribution, CX the Reeb codistribution, C® the space-time
codistribution, and DS the space-time distribution.
A manifold M endowed with a k-cocontact structure 7', . . . ,Tk, 111, e qk e Q! (M) is a k-cocontact manifold.

Notice that the condition D¢ n DR 0 D® = {0} implies that
T*M=CeCtacC".
Remark 3.2. In the particular case k =1, a 1-cocontact structure is given by two one-forms 7,#, with dr = 0. The conditions in
Definition 3.1 mean the following: (1) # # 0 everywhere, (2) 7 # 0 everywhere, (4) T A7 # 0, (5) ker Tn ker 77 n ker dy = {0}, which implies

that ker &;1 has rank 0, 1, or 2, and (3) implies that ker &;1 has rank 2. Therefore, a 1-cocontact structure coincides with the cocontact structure
introduced in Ref. 31 to describe time-dependent contact mechanics.

Lemma 3.3. The Reeb distribution D} and the space-time distribution DS are involutive and, therefore, integrable.

Proof. Given X, Y two sections of D® and applying the relation
i[xy] = Lxiy —iyZx = dixiy + ixdiy - iydix - ivixd,
to the closed two-form d#”, the result is zero. In the same way, one can check that D $ is also involutive. ]

As a consequence, the distribution D® 0 D* is also involutive and, therefore, integrable. Moreover, the distribution D® N D is also
involutive and integrable. The following theorem characterizes a family of vector fields spanning the Reeb distribution D*:

Theorem 3.4. Let (M, 1%, 5) be a k-cocontact manifold. Then, there exists a unique family R}, . .. ,Rtk, .., R} € X(M) such that
i(RYdr =0,  i(R)A =0, i(RY) 7 = oF,
i(R)dr’ =0, iR = &%, i(R;)7" = 0.

The vector fields R, are called space-time Reeb vector fields. The vector fields R, are called contact Reeb vector fields.
In addition, the Reeb vector fields commute and span the Reeb distribution introduced in Definition 3.1,

DY =(R},...,RLR],...,R}),

therefore, motivating its name.

Proof. Consider T*M = C€ @ C* @ C®. The family of one-forms {#*} is a global frame of the contact codistribution C© and the family
of one-forms {7} is a global frame of the space-time codistribution C5. We can find a global frame 7" of the Reeb codistribution C* so that
(7", 7") is a global frame of T* M. Let (RZ, Ry, R’,) be the corresponding dual frame of TM, where the vector fields R and R’, are uniquely
determined by the conditions

o R =8 (AR =0, (R =0,
o R) =0, (ihR) =0, (P R)=00
Notice that the relations involving the 7* do not depend on the choice of the one-forms 7", this means that the vector fields R and R}, are

sections of the Reeb distribution (C*)° = DX, This amounts to i(R%)dr? = 0 and i(R’,)d#® = 0 for every a = 1,.. ., k. Since the one-forms 7
and 7* are globally defined, so are the vector fields R and R}
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To prove that the Reeb vector fields Rj, R;; commute, notice that

i[X,Y] f’ly = 0, i[X,Y] dﬂy = O, i[X,Y] Ty = 0,
for every X, Y ¢ (R}, Rg), which is a consequence of their definition. ]
The following proposition proves the existence of a special set of coordinates, the so-called adapted coordinates:

Proposition 3.5. Consider a k-cocontact manifold (M, 7% #®). Then, around every point in M, there exist local coordinates (t*, x',z*) such
that
0

t o o ¥4
Razi T:dt, Ra:@,

7 =dz" - f?(x])dxl,

where the functions f only depend on the coordinates x'. These coordinates are called adapted coordinates.

Proof. Since the Reeb vector fields commute, there exists a set of local coordinates (¢*, x',z%) simultaneously straightening out the Reeb
vector fields (see Ref. 42, p. 234 for details),

Let us write the forms 7° and #” using these coordinates. The conditions i(R,)#* = 0 and i(RZ)# = b4 imply that 7 = dz* - f’f (%, x7, 2%)dx’.
On the other hand, we have that drf = dx' A d ff .In this case, the conditions i(R’,)d#’ = 0 and i(R%)d#’ = 0 imply that & ff /Ot* = 0 and that
Bff/az“ =0, and thus

71/; = dzﬁ—f?(x/)dxl.

Repeating this process for the forms 7, taking into account that d® = 0, and redefining the coordinates ¢%, we obtain the desired result. 0

Example 3.6 (Canonical k-cocontact structure). Let Q be a smooth n-dimensional manifold with coordinates (q') and let k > 1. Consider
the product manifold M = R* x @*T*Q x R* endowed with natural coordinates (1% q', p%; z*). We have the canonical projections

R R x FT'Q xR —2 5 R

o
m

0

&' 1°Q —— T

RF x Q x R*

Let 0 be the Liouville one-form on T*Q with local expression in natural coordinates 0 = p,dq'. Then, the family (7% 4") where t° = n{ *(dt)
with t the canonical coordinate of R and n* = dz* — 75 *0, is a k-cocontact structure on M. In natural coordinates,

= dt", 0" = dz" - pidg.

Therefore, the Reeb vector fields are R, = 0/0t* and R, = 8/0z".

The following theorem is an upgrade of Proposition 3.5 and states the existence of Darboux-like coordinates in a k-cocontact manifold
provided the existence of a certain subdistribution V c D ¢:

Theorem 3.7 (Darboux theorem for k-cocontact manifolds). Let (M, 1%, 7") be a k-cocontact manifold with dimension dimM =k + n
+kn +k such that there exists an integrable subdistribution V c D with rankV = nk. Then, around every point of M there exist local
coordinates (%, q',pi,z"), where 1 < a < k and 1 < i < n, such that, locally,
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Using these coordinates,

1o} 0 0
DR=<R;=— R = > = .
oz" v opf

These coordinates are called the Darboux coordinates of the k-cocontact manifold (M, 7%, 4").

Proof. By Proposition 3.5, there exist local coordinates (¢*, x",z%) such that

0 3]

t I\ 3.1

R, = ata: Ta:dt‘x, R;: aza’ }/]a:dza_f‘;(x )dx

Since the distribution D€ n DX = (Rf, = %) is involutive and, therefore, integrable, we can consider (at least locally) the quotient manifold

M = M/(D® n DY), with the projection p : M — M and local coordinates (x', z%).

The one-forms 1%, the vector fields R;, and the distribution V can be projected to M, and the distribution DC induced by D is D= (RZ).
It is easy to check that the manifold (M,%"), where 7j* are the projections of #* to M, is a k-contact manifold. Since the projected
distribution V' has rank nk, by Theorem 2.4, around every point there exists a local chart (T;4 ,p%,Z %) in M such that

cwii o~ |0
~0¢:d~0¢7 '(X ~l’ — — ).
1 z°-pidq, V (a@“)

With all this in mind, in U = p~'(U) c M, we can take coordinates (t*,x',z%) = (t*,q", pf, 2%), with ¢ =G o p, p¥ =P opand z° =Z %o p
fulfilling the conditions of the theorem. O

Taking into account the previous theorem, we can consider the manifold introduced in Example 3.6 as the canonical model for
k-cocontact structures.

IV. HAMILTONIAN FORMALISM

This section introduces the notion of the k-cocontact Hamiltonian system and its Hamilton-De Donder-Weyl equations. The existence
of solutions to these equations is proved. We provide local expressions of the Hamilton-De Donder-Weyl equations for maps and k-vector
fields in both adapted and Darboux coordinates.

Definition 4.1. A k-cocontact Hamiltonian system is a tuple (M, % 1%, h), where (7%,71") is a k-cocontact structure on the manifold M

and h: M — R is a Hamiltonian function. Given a map v : D ¢ R¥ — M, the k-cocontact Hamilton-De Donder-Weyl equations for the map
v are

i(y)dn® = (dh = (Lo )" = (L)) oy,
W = -how, @
i(yi)’ = o

Now we are going to look at the expression in coordinates of the Hamilton-De Donder-Weyl equations (4).
Consider first the adapted coordinates (¢, X, z%). In these coordinates,

™ =dt", R = 8(2“’ 0 =dz* - fi()dx!,  dy® = %w?]dxl Adx,

where wj; = g—ﬁ - 2—5. Consider a map y : D ¢ R¥ — M with local expression y(s) = (£*(s), x'(s),2(s)). Then,

v (5 g O O 9
%_(tﬁ,x,zﬂ, 0s*” 05" 9s* |’

Then, the Hamilton-De Donder-Weyl equations in adapted coordinates read
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o (@+ 8hfa)o
o "ozl Y

95 =

8z L 0x

g Tiae ey
o =%

On the other hand, if the local expression in Darboux coordinates of a map y : D c R — M is y(r) = (t*(r), ¢’ (r), p%(r), 2%(r)), where
r=(r'..., r* )€ R¥. Then, the Hamilton-De Donder-Weyl equations in Darboux coordinates read

8tﬁ 8

or* S

of _on

or*  opt " 5)
opf __(Oh  Loh)

o \oq pi oz )Y

02" = ‘."% —hlo

o ~\P opr ¥

Definition 4.2. Consider a k-cocontact Hamiltonian system (M, 7% 1% h). The k-cocontact Hamilton-De Donder-Weyl equations for a
k-vector field X = (X,) € X*(M) are

i(Xa)dy" = dh = (ZLr h) 7" = (Zreh)n’",s
i(Xa)n" = -h, (6)
i(Xa)7’ = 6.
A k-vector field solution to these equations is a k-cocontact Hamiltonian k-vector field. We will denote this set of k-vector fields by X _(M).
Proposition 4.3. The k-cocontact Hamilton-De Donder-Weyl equations (6) admit solutions. They are not unique if k > 1.

Proof. Consider the bundle maps
p:TM > @' T"'M,  o: @ TM > T'M,
given by
p(X) = (ixdy',.. ,ixdr"),  o(Xi,...,X) = ix.dy"

These morphisms can be extended to € (M)-modules. Notice that kerp = D® is the Reeb distribution. Using the natural identification
(E® F)* = E* @ F*, the transposed morphism of 7 is 't = —p, taking into account that ‘d4® = —dy".
The first Hamilton-De Donder-Weyl equation for a k-vector field X can be written as

t0X =dh - Ry(h)n" - R(h)".

A sufficient condition for this linear equation to have solutions X is that the right-hand-side must be in the image of 7, that is, annihilated by
any section of DR = ker'r. However, since

ir(dh - R(h)n" = R4(h)1%) =0, foreveryR e D,

we can conclude that the first Hamilton-De Donder-Weyl has solutions. Notice that if X is a solution to the first equation, X + R, where R is
a k-vector field whose components are in DR, is also a solution. On the other hand, the second and third equations have common solutions R
whose components belong to the Reeb distribution, for instance, R = (-hR} + R, th, L. ,R,i).
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The non-uniqueness for k > 1 is obvious. O

Consider a k-vector field X = (X, ..., X)) € ¥*(M) with local expression in adapted coordinates

Xa :Aéﬁi +Bii1 +D§i.
orP Ox 2P

Therefore, Eq. (6) in adapted coordinates read

Ag =8
« Oh Oh
Booft = 5+ et

Dg - f1By = ~h.

On the other hand, consider a k-vector field X = (Xj,...,X;) € xk (M) with local expression in Darboux coordinates

Xo = Aﬁi +fo£i + Cﬁii +D§i
otP 0q apf o
Imposing Eq. (6), we get the conditions
A= 3,
ALY
op;
Oh Oh
Gi=-\7+Pioa)
(3q’ 9 )
Oh
Dy=pi=—~—h
P opy

Proposition 4.4. Let X € X*(M) be an integrable k-vector field. Then X is a solution to (6) if and only if every integral section of X satisfies
the k-cocontact Hamilton-De Donder-Weyl equations (4).

Proof. Recall that since X is integrable, every point of M is in the image of an integral section of X. The proposition is a direct consequence
of this fact and of Eqgs. (4) and (6). m|

It is worth noting that, as in the k-symplectic and k-contact cases, Eqs. (4) and (6) are not completely equivalent since a solution to (4)
may not be an integral section of an integrable k-vector field X solution to Eq. (6).

The following proposition provides an alternative way of writing the k-cocontact Hamilton-De Donder-Weyl equations for k-vector
fields:

Proposition 4.5. The k-cocontact Hamilton-De Donder-Weyl equations (6) are equivalent to

Ly = (L)t — (Lreh)n’,
i(X )" = —h,
i(X)7F = 8.

V. LAGRANGIAN FORMALISM

In this section, we devise the Lagrangian counterpart of the formulations introduced in Sec. IV. We begin by introducing the geo-
metric structures of the phase bundle and defining the notion of a second-order partial differential equation. In second place, we develop
the Lagrangian formalism and introduce the k-cocontact Euler-Lagrange equations as the Hamilton-De Donder-Weyl of a k-cocontact
Lagrangian system.

A. Geometry of the phase bundle

The phase space for the Lagrangian counterpart of the k-cocontact formalism will be the product bundle M = RF x @ TQ x R* endowed
with natural coordinates (¢% q', vy, z%). We have the natural projections
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M >R, T'f‘(tl,. ..,tk,"uql,.. .,vqk,zl,.. .,zk) =1
M- e TQ Tz(tl,...,tk,vql,...,qu,zl,...,zk) = (Vg -+ > Vgp)s
M- TQ, (t',. ..,tk,vql,...,vqk,zl,.. L2 = Vg,
. oF TQ - TQ, T“(tl,. . .,tk,vql, . ..,vqk,zl, .. .,zk) = Vg,
73 : MR, 5. ..,tk,vql,‘..,vqk,zl,.. L) =25
To: M — R x Q x Rk, ‘ro(tl,...,tk,vql,.. .,vqk,zl,...,zk) = (tl,..l,tk,q,zl,. ..,zk),

which can be summarized in the following diagram:
R+ RFx PFTQ x RF — 24 R

T2

& TQ ———— TQ

RF x Q x RF
Since the bundle 7, : R* x " TQ x R* - @* TQ is trivial, the canonical structures in @"TQ, namely, the canonical k-tangent structure
(J*) and the Liouville vector field A, can be extended to R* x @* TQ x R in a natural way. Their local expressions remain the same,

0
v

K] . .
4 1 1
=—®dq, A=v

4 v, 1 “
These canonical structures can be used to extend the notion of SOPDE (second-order partial differential equation) to the bundle R x &*
TQ x R":

Definition 5.1. A k-vector field T = (I'y) € X*(R¥ x @ TQ x R¥) is a second-order partial differential equation or SOPDE if J*(T) = A.

A straightforward computation shows that the local expression of a SOPDE reads

Iy = Aﬁi + v;il + Cfxﬁii + Dﬁi
orP 0q Ovg o

Definition 5.2. Consider a map v : R — RF x Q x R¥ with y = (¢% ¢,2%), where ¢ : R* - Q. The first prolongation of y to R x @ TQ
x RF is the map v/ : RF - R* x " TQ x R¥ given by v/ = (1% ¢, 2%), where ¢’ is the first prolongation of ¢ to ®TQ. The map y/ is said to
be holonomic.

Let v : RF - R¥ x Q x R be a map with local expression () = (t*(r), ¢’ (r),2(r)), where r € R¥. Then, its first prolongation has local
expression

Vo) - (£0.4 0, 0.20)

Proposition 5.3. An integrable k-vector field T € X*(R* x " TQ x R¥) is a SOPDE if and only if its integral sections areholonomic .

It is important to point out that the product manifold R* x @* TQ x R¥ does not have a canonical k-cocontact structure, in contrast to
what happens to the manifold R¥ x @*T*Q x R¥, where we do have a natural k-cocontact structure as seen in Example 3.6. In what follows,
we will show that, in favorable cases, given a Lagrangian function L defined on R¥ x @* TQ x R* one can build up a k-cocontact structure.

Definition 5.4. A Lagrangian function on R* x @ TQ x R¥ is a function L : RF x " TQ x R - R.

e The Lagrangian energy associated with the Lagrangian function L is the function E e €°° (R x @* TQ x R¥) given by E; = A(L) - L.
o The Cartan forms associated with the Lagrangian L are
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0 =% odL ¢ Ql(Rk x @ TQ x Rk>, W = —d QZ(R" x @ TQ x Rk),

where 'J* denotes the transpose of J*.
o The contact forms associated with the Lagrangian L are

= det - 6 e Ql(Rk x & TQ x Rk).
e The couple (Rk x @ TQ x Rk,L) is a k-cocontact Lagrangian system.

It is clear that d7f = w¥. The local expressions in natural coordinates (t% ¢',vi,z%) of the objects introduced in the previous
definition are

EL:D;OL, - L,
vy
oL . ;
0" = ——dg,
L 81);‘]
¢ =dg - aL,. dq,
v,
L ., .5 &L ., .. 9L ., .. 9L .,
dn® = dg' ndtf+ Z T dg adg + == dg Adv + — 2~ dg' A dZP
= 5k 1 oqov, 1 7 00} TR 5bon 1

Before introducing the Legendre map associated with a Lagrangian function, let us recall the notion of a fiber derivative. Given two vector
bundles E, F over the same base manifold B and a bundle map f : E — F, the fiber derivative of f is the map Ff : E > Hom(E,F) * F® E*
obtained by restricting the map f to the fibers f}, : E, — F, and computing the usual derivative: Ff(e;) = Df},(ep). If the second vector
bundle is trivial and has rank 1, namely, for a function f: E — R, then Ff : E — E”. This fiber derivative has a fiber derivative F(F )
= F*f:E— E* ® E¥, called the fiber Hessian of f. For every e, € E, c E, F*f(e,) is a symmetric bilinear form on Ej,. The fiber derivative
Ff is alocal diffeomorphism at a point e € E if and only if the Hessian JF *f(e) is non-degenerate (see Ref. 43 for more details).

Definition 5.5. Given a Lagrangian function L : R* x @ TQ x R — R, the Legendre map of L is its fiber derivative as a function on the
vector bundle 79 : R* x " TQ x R* - R¥ x Q x R¥. Namely, the Legendre map of a Lagrangian function L : R x @ TQ x R* - R is the map

FL:RFx @ TQ x R* » R¥ x @*T*Q x R,

given by
FL(t,vqps - - Vg0 2) = (6 FL(t,5,2) (Vg5 - - > Vg;.)> 2)s

where FL(t,-,z) denotes the Legendre map of the Lagrangian function with ¢ and z freezed.

In natural coordinates (¢% ¢', v}, z%), the Legendre map has local expression

FL(t*, 4, v, 2%) = (t"’,qi, aaL, ,z"‘).
Vg

Proposition 5.6. The Cartan forms satisfy
07 = (n5 0 FL)"0, wi = (5 0 FL) ,
where 8 € Q' (T*Q) and w = —d6 € Q*(T* Q) are the Liouville and symplectic canonical forms of the cotangent bundle T* Q.

The regularity of the Legendre map characterizes the Lagrangian functions that yield k-cocontact structures on the phase bundle
R x @ TQ x R.
Proposition 5.7. Consider a Lagrangian function L : R* x @ TQ x R¥ — R. The following are equivalent:

(1) The Legendre map FL is a local diffeomorphism.
(2) The fiber Hessian of the Lagrangian L, namely, the map

FL: R x @kTQ x RF > (Rk x EBkT*Q X Rk) ® (Rk x @kT*Q x Rk),
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is everywhere nondegenerate, where the tensor product is of vector bundles over R* x Q x R¥,
(3)  The family (% = dt*, n¥) is a k-cocontact structure on R x &* TQ x R¥,

Proof. Taking natural coordinates (% g, v, z*), we have

2
2 a i i _ay _ [, i af a “p _ oL
FL( g vz = (14, Wi2"), where WP = (av;avé)’

The conditions in the proposition mean that the matrix W = (W;ﬁ ) is everywhere nonsingular. O

Definition 5.8. A Lagrangian function L : R¥ x @ TQ x R — R is said to be regular if the equivalent statements in Proposition 5.7 hold.
Otherwise L is said to be singular. In addition, if the Legendre map FL is a global diffeomorphism, L is a hyperregular Lagrangian.

Let (R* x @ TQ x R¥,L) be a regular k-cocontact Lagrangian system. By Theorem 3.4, the Reeb vector fields (R})q, (RS )a € X
(R* x @ TQ x R¥) are uniquely given by the relations
i(RD&) At =0, i((Ra)7h =0, i((RL)a)dt* = &F,
i((R)a)dr, =0, i((RD)a)rfh =08 i((RD)«)de =0,
The local expressions of the Reeb vector fields are
0 L0
ot" A at"‘é}u’)', Bvé’

9 . 0L 9
R)a=—=-W, _
( L) aza yB 820‘81);, 311;3

(RL)a =

’L
81/;8’0;3

where WZ;; is inverse of the Hessian matrix W;ﬁ = ( ), namely,

- 9L .

Wl =" = 5.5}

B k kCa

K 81}281}},
B. k-cocontact Euler-Lagrange equations

We have proved in Sec. VV A that every regular k-cocontact Lagrangian system (R¥ x @ TQ x R¥, L) yields the k-cocontact Hamiltonian

system (R¥ x @ TQ x R, 7% = dt*, #*, Ey ). Taking this into account, we can define,

Definition 5.9. Let (R¥ x @ TQ x R¥, L) be a k-cocontact Lagrangian system. The k-cocontact Euler-Lagrange equations for a holonomic
mapl[/:]Rk - R x @ TQ x R¥ are

i(yo)dnf = (dEL - (S(RD“EL)dt“ - (S’(R;)“ELM?) oy,
i(ye)ni = —ELo v, )
i(ys)d” = o,

The k-cocontact Lagrangian equations for a k-vector field X = (X,) € X*(RF x @ TQ x R¥) are

i(Xo)dnt = dEL ~ (SZ(R,L)HEL)dt"‘ - (3(R§).,,EL)’15»
i(Xa)nL = —EL, 8)
i(X,)dtf = &,

A k-vector field X solution to Eq. (8) is said to be a k-cocontact Lagrangian vector field.
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The next proposition states that, if the Lagrangian L is regular, the Lagrangian Eq. (8) always has solutions, although they are not unique
in general. It is a direct translation of Proposition 2.7 into the Lagrangian language.

Proposition 5.10. Consider a regular k-cocontact Lagrangian system (R¥ x @ TQ x R¥,L). Then, the k-cocontact Lagrangian Eq. (8)
admits solutions. They are not unique if k > 1.

Consider a map y:RF —» RF x " TQ x R¥ with local expression in natural coordinates y(r) = (t*(r), ¢ (r), vi,(r),2%(r)), where
r=(r',...,7*) € R*. Then, Eq. (7) for the map y read

off

=of
or* @
0 8LO _g+aLaLo ©)
or*\ au, “\oq' 9% vl v
a(z"
=Lovy.
or® oy

For a k-vector field X = (X;) € ¥*(R* x @ TQ x R¥), with local expression in natural coordinates

0 i 0 i 0 0
Xy=Ab— 4B, 4+ Cly— + D
af " "oq " oy o
Equation (8) read
0=A" -5, (10)
N 0L
_ Y |
0= (B,x U"‘)avg;azﬁ (11)
) N O
_ _ )
0= (Bjoc 'Ua) 81}0];81’;;) (12)
0= (B, -vl) 0~ (13)
611768 s
) ) 2 2 2
0:(B{x—v,{,) 8.L4+87Li_%_ (?Li /,
dq'ov, 0q Ot*0v, g v,
L oL oL oL
- : - - — Dy + A A i’ 14
oov, ¥ odou, " 02 o (14)
aL i i o
0=L+— (B -v\)-D% 15
(%;( Y ) (15)

If the Lagrangian function L is regular, Eq. (13) yield the conditions B, = v}, namely, the k-vector field X has to be a SOPDE. In this case,
Egs. (11) and (12) hold identically and Egs. (10), (14), and (15) yield
A= (16)
2 2 i 2 ‘ 2
a—Li+8—Laa—I;: 2Li+ a.Livé+ aL. o+ aL,Dﬁ, (17)
0q 02" vy Ot"Ovy  9qovy " dvdw, P 9w,

D=L (18)
If the SOPDE X is integrable, Egs. (16)-(18) are the Euler-Lagrange Eq. (9) for its integral maps. Therefore, we have proven the following:

Proposition 5.11. Let L: RF x @ TQ x R¥ - R be a regular Lagrangian and consider a Lagrangian k-vector field X, namely, a solu-
tion to Eq. (8). Then X is a SOPDE and if, in addition, X is integrable, its integral sections are solutions to the k-cocontact Euler-Lagrange

equations (7)
The SOPDE X is called an Euler-Lagrange k-vector field associated with the Lagrangian function L.

Remark 5.12. If the Lagrangian function L is regular or hyperregular, the Legendre map FL is a (local) diffeomorphism between
R* x @ TQ x R* and R* x @*T*Q x R¥ such that FL*5* = 2. In addition, there exists, at least locally, a function & € € (R¥ x @*T*Q x R)
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such that ho FL = E;. Then, we have the k-cocontact Hamiltonian system (Rk X EBkT*Q x RK, 7", h), for which FL. (Ri)a =R and
FLy«(R%)q = R%.IfT is an Euler-Lagrange k-vector field associated to the Lagrangian function L in R* x @* TQ x R, we have that the k-vector
field X = FL.T is a k-cocontact Hamiltonian k-vector field associated to 4 in R* x @* TQ x ]Rk, and conversely.

Remark 5.13. In the case k = 1, we recover the cocontact Lagrangian formalism presented in the recent paper’! for time-dependent
contact Lagrangian systems.

Remark 5.14. It is important to point out that the field equations obtained in this work from both the Hamiltonian and Lagrangian
formalisms coincide with those obtained by means of the so-called multicontact formalism introduced in Ref. 44 as a generalization of the
multisymplectic setting.

C. Lagrangian functions with holonomic damping term
In this section, a particular type of Lagrangian function is studied in full detail: the so-called Lagrangians with holonomic damping
term.' This family of Lagrangians is particularly interesting since it appears in many physical examples.

Definition 5.15. A Lagrangian function with holonomic damping term in R x @ TQ x R is a function £ = L + ¢e € (R* x @ TQ
x RF), where L = 75 Lo, where 7, : RF x @ TQ x R* - R* x " TQ for some Lagrangian function Lo € #* (R* x @ TQ) and ¢ = 7 ¢o, for
¢o € B (RF x Q x R¥).

Taking natural coordinates (% ¢', v}, z*) in R¥ x @ TQ x R¥, a Lagrangian with holonomic damping term has the expression

L(t%, ¢ vi2%) = L(t%, ¢, vl) + ¢(1%, ¢’ 2%). (19)
It is clear that the momenta pf = DL£/dv], defined by the Legendre map are independent of the coordinates z*, namely, one has that
aza“;[v;; = 0 for Lagrangian functions with holonomic damping term.

Proposition 5.16. Consider the Lagrangian function with holonomic damping term £ =L+ ¢. Then, its Cartan forms, contact forms,
Lagrangian energy, and Reeb vector fields read

o o o o X a Z
0 =6, 7’]L=dz - 0L, EL=EL—¢) (Rtﬁ)a=w> (Rﬁ)otZ

9
oz

where 0 are the Cartan one-forms of L considered (via pull-back) as one-forms on R* x @* TQ x R, and Ey is the energy of L as a function on
R* x @ TQ x R,

The Legendre map of L, namely, FL: R x " TQ x R¥ » R x "T*Q x R, can be expressed as FL = FL x 1d%, where FL is the
Legendre map of L. The fibered Hessians are related by F *L(t%, v, ,z") = F *L(t*,v,, ). Moreover, L is regular if, and only if, L is regular.

The proof of this proposition is straightforward by taking local coordinates. It is also clear that £ is hyperregular if and only if L is
hyperregular. In this case, the Legendre map FL is a diffeomorphism and one can state the canonical Hamiltonian formulation for the
Lagrangian with holonomic damping term £ = L + ¢ via the Legendre map.

Consider the k-cocontact Lagrangian system (R* x @* TQ x R¥, £), where £ = L + ¢ is a Lagrangian function with holonomic damping
term as in (19). Recall that the dynamical equations for k-vector fields of this system are

i(Xo)drz = dEc = (L (g, Ec)dt" = (L, ) o)z »
i(Xa)n: = —Ez,
i(Xy)dtP = oF.

Take natural coordinates (% ¢q',vl,z%) in R* x @ TQ x R¥ and consider a k-vector field X = (X,) € ¥*(RF x @ TQ x R*) with local
expression

Xa :Agi +foii + Cfxﬁii +D§i
orP dq g o

Then, the second and third Lagrangian equations for the k-vector field X read
oL

AP = of, 0:E+8v;(BL—U;)—Dz,
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and this is Eq. (15) for the Lagrangian function £ = L + ¢. The first Lagrangian equation for k-vector fields yields

(B’,x—fui) gL _,, (20)
kaavi
( ’L L ) i 0L oL ;0L o oL d¢ 9 OL

oqov,  0qou) " orov,  agov] " ovov, * od ~oq 0 0wl

which correspond to Eq. (14) for the Lagrangian £. Notice that Eq. (11) are identities since aszgzﬁ =0.
Finally, as in Proposition 5.11, if the Lagrangian function £ is regular, namely, if L is regular, Eq. (20) implies that B, = v]. Therefore,

the k-vector field is a SOPDE and the dynamical equations become

ot” 8
~ 3= 601)
or®
oz"
or* £,

o’L 9 'L o¢ 9L aLfa(aL)_aLfa¢+a¢aL

OV Ir*on’ T ogov. o " arou. o  or\ou.) a4 o 02" oul

These are the expressions in natural coordinates of the Euler-Lagrange Eq. (9), for the Lagrangian with holonomic damping term £ = L + ¢.

VI. k-CONTACT SYSTEMS VERSUS AUTONOMOUS k-COCONTACT SYSTEMS

In this section, we are going to compare the k-contact and k-cocontact formulations of field theories. We will work with the canonical
manifolds EBkT*Q x R and R* x EBkT*Q x Rk, However, due to the Darboux theorems, the results can easily be extended to the case M and
RF x M being M a general k-contact manifold. These two canonical manifolds are related by the canonical projection 7, : RF x @*T*Q x R
- ®"T*Q x R*. We will denote by 7* and #* the canonical contact one-forms of R x @"T*Q x RF and ©"T*Q x R, respectively. They are
related by the relations 7% = 73 #* and have the same local expression #* = dz* - pfdq'. The Reeb vector fields will be denoted by R and R%
and have local expression 9/0z".

Definition 6.1. A k-cocontact Hamiltonian system (R¥ x @*T*Q x R¥,dt%, 5% h) is said to be autonomous if R,(h) = dh/dt* = 0 for
everya=1,...,k

Notice that if a Hamiltonian function h does not depend on the variables % there exists a function hoe € (@"T*Q x R¥) such that
h =73 ho.
For an autonomous k-cocontact Hamiltonian system, Eq. (6) read
i(Xa)dy" = dh - (Zr:h)n",
i(X)n" = -h, (21)
i(X)1F = 6.

Proposition 6.2. Every autonomous k-cocontact Hamiltonian system (R¥ x @*T*Q x R¥, h) defines a k-contact Hamiltonian system
(@kT*Q x R¥, ho), where h = 7t Ho, and conversely.

Theorem 6.3. Consider an autonomous k-cocontact Hamiltonian system (R x @*T*Q x R¥, h) and let (€"T*Q x R¥, ho) be its asso-
ciated k-contact Hamiltonian system. Then, every section ¥ : R — RF x @*T*Q x R solution to the Hamilton-De Donder-Weyl Eq. (5) for
the system (R* x @ T*Q x R¥, h) defines a map v : R - @*T*Q x R solution to the Hamilton-De Donder-Weyl Eq. (2) for the k-contact
Hamiltonian system (&*T*Q x R, ho), and conversely.

Proof. Since h = 7} ho, one has
Oh _ Bho Oh _ Bho Oh _ Oho

oq oq apf  opt 9 9

(22)

Let v: RF > R x " T*Q x RF be a section of the projection 1 :RF x @*T*Q x R* - R¥, which in coordinates reads W(t)
= (6,7 (1), P(t), ¥*(t)) with teRF. We can construct the map v = o i : R¥ > @*T*Q x R¥, which in coordinates reads y(t)
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= (W (), v, v (1) = (¥ (), ¥7(t), #*(t)). Then, if § is a solution to the Hamilton-De Donder-Weyl Eq. (5), from (22) one obtains
that y is a solution to the k-contact Hamilton-De Donder-Weyl Eq. (2).

Conversely, consider a map v : R - @*T*Q x R, Define ¢ = (Idge, v) : R* - RF x @FT*Q x R¥. If y(¢) = (v/(), w¥(t), ¥*(t)), then
() = (6 (1), (), o (t)) with §'(£) = v'(¢), #%(¢) = wi(t) and #*(t) = y*(¢). Note that Imi = graph y. Therefore, if y is a solution
the k-contact Hamilton-De Donder-Weyl equations (2), we have that ¥ is a solution to the Hamilton-De Donder-Weyl equations (5). O

The following result relates the k-vector field solution to Eqs. (3) and (21). First, we have to introduce the notion of the suspension of a
vector field (see Ref. 1, p. 374 for the definition of suspension in the context of mechanics).

Let X = (Xi,...,Xx) be a k-vector field on & T*Q x R*. For every a=1,...,k let X, ¢ X(Rk x ®FT*Q x Rk) be the suspension of
the corresponding vector field X, in @"T*Q x R* defined as follows: for every p € € T*Q x R, let Yp:R— ®"T*Q x R* be the integral
curve of X, passing through p. Then, if xo = (x},...,x5) € R¥, we can construct the curve P RF x @*T*Q x R* passing through the point
p = (x0,p) € R* x @"T*Q x R* given by Po(x) = (X0 .G + ... ,X63yp(x)). Then, X € ¥(RF x "T*Q x R*) is the vector field tangent to

5 at (xo,p)-
In natural coordinates, if X4 has local expression

0

aipf+

K

B
Co—5>
zF

; 0
X(x :Aixaiql +B§i

one has that X, is locally given by

o .0 D R RN
ot* +Aocaiqi + a@ = o + 7 (Afx)aqi + 7 (Bzxi)

0 ., p 0
2 o) I
Gpﬁ +7a( )Ozﬁ

i

Xo=

‘opt

Theorem 6.4. Consider an autonomous k-cocontact Hamiltonian system (R¥ x @*T*Q x R¥, h) and let (6"T*Q x R¥, ho) be its asso-
ciated k-contact Hamiltonian system. Then, every k-vector field X € ¥*(@"T*Q x R¥) solution to Eq. (3) defines a k-vector field X e X*(R*
x ®“T*Q x R) solution to Eq. (21).

In addition, X is integrable if and only if its associated X is also integrable.

Proof. Let X = (X1,...,X¢) € ¥*(&"T*Q x R¥) be a solution to Eq. (3). Define X, ¢ X(R* x " T*Q x R¥) as the suspension of the
corresponding vector field X, € X(@*T*Q x R¥).

Notice that the vector fields X, are 7i2-projectable, and (72) +Xo = Xu. Therefore, we have defined a k-vector field X in R* x @fT* Qx R,
Therefore, we have

ix,di" = dh = (Lpch)i" = i, d(2n") = d(A3 ho) — (Zr:ho) (72 1"),
= ﬂg(i(ﬁz)*dena - dho - (ngah)ﬂa),
=m (ix,dn" = dho — (Zr:h)1"),
=0,

since X = (X,) satisfies Eq. (3). It is easy to check that the other equations also hold. Therefore, X = (X,) satisfies Eq. (21).

In addition, if y : R - &*T*Q x R* is an integral section of X, one has that § : R* - R* x @"*T*Q x R¥ such that = (Idge, w) (see
Theorem 6.3) is an integral section of X.

On the other hand, if § is an integral section of X, Eq. (21) hold for the map #(t) = (£, ' (t), ¥¥(¢), ¥*(t)). Since AL, = 3 (A}), Bgi
= (Bf“.), and Cf = fr;(Cﬁ), this is equivalent to say that Eq. (1) hold for the map w(t) = (v'(t), wi(t), ¥*(t)) or, equivalently, v is an
integral section of X. o

Notice that the converse statement of the previous theorem is not true. Actually, the k-vector fields that are solutions to the geometric
field Eq. (21) are not completely determined, and then there are k-vector fields in R* x @*T*Q x R* that are not 7,-projectable, for instance,
taking their undetermined components to be not 7,-projectable. However, if we only consider those solutions that are integral sections of
k-vector fields solution to the geometric field equations, one can prove that every integrable k-vector field X € ¥*(R¥ x @*T*Q x R¥) solution
to the k-cocontact Hamilton-De Donder—Weyl equations is associated with an integrable k-vector field X € ¥*(@*T*Q x R¥) solution to the
k-contact Hamilton-De Donder-Weyl equations.

The results presented in this section can be translated to the Lagrangian formalism when considering regular autonomous Lagrangians
(OL/0t* = 0, or equivalently, OE /0t" = 0).
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VII. AN EXAMPLE: ONE-DIMENSIONAL NONLINEAR WAVE EQUATION WITH DAMPING

A one-dimensional nonlinear wave with an external time-dependent forcing can be modeled by the equation

_d(of _Og
Uy = dx(aux(t,ux)) 28 (1),

where u: U c R* - R and u(t,x), f(t,ux), and g(t,u) are smooth functions. Notice that if g(¢,u) = 0 and f(t,uy) = c*u2

(23)

/2 with c e R, we

recover the usual wave equation uy = ¢ ux,. This equation can be obtained from the Lagrangian function L : R? x @’TR — R* given by

1
L(t, x;5u, up, ux ) = Euf - f(tux) —g(t,u),

where we will assume the regularity condition L 4 0. We are going to modify this Lagrangian function in order to add a damping term

ou 2
proportional to u; to Eq. (23).

A. Lagrangian formalism

Consider the Lagrangian function with holonomic damping term £ : R? x @*TR x R? given by L(t,x;u, uy, ux; 2,7 ) = L(t, %31, s, )

+¢(x,2"), where ¢(x,2") = —y(x)z'. Then, we have

1
Lttty s 2, 2°) = Eutz — f(tux) - g(t,u) — p(x)Z"

For this Lagrangian, we have

_ (Of 8g) _ t8y 74 _of . '
dL = ( ot o dt 8x B du + uduy B duy — y(x)dz’,
E; = %u% 8f +f(t uy) +g(tu) + y(x)2',

2

2
dE; = (—Mx o°f + 8f ag)dt 8)/ Zdx+ @du + upduy — ux%dux +y(x)dZ,
Uy

OtOu, Ot Ot Ox ou
ne =dz' — wdu, dm =dun dut,
e = dz" aai du, - d = 8t8ux 8u 7 e A i
o i (Gh) S Fne g e e
Now, consider a 2-vector field X = (X1,X;) € ¥*(R? x @’ TR x R?) with local expression
A‘g+A aﬁ +B,186 +Cmaau +Co¢x88 + D, aat +D’;%.

For this 2-vector field, the third equation in (8) gives the conditions A} = 1, A = 0, A} = 0, and A} = 1. We have

2
8 J;Bzdux,

X

o * s ?
i(Xy)dn¥ = B, ataj;x dt + ( Cis + Ab ataix +Co aufg)du + Bydu; -
and
2

« « ol ) d
E; - (Q(Rrﬂ )aE/;)df - (S’(RzL )aEg)ﬂﬁ = _uij;x + (a—i + y(x)ut)du + uduy — uxa—édux,

X

and then the first equation in (8) gives the conditions

(29)
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Cit = Cox ch + 28 () = (26)
Ou, Ou
B = uy, (27)
By = uy. (28)

Finally, the second equation in (8) yields Di+D5=L.

Notice that conditions (27) and (28) are the holonomy conditions, while (25) holds identically. Consider now an integral section y(r)
= (t(r), x(r); u(r), us(r), ux(r); 2'(r),2°(r)) of the 2-vector field X. Then, combining Eqgs. (27) and (28) into (26), we obtain the damped
nonlinear wave equation,

ZT —a( oF (s, ux)) i(t,u)+y(x)% _o.

In the particular case f(£,1x) = 21y /2, we get

19}
st — C e + 8—5(1‘, u) +y(x)ur =

B. Hamiltonian formalism

In order to give a Hamiltonian description of the system introduced earlier, let us consider the Legendre map associated with
the Lagrangian function £ given in (24). The Legendre map associated with £ is the map FL:R* x @*TR x R* - R? x ®*T*R x R?
given by
t

0
FL(t, x5, ur, ux;zt,zx) = (t,x; u,pt Su,p = —8—f;z ,zx).
u

X
Notice that the regularity condition 62{ assumed implies that the Legendre map is a local diffeomorphism and thus the Lagrangian £ is

regular. In order to simplify the computations, from now on we will consider the particular case f(t, uy) = u2/2.
Consider then the product manifold R? x @ T*R x R? equipped with local coordinates (t,x;u,p',p";z',z"). This manifold has a
canonical 2-cocontact structure given by

=dt, T=dv, g'=d-p'dy, gy =d"-p'du
It is clear that d4' = du A dp' and d#* = du A dp™. In this case, the Reeb vector fields are

1o} ¢ 0 1o}
Ri==, R==, R=—= &’ :
Y 27 ox Lo 2797

The Hamiltonian function 4 such that FL *h = E, is
1 1
h(txu,p'p5252%) = 2 () = S (07) +g(bu) +y(0)7.

Consider a 2-vector field Y = (Y1, Y2) € ¥*(R* x ®*T*R x R?) with local expression

A'% Aft%+ %+CQ%+C§£)X+DL%+D§%.
The Hamilton-De Donder-Weyl Eq. (6) for the 2-vector field Y yield the conditions
Ai:l, AT=0, A3=0, A3=1,
v=r B -7
C1+CX——8u y(x)p',

Dy + D5 = J(0) - 5 (") ~g(6w) — y(0)7.
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Consider now an integral section y(r) = (t(r),x(r); u(r),p'(r),p*(r); 2 (r),z°(r)) of the 2-vector field Y. As in the Lagrangian case, it is
clear that y satisfies the equation

*u O'u Og Ou

— - — +=(tu)+ — =0,

o o " ou "W TG
which corresponds to the equation of a damped vibrating string with external forcing.

Vill. CONCLUSIONS AND FURTHER RESEARCH

In this paper, we have introduced a new geometric framework to describe non-autonomous non-conservative field theories: k-cocontact
structures. This geometric structure combines the notions of k-contact and k-cosymplectic manifolds and permits the development of
Hamiltonian and Lagrangian formulations of non-autonomous non-conservative field theories.

In more detail, in Definition 3.1, we introduced the notion of k-cocontact structure as a couple of families of k differential one-forms
satisfying certain properties. We have studied the geometry of these manifolds and, in particular, we have proved the existence of Darboux-
type coordinates.

Using this geometric framework, the notion of a k-cocontact Hamiltonian system is presented, along with its corresponding field equa-
tions, generalizing the Hamilton-De Donder-Weyl equations of Hamiltonian field theory. We have also compared this formulation with the
k-contact formalism introduced in Ref. 34 and shown that they are partially equivalent for autonomous field theories.

Moreover, we have developed a Lagrangian formulation for non-autonomous non-conservative field theories. In particular, we have
given the conditions determining whether a Lagrangian function yields a k-cocontact structure, and we have introduced the corresponding
field equations generalizing the well-known Euler-Lagrange equations.

In order to illustrate the formalisms introduced in this paper, we have studied in full detail the example of a nonlinear damped wave
equation with an external time-dependent forcing, both in the Lagrangian and Hamiltonian formulations.

The formalisms introduced in this work open some lines of future research. The first would be to compare the k-cocontact formulation
introduced in this paper and the k-contact formalism’*” with the so-called multicontact formalism** recently introduced. In this work, we
have only considered regular Lagrangian functions. The singular case would require the weakening of the notion of k-cocontact structure
and the definition of the notion of k-precocontact structure. Another very interesting line of research would be to study the symmetries of
k-cocontact systems, obtaining conservation and dissipation laws.
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